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Abstract

We present a micro-founded monetary model of a small open economy to examine the
behavior of money, prices, and output under the gold standard. In particular, we formally
analyze Hume’s celebrated price-specie flow mechanism. Our framework incorporates the
influence of international trade on the money supply in the Home country through gold flows.
In the short run, a positive correlation exists between the quantity of money and the price
level. Additionally, we demonstrate that money is non-neutral during the transition to the
steady state, which has implications for welfare. While the gold standard exposes the Home
country to short-term fluctuations in money, prices, and output caused by external shocks,
it ensures long-term price stability as the quantity of money and prices only temporarily
deviate from their steady-state levels. We discuss the importance of policy coordination
for achieving efficiency under the gold standard and consider the role of fiat money in this

environment. We also develop a version of the model with two large economies.
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1 Introduction

The price-specie flow mechanism, developed by Hume ([1752] 1977), is one of the oldest and
most celebrated models in economics. Hume identified a mechanism that links the quantity of
money in an economy to its prices and the impact of price changes on balance-of-trade surpluses
and deficits. Classical economists further built upon Hume’s insights, considering the money
supply to consist of precious metals like gold and silver coins. The adoption of a multilateral gold
standard by most advanced countries in the early 1870s renewed economists’ interest in monetary
affairs, both domestically and internationally.! The gold standard remained the focal point of
monetary economics until the early 1930s.

Although the classical gold standard was abandoned following the Great Depression, dis-
cussions of viable monetary systems based on precious metals have persisted, and scholars have
dedicated significant attention to studying their properties. For example, Friedman and Schwartz
(1963) documented the U.S. experience under the gold standard after the country resumed specie
payments in 1879, and Gallarotti (1995) analyzed the institutions associated with the gold stan-
dard during its classical period (1880 to 1914).

While the gold standard continued to be viewed by many scholars as an important bench-
mark for analyzing the international monetary system, there have been few attempts to model
a commodity money system in a modern dynamic general equilibrium framework. In particular,
we are unaware of any theoretical analysis of specie flows and their relation to the money supply,
prices, and output in modern models where money is essential in the sense of Wallace (2001).

To address this gap in the literature, this paper presents a random matching model of a
small open economy to examine the dynamics of prices and output under the gold standard. The
model incorporates decentralized trade in domestic and international markets and the absence of a
monetary authority controlling the money supply within the Home country. A durable commodity
(gold) serves as a medium of exchange for bilateral transactions among agents. Consequently,
the Home country’s total money supply hinges on the international trade pattern: imports lead
to gold outflows, and exports result in gold inflows. The price level in the Home country is
determined by the reciprocal of the value of goods in terms of gold.

A model with random matching and bargaining is particularly suitable for characterizing the
price-specie flow mechanism under a commodity money system. In addition to giving money an
essential role in exchange without ad hoc constraints, a random matching model formalizes the
intensive and extensive margins of trade that are important to account for trade flows across
countries. This is especially important when we consider international economic integration.

Our primary objective is to explore the features of the gold standard as a monetary frame-

Friedman and Schwartz (1963), Bordo (1981), Redish (1990), Bordo and Kydland (1995), Gallarotti (1995),
and Eichengreen (2019) provide excellent analyses of the operation of the gold standard.



work for domestic and international transactions.? Motivated by the theoretical and empirical
literature, we are interested in the following questions: Can the gold standard generate short-
and long-run price stability? Can the gold standard provide an efficient monetary arrangement?
How do economies under the gold standard respond to external trade shocks?

Our analysis uncovers three crucial properties of the gold standard. First, the gold standard
ensures long-run price stability: the price level in the Home country consistently converges to its
long-run equilibrium value. Inflation and deflation are merely temporary phenomena. Formally,
we establish that the dynamic system under the gold standard behaves like a saddle. The price
level in the Home country acts as a jump variable, while the quantity of money in a country
remains predetermined because it depends on the inflows and outflows of gold resulting from
international trade. If the initial quantity of money is below the steady-state level, the economy
experiences temporary inflation as the quantity of money increases during the transition period.
This price dynamic leads to a short-term surplus in exports, causing the Home country to accu-
mulate gold temporarily. Over time, the inflation rate decreases as the price level converges to
its long-run value from below. Conversely, if the initial quantity of money in the Home country
exceeds the steady-state level, the domestic economy endures a temporary deflation. In this
scenario, imports surpass exports in the short run, temporarily causing the Home country to
lose gold. The deflation rate is decreasing along the transition path, given that the price level
converges to the steady-state level from above.

Second, money is non-neutral under the gold standard. When the quantity of money in the
Home country starts below the steady-state level, the Home country temporarily accumulates
gold along the transition path. Hence, the money supply rises over time. The output in the
bilateral matches involving domestic traders monotonically increases in the transition path to
the steady state as the price level in the Home country rises. Money is non-neutral because new
money can only enter the Home country if exporters bring in more gold than importers take out
(we abstract from the possibility of domestic gold production). Conversely, when the quantity
of money starts above the steady-state level, the Home country loses gold temporarily to the
rest of the world, and the money supply declines. The output in the bilateral matches involving
domestic traders monotonically decreases in the transition path. In this case, a declining money
supply is associated with decreasing output and a falling price level in the Home country.

Third, the Home country is vulnerable to external shocks due to the inelasticity of the money
supply under the gold standard. A trade shock (e.g., an unanticipated and permanent change in

the degree of economic integration between the Home country and the rest of the world) triggers

2The standard textbook treatment of the gold standard interprets it as a multilateral system of fixed exchange
rates. Indeed, the implied fixed exchange rates among countries under the gold standard are a feature of the system.
But the gold standard is a stronger proposition. Its key properties are the definition of national currencies as
specific amounts of gold and the ensuing commitment to follow the rules of this system regarding the evolution
of the money supply, both of which go beyond a multilateral system of fixed exchange rates.



specie movements that result in either temporary inflation or deflation as the quantity of money
adjusts to the new steady state. Because money is non-neutral, these price movements have real
effects. At least some Home-country agents will be strictly worse off in the transition path.

Our results align with the empirical studies on the macroeconomic properties of the gold
standard. Comparing the classical gold standard with the post-war period, Bordo (1981) and
Schwartz (1986) find that it is not clear that the classical gold standard delivered greater short-
run price stability, but they unequivocally conclude that it delivered remarkable long-run price
stability (i.e., prices consistently reverted to their mean) compared with other regimes. Using
data from early modern Europe, Palma (2022) documents that monetary expansions under a
commodity standard had a substantial and persistent effect on economic activity.

The vulnerability of the gold standard to external shocks is reported in Ford (1960), Gallarotti
(1995), and Bordo et al. (2001), among others. These authors find that external shocks, such as
changes in trade policy or the onset of a financial crisis in a major gold-standard country, set in
motion specie movements in the world economy that affect the quantity of money, prices, and
output in the domestic economy of a country under the gold standard. Our framework permits
us to perform some of these experiments, and our findings align with these empirical studies.

Our welfare analysis shows that the laissez-faire equilibrium under the gold standard is in-
efficient. In view of this inefficiency, we consider policy interventions in the Home and Foreign
countries. The policy options available are limited because of the impossibility of changing the
money supply under the gold standard. Thus, we study an intervention where governments pay
a flow return on money holdings, as in Lagos and Wright (2003). This policy intervention can be
viewed as a subsidy to gold holders, a policy compatible with adherence to the gold standard.?

We find that synchronizing domestic and foreign policy is crucial for efficiency. In particular,
it is not possible to implement the efficient allocation under the gold standard if domestic and
foreign policies are not perfectly synchronized. We then provide the conditions for efficiency
under synchronized policies and show how the policy-induced flow returns on gold holdings can
be constructed to implement the efficient allocation in the long run.

If international cooperation is unattainable (or if interest payments on gold holdings are
incentive-infeasible), we consider other policy options, such as the introduction of fiat money.
Specifically, we characterize the equilibrium when the Home country government issues fiat money
and follows a policy rule. This hybrid monetary system allows the concurrent circulation of fiat
money and gold as media of exchange. Our main new finding is that the demonetization of gold
can be endogenously attained by choosing a specific class of monetary policy rules. Moreover,
the demonetization of gold can result in the efficient allocation, even though the implementation

of optimal monetary policy in this environment is not unique.

3A historical example of this policy is the different gold devices implemented by central banks during the
classical gold standard to induce local gold holdings. For instance, gold arbitragers were given interest-free loans
and subsidized transportation services.



To complete our analysis, we develop a version of the model with two large economies. This
version of the model has a symmetric steady state in which the world gold stock is evenly
distributed across the two economies, and the price level in each country is constant over time.
We characterize the dynamic system describing the world equilibrium of the model and argue
that any adjustment mechanism necessarily involves gold outflows from the country that starts
with an above-average quantity of gold to the other country or region, as predicted by the price-
specie flow mechanism. However, we cannot guarantee the monotonicity of the price level and
the quantity of money during the transition path to the symmetric steady state (as we have
determined for the small open economy) without further imposing restrictions on preferences
and technologies. We leave this characterization for future work.

This paper is organized as follows. Section 2 links our analysis to the previous literature.
Section 3 describes and characterizes a small open economy model under the gold standard.
Section 4 discusses policy options in the domestic and foreign countries under the gold standard
and the conditions for efficiency. Section 5 introduces fiat money in the environment. Section
6 presents an extension of the model where gold has non-monetary uses. Section 7 develops a

model of the world economy with two large countries or regions. Section 8 concludes.

2 Related Literature

Sargent and Wallace (1983) provide an early analysis of commodity money in an overlapping gen-
erations model. In their framework, commodity money is a capital good that can be converted
into a consumption good or accumulated over time. Among other conclusions, they find that
a commodity money system is generally inefficient. Velde and Weber (2000) study a bimetallic
system in which gold and silver coexist as media of exchange. Their study focuses on the sustain-
ability of bimetallism in a single country and the long-run welfare benefits of unilaterally moving
from a bimetallic to a monometallic system. In contrast, we analyze specie flows in a small open
economy and study their implications for money, prices, and output in the short and long run.
Another significant contribution to the literature comes from Kiyotaki et al. (1993), who
build upon the first-generation monetary search model of Kiyotaki and Wright (1989) to study
the existence of equilibria in which fiat currencies can serve as international media of exchange.
Trejos and Wright (2001) extend their analysis by including endogenous prices through bargaining
theory and provide insights into the features of the environment that make it more likely that a
given currency circulates internationally. Devereux and Shi (2013) present a related analysis of
the emergence of a single currency as an international medium of exchange. Our analysis builds
on their contributions. However, in our framework, money and goods are both divisible, and
we focus on the international circulation of commodity money. Building on the third-generation
monetary search model developed by Lagos and Wright (2003), Lagos and Wright (2005), and



Rocheteau and Wright (2005), we derive price and output dynamics that rationalize the price-
specie flow mechanism under a commodity standard.

Velde et al. (1999) study commodity money with heterogeneous assets under imperfect infor-
mation in the tradition of the second-generation monetary search model developed by Shi (1995)
and Trejos and Wright (1995). Velde et al. (1999) are interested in rationalizing Gresham’s law as
an equilibrium phenomenon and providing a potential explanation for the so-called debasement
puzzle. However, their model is not designed to consider international commerce and monetary
relations, given that it assumes a closed system with a fixed amount of durable assets.

Zhang (2014) develops an information-based theory of international fiat currencies to study
monetary policy coordination and other issues in international economics. Gomis-Porqueras
et al. (2017) show that the threat of counterfeiting can result in the determinacy of the nominal
exchange rate under informational frictions. Zhu (2022) studies an environment with aggregate
shocks to show that the exchange rate regime can be non-neutral in a two-country world economy.
These models provide micro-foundations for monetary exchange in the context of international
fiat currencies. In comparison, our analysis focuses on commodity money and the effects of
international specie movements on domestic prices and output.

Geromichalos and Simonovska (2014) construct a two-country model in which internationally
traded assets represent claims on future consumption and facilitate transactions in markets with
imperfect credit. In their model, the liquidity properties of assets matter for asset prices, out-
put, and consumption, which allows the authors to account for the so-called home asset bias in
international finance. In contrast to our paper, their analysis focuses on steady states.

Farhi and Maggiori (2018) develop a model of the international monetary system under differ-
ent scenarios, including the gold exchange standard that prevailed in the interwar period. They
find that gold scarcity can inefficiently decrease output via sticky prices and that any attempt
to introduce monetary assets will result in a self-fulfilling collapse of the international system.
Their analysis rationalizes Keynes’s argument against Britain’s return to the gold standard at
the prewar parity. Importantly, our work does not assume nominal rigidities and focuses on the
dynamic adjustment of the domestic economy to specie flows under the gold standard.

Sargent (2019) presents a simple general equilibrium framework that explores the coexistence
of commodity and fiat monies, offering insights into several episodes in monetary history. Our
paper concentrates instead on a pure commodity money system and emphasizes the importance of
dynamic analysis in understanding cross-border monetary movements and welfare considerations.

Later in the analysis, we study the policy options available under the gold standard to attain
efficiency. We consider a subsidy to gold holders as a policy-induced flow return on gold holdings,
a policy proposed by Lagos and Wright (2003). Hence, our analysis is related to studies of
economies in which real assets are valued for their liquidity properties, such as Geromichalos
et al. (2007), Lagos (2010), Geromichalos and Herrenbrueck (2016), Geromichalos et al. (2016),



and Altermatt et al. (2021). However, our main policy result —that efficiency under the gold
standard necessarily requires international policy coordination— is new.

Although we do not consider the implications of domestic mining of precious metals for the
dynamics of prices and output in our model, the analysis in Choi and Rocheteau (2022) could be
helpful in formalizing mining in our framework (see also Choi and Rocheteau, 2021). We believe

this could be an interesting extension of our research.

3 A Gold Standard Economy

We now present a monetary model for a small open economy under the gold standard. The
Home country is negligible relative to the Foreign country, representing the rest of the world. In
particular, asset movements to and from the Home country will not affect prices in the Foreign
country. Our focus is on the construction of equilibria in the Home country. Although we do not
provide all the equilibrium conditions for the Foreign country, we need to provide some structure
for that country because we will develop a search model characterized by bilateral exchange,
where Home country buyers trade with Foreign country sellers.

Model. Our framework builds on the New Monetarist model developed in Lagos and Wright
(2005) and Rocheteau and Wright (2005) and subsequently reviewed in Williamson and Wright
(2010) and Lagos et al. (2017).

Time is discrete and continues indefinitely. Each period is divided into two subperiods: the
first with a decentralized market (DM) and the second with a centralized market (CM). Within
each subperiod, a perishable commodity is produced and consumed. The world economy is
divided into two countries or regions: Home and Foreign. The Home country is a small open
economy (SOE), while the Foreign country represents the rest of the world. We refer to the
decentralized market in the Home (Foreign) country as the Home (Foreign) DM and to the
centralized market in the Home (Foreign) country as the Home (Foreign) CM. The Home country
consists of a measure [0,2 — A] of buyers and a measure [0, 1] of sellers, where A € (.5,1).

At the beginning of each period, a random measure 1—\ of Home country buyers travel abroad
and are absent from the Home country for one period. We refer to those buyers as international
traders. These traders participate in the Foreign DM and CM and return to the Home country
with probability 1 in the following period. When an international trader in period ¢ returns to
the Home country in period t+ 1, we refer to him as a returning international trader. We call the
Home country buyers who stay in the Home country domestic traders. These traders participate
in the Home DM and CM. Returning international traders also participate in the Home DM and
CM. Each buyer in the Home country finds out whether he will be an international or domestic
trader at date t + 1 in the period-t CM. In summary, in any given period, the Home country

buyers are divided into three groups or types: domestic traders (with measure \), international



traders (with measure 1 — \), and returning international traders (with measure 1 — ). See

Figure 1 for a summary of timing.

Penod t-1 Period t Period t+1

[ i
l l
I 1
i i
I 1
Foreign CM : Foreign DM — Foreign CM |
Returning international traders:1-A >< 1-h 1-A ><
International traders: 1-A 1-k
Home CM —— Home DM —— Home ChMd —— Home DM

Domestic traders: A 1 A
]

Foreign DM

I
1 1
] ]
I 1

The arrows mdicate the measure of Home buyers moving to the next market.

Figure 1: Home country buyers

The DM (in the first subperiod) is characterized by bilateral matches and bargaining. A
domestic trader will find a Home country seller with probability o € (0,1). An international
trader will find a Foreign country seller with probability §. A returning international trader will
find a Home country seller with probability w. Assume that 0 < §,w < a. These assumptions
imply that international trade matches are harder to find than domestic ones and that returning
traders might have lost some of their ability to match with Home sellers due to local changes
during their absence.

As we will see, the international trader will take assets out of the Home country to make
purchases in the period-t Foreign DM. The returning international trader (who was an interna-
tional trader in period ¢ — 1) will bring assets to the Home country to make purchases in the
period-t Home DM. More concretely, the international trader is an importer in the period-¢ For-
eign DM and an exporter in the period-t Foreign CM. The international trader acquires assets in
the period-(t — 1) Home CM to import goods in the period-t Foreign DM. This agent rebalances
his asset portfolio by exporting the CM good in the period-t Foreign CM. In period ¢+ 1, he will
be a returning international trader and will use his assets to make purchases in the Home DM.

The Home country buyer derives utility « (¢) from the consumption of the DM good, where
q € R, is the amount consumed. Assume that u : R, — R, is twice continuously differentiable,
increasing, and strictly concave, with u (0) = 0, «’ (0) = oo, and —qu” (¢) < v’ (q) for all ¢ > 0.
The disutility of DM production for the Home and Foreign seller is —q, where ¢ € R, denotes the
amount produced. The technology to produce the CM good is linear in the agent’s labor supply,
and all agents have access to this technology in the CM. Each agent derives linear utility from

the consumption of the CM good. Given these preferences and technologies, a positive utility



value indicates the net consumption of the CM good, and a negative utility value means the net
production of the CM good. All agents have the same discount factor 8 € (0, 1) across periods.

In addition, there exists a durable good (gold) that does not depreciate, has zero storage
costs, and can be held in any divisible quantity. All agents can perfectly recognize any amount
of gold presented in a bilateral match and carry any quantity of it across markets. Agents do not
derive direct utility from owning gold. We later provide a version of the model in which a subset
of agents will derive utility from the ownership of gold to generate a non-monetary demand for
gold and show that all the model properties remain the same.

Buyers’ and sellers’ identities are unknown to each other, and their trading histories are
private information, which precludes credit in the DM and makes a medium of exchange essential.
Because gold is a durable commodity, agents can use it as a medium of exchange to trade in the
Home and Foreign DM. Throughout the analysis, the value of gold in the Foreign CM will remain
constant.* The SOE assumption implies that gold movements between the Home country and
the rest of the world do not affect the international price of gold.

We formalize trade flows asymmetrically. As we have seen, an international trader can meet
a Foreign country seller when traveling abroad to the Foreign DM. However, a Foreign country
buyer cannot meet a Home country seller in the Home DM. This assumption is important because
it allows us to describe the SOE without specifying the individual holdings of gold of agents in
the rest of the world. Later in the paper, we present a model with two large economies in which
trade flows are symmetric across countries, which is suitable for analyzing international trade
between two large regions. In that version of the model, the value of gold will be endogenously
determined in each country.’

Bellman equations. Let p € R, denote the price of gold in terms of the CM good in the
Foreign CM, and let p; € R, denote the price of gold in terms of the CM good in the Home CM.
Let Wy (m) denote the period-t CM value function of a domestic trader with m € R, units of
money (i.e., gold holdings), let W, (m) denote the CM value function of an international trader,
and let W[ (m) denote the CM value function of a returning international trader. Let V; (m)
denote the period-t DM value function of a domestic trader with m € R, units of money, let
V, (m) denote the DM value function of an international trader, and let V;¥ (m) denote the DM

value function of a returning international trader. The Home country buyer’s CM value functions

4We could have developed the analysis in a scenario in which the price of gold appreciated or depreciated at a
constant rate. Mathematically, this model could be solved by following the same steps as below.

5In this version of the model, Home country buyers can meet Foreign country sellers, and Foreign country
buyers can meet Home country sellers at each date. Nonetheless, we continue to assume that sellers do not move
across countries.



are:

I//i/\t (m) = max [SL‘ + /B‘Z+1 (m/)] s.t. —+ ,Otm/ = pem
(QT,TTL/)GRXR_'.

WtF (m) B (m,mI’r)lGaIé(xRJr [ZE + ﬁ‘/:'l (m/)} s.t. T+ ﬁm, = pm

Wy(m)= max [z+ BV (m)] st. z+ pm' = pym.
(z,m’)G]RX]R+

In the Home CM, the buyer learns whether he will be a domestic or international trader in
the following period. After learning his status, his period-t CM value function describes his
continuation value. An international trader in the period-t Foreign CM knows he will be a
returning international trader at ¢ 4 1.

The Home country buyer’s DM value functions are given by:

Vi (m) =6 [w(@(m) + W (m = d(m)| + (1= &) W (m)
ViF (m) = w [u (g (m)) + AW, (m = dy (m)) + (1= 2) W, (m — dy (m))]
(1= w) AW, (m) + (1= \) W, (m)|
Vi(m) = a [u(g, (m)) + AW; (m = dy (m)) + (1= 2) W, (m = di (m))]
(1= a) [AW (m) + (1= ) W, (m)]

The functions g (m), d (m), ¢ (m), and d, (m) denote the terms of trade in the Foreign and Home
DM, respectively, as a function of the buyer’s money holdings. An international trader with m
units of money gets ¢ (m) units of the DM good from the Foreign country seller with whom he is
currently matched in exchange for the money payment d (m). A domestic trader (or a returning
international trader) with m units of money gets ¢; (m) units of the DM good from the Home
country seller with whom he is currently matched in exchange for the money payment d; (m).
Because the buyer’s preferences are quasi-linear with respect to the effort level in the CM, we

can write the Home country buyer’s beginning-of-the-period Bellman equations as:

Vi (m) =6 [u(@(m)) = pd (m)| + max [~p(m' —m) + BVE, (m)]

V,F (m) = wlu (g (m)) — pedy (m )]+>\maX[ pe (m' —m) + Vi (m')]
+ ( fﬁ?[ (m' —m) + Vi1 (m )}

Vi (m) = afu(q (m)) — pdi (m)] + A max [=p; (m" —m) + Vi (m)] +

m/ ER+

(1= 2) max |=p, (m' —m) + BVig1 ()]

m/ eRy

10



These equations fully describe the Home country buyer’s transitions across different states over
time in the SOE.

Bargaining. Throughout the analysis, we assume that the buyer makes a take-it-or-leave-
it offer to the seller in the DM. This bargaining protocol greatly simplifies the analysis of the

dynamic behavior of the model. Given this assumption, we can derive:

pmif m < L
g if m >

c/l\(m):{ mifm <

where ¢* € R, is the surplus-maximizing quantity: u’ (¢*) = 1. If the value of the buyer’s money
holdings is large enough to induce the seller to produce ¢*, the efficient level of trade occurs. If
not, the buyer spends all he can, and the seller produces an amount smaller than ¢*.

The next step to derive the equilibrium of the model is to solve the portfolio problems of
all types of buyers: domestic traders, international traders, and returning international traders.
Because each type will trade in different markets going forward, they will hold different quantities
of money when the price level differs across countries.

Domestic traders. Let m; 1 € R, denote the domestic trader’s money holdings at the end

of the period-t Home CM. The portfolio problem for this agent can be written as:

max {=pemipr + Bafu (g (Meg1)) — proadier (Mega)] + peyrmisa -
mer1€RY

This optimization problem is well defined provided p; > p;y1. If this condition holds as a strict

inequality, the first-order condition is:
—pe + Bprir [av (pryamisa) + 1 — a] <0, with equality if mgyq > 0. (1)

A domestic trader acquires gold in the Home CM to potentially trade with a Home country seller
in the following DM. When condition (1) holds with equality, it defines the domestic trader’s
demand for money balances in the Home CM.

International traders. Let m;,; € R, denote the international trader’s money holdings at

11



the end of the period-t Home CM. The portfolio problem for this agent can be written as:

- nax {_ptmt—H + {5 [U (7 (Mey1)) — ﬁc/i\<7%t+l)] + ﬁmt+1}} .
M1 €ERY
This optimization problem is well defined provided p; > [p. If this condition holds as a strict

inequality, the first-order condition is:
—pe+ Bp[ou’ (pmyy1) + 1 — 0] < 0, with equality if M1 > 0. (2)

An international trader acquires gold in the Home CM to potentially trade with a Foreign country
seller in the subsequent Foreign DM. Because both the international trader and the Foreign
country seller trade in the Foreign CM at date t + 1, they value gold equally going forward.
Returning international traders. Let m/,, € R, denote the returning international
trader’s money holdings at the end of the period-t Foreign CM. The portfolio problem for this

agent can be written as:

s {—pmlyy 48 [i (g0 (n5)) — peadons ()] + pramf )}
My €8+
This optimization problem is well defined provided p > Bp;,1. If this condition holds as a strict

inequality, the first-order condition is:
—p+ Bpes [wi (pt+1m£r1) +1—w] <0, with equality if my, > 0. (3)

A returning international trader acquires gold in the period-t Foreign CM to potentially trade
with a Home country seller in the period-(¢ + 1) Home DM. Both agents will subsequently trade
in the period-(t + 1) Home CM, so they value gold equally going forward.

Market clearing. Let @); € R, denote the total gold stock in the Home country available
in period t. Under the gold standard, ); is also the total money supply in the Home country.

The market-clearing condition in the Home country implies:
Qr = Amypr + (1 — A) My (4)

In the period-t Home CM, two types of buyers demand gold: domestic traders (with total de-
mand Am,, 1) and international traders (with total demand (1 — \) m,41). Recall that returning
international traders rebalance their portfolio in the period-t Foreign CM.

We also keep track of the evolution of the total gold stock in the Home country. The law of
motion for the Home gold stock is Q11 = Q;+ (1 — \) (mﬁrl — ﬁ@t+1). A returning international
trader will bring gold from the Foreign country, and an international trader leaving the Home

country in the following period will take gold out of the Home country. Hence, the Home gold
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stock grows (shrinks) from period ¢ to ¢ + 1 if the difference mf,, — i1 is positive (negative).
Demand functions. Using the previously derived first-order conditions, we construct the
demand functions for each type of buyer. Consider the international trader. Provided p; > p,
the first-order condition (2) implicitly defines m;.; = m (p;). The slope of this implicit function
is given by: X
~
m' (p) = 5B ) Grt) <0,
where ;.1 = pm(p;). The international trader’s demand for money is strictly decreasing in
the period-t value of gold in the Home CM. Because the value of gold in the Foreign country is
constant over time, a higher period-t value of gold in the Home CM implies a lower real rate of
return on gold, which leads international traders to reduce their desired gold holdings.
Consider now the returning international trader. Provided p > Bp:1, the first-order condition

(3) implicitly defines m{ ; = mpg (pr1). The slope of this implicit function is given by:

wi' (¢1) +1 —w+wgfu" (¢f)

Wiy U (qfﬂ)

mp (pry1) = — >0,
where ¢/}, = prrimp (pr+1). A returning international trader acquires gold in the period-t Foreign
CM at the fixed price p. If the value of gold in the period-(t + 1) Home CM is higher, so is the
real return on gold holdings going forward. Because of the higher return on gold, returning
international traders will increase their demand for gold in the period-t Foreign CM.

DM output. The quantities produced and consumed in the matches involving Home country

buyers in the Home and Foreign DM are:

G =X [Qi— (1= N ()] < ¢
41 = prramr (prar) < ¢

Gr+1 = pm (pr) < ¢
The quantity ¢; € R, is the period-t DM consumption of a domestic trader in the Home DM,
qf’ € R, is the period-t DM consumption of a returning international trader in the Home DM,
and ¢; € R, is the period-t DM consumption of an international trader in the Foreign DM.
Additionally, we have Q; > (1 — A\) m (p;) in any equilibrium.
Equilibrium. We can use the market-clearing condition (4) and the previously derived

demand functions to obtain the equilibrium relation:

M1 = m(Qr, pr) = At [Qr — (1= A)m(pr)] -

The function m (Qy, p;) is increasing in both arguments. If p, > Bp;11, we can use the first-order
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condition (1) to derive the equilibrium condition:

pr = Bpesr [otd (prpam (Qu, pr)) + 1 — o . (5)
This equation implicitly defines p;11 = g (Qy, pr). The implicit function theorem then implies:

—aA' 7" (qeia)
251 (Qta pt) = / H—l// =

alw (1) + v’ (@) + 1 — o
LapA™ (1= A) piu” (geen) M (pe) + 1
B alu (q1) + @av” (@) +1—a

>0

92 (Qe, pt) =

> 0,

where g; denotes the partial derivative of g (-) with respect to argument ¢ = 1,2. As we can see,
the implicit function g (Qy, p;) is strictly increasing in both arguments.

Notice that we have a laissez-faire arrangement in our model. The only reason the money
supply in the Home country will change over time is because of international trade between the
Home country and the rest of the world without trade barriers. In other words, there is no
government agency that controls the quantity of money in the domestic economy.®

We are ready to define an equilibrium of the model formally. An equilibrium of the SOE
under the gold standard is a sequence {Q;, p;} satisfying the Euler equation (5) and the law of

motion:

Q1 = Q@+ (1 = A) [mr (9 (Qr; pr)) — M (pr)] (6)

together with the boundary conditions:

Pt > PP
Bp<p<B'p
0 < perim (Qr, pr) < ",

and the initial condition for the Home gold stock p > 0. Let Qiy1 = f (Qy, pt) represent the
difference equation defined by condition (6).

In what follows, it is helpful to think about the equilibrium of the model as a dynamic
system (Qur1, prr1) = (f (Qu, pt) , 9 (Q4, pt)) in the (Qy, pt) space, subject to the previously defined
boundary conditions and the initial condition for the Home gold stock. We now characterize the
properties of this dynamic system.

Steady state. Our first step is to find its steady state. Any steady state (Q°, p®) must
satisty:

pP[Q° = (1 =AM (p”)] = A\a (7)

6Tn reality, central banks of small open economies under the gold standard had some control of the quantity of
money in their economies due to transportation costs and regulations. We abstract from those as they would not
alter the spirit of our main results beyond complicating algebra.
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and m (p*) = mp (p*), where the constant g, € R, is implicitly defined by 871 = au/ (q,) +
1 — a. Because mp (+) is strictly increasing and m (-) is strictly decreasing (and given the Inada

conditions), there is a unique value of gold p* > 0 that perfectly balances gold inflows and outflows
in the SOE:

A~

m(p) =mrp(p) < p=p".

If 6 = w, then the only way to have the gold inflows match the gold outflows in the Home country
(so that the Home gold stock remains constant over time) is to set the value of gold in the Home
country equal to the international value of gold.

To derive the steady-state Home gold stock consistent with the steady-state value of gold, p*,

notice that condition (7) implies:

AMa .

Q=L 1-Nm() (5)
for any value of p. Because the right-hand side of equation (8) is strictly decreasing in p and
goes to infinity as p approaches zero, there is a unique level of the Home gold stock consistent
with the steady-state value of gold, p®, which we denote by @)°. Hence, the SOE’s steady state is
unique.

If ) = w, we have p® = p and:
s 1 ~ =~ 9
Q@ ZE[AC]a‘F(l—)\)%]EQ, (9)

where @5 € Ry is implicitly defined by 87 = du’(g;) + 1 — 0. In this case, the Home country
value of gold equals the international value of gold, and the quantity @ provides the Home gold

stock consistent with that price. We summarize these findings in the following proposition.

Proposition 1 The small open economy in the Home country has a unique steady state with
pr = p° and Q; = Q° at all dates. If 6 = w, the steady-state value of gold is p, and the steady-
state Home gold stock, given by Q, is defined in equation (9).

The steady-state DM output is g, if the match involves a domestic trader, s if it involves
an international trader and ¢, if it involves a returning international trader, with the quantity
7, € R, implicitly defined by 87! = wu'(q,) + 1 — w. Because G5, 7, < o < ¢*, the unique
steady state is inefficient because the quantity traded in any bilateral match is below the surplus-
maximizing quantity.

If Qo = @7, the domestic economy remains in the steady state forever. If Qg # @°, then
we need to study the behavior of the dynamic system outside the steady state. Because the
Home gold stock, @y, is a predetermined variable, it will not adjust immediately to the level at

which gold inflows and gold outflows are perfectly balanced, so there are interesting dynamics
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that characterize the gold standard economy. Also, the price level in this economy is given by pit.
A central question in the study of monetary economies under a commodity standard is whether
the price level converges to a steady state regardless of the initial position.

We now turn to the analysis of dynamic equilibria. In what follows, we assume that 6 = w to
simplify the dynamic analysis.

Non-stationary trajectories. Consider the system (Qui1,piv1) = (f (Q1, pt) 9 (Q4, pr))-

The locus Q41 — @y = 0 is implicitly defined by mpg (g (Qy, pr)) = m (p;) in the (Qy, pi) space.
The slope of this curve is:

dpy _ m (g (Qe, pe)) 91 (Q1, 1)
dQy m/ (Pt) —ml (g (Qt; ,Ot)) g2 (Qu Pt)

< 0.

Notice that Q1 < Q¢ < m(p;) > mp (g (Qy, pi)), which implies that any path for @, is in-
creasing to the right of the downward-sloping locus @y — Q; = 0 in the (Qy, p;) space. Figure

2 illustrates this phaseline. The lower bound Q™ depicted in Figure 2 is implicitly defined by:
mp (9 (Q™, B71p)) = m (87'p).

—_—

steady state: (Q.p)

Qr—'._Q:_ 0

o]
B
==l
|
Pt
i || SR

Q

Figure 2: Locus Q¢11 — Qr =0

Focus now on the locus p;y1 — p; = 0, given by Q; = ’\% + (1 = X)m (p). The slope of this
curve is:
dpt . 1

dQr =2 4 (1— N (py)

Pt

< 0.

From equation (5), we find that p;11 > pr < qi1 > Go- We can use piyy = g (Qy, pr) to show
that:

Ao _
Pr+1 >Pt@Qt>p—+(1—>\)m(Pt%
t
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which implies that any path for p; is increasing to the right of the downward-sloping locus

pr+1 — p¢ = 0 in the (Qy, p;) space. See Figure 3.

Pt &
P
e LR L P L LR R e
f
5 |- o steady state: (Q.p)
Il Prea—p=0
(Q™.5p) 3 Q

Figure 3: Locus py41 —pr =0

The dynamic equilibrium analysis so far points to the existence of a saddle path through the
steady state (Q, ﬁ), provided the slope of the locus p;11 — p; = 0 is steeper in absolute value
than that of the locus Q;y1 — @; = 0. We now establish this property by studying the linear
approximation of the dynamic system near the steady state. The Jacobian matrix at the steady

state has entries:

aA"L6 [T+ dgsu” (Gs)] v (Ga)

fi(@.p) =1+ (1=N) BT+ agot (@) ' (@) !
5 N[BT H0E (@) sy 1
R =N 5 0 g > °

oz)\_lﬁQu” (Cja)

).p) = — >0

91(97) = =g F g (@)
(1=2))ar"1u"(qa)

92 (Q,p) = ) > 1.

"B B aguu’ (Ga)

All these entries are positive, with the elements in the main diagonal strictly greater than 1. This
means that the trace of the Jacobian matrix is greater than 2, so one of its eigenvalues is always
outside the unit circle.

Hence, the dynamic system can be stable only if there is a saddle path through the unique
steady state. The following proposition provides the conditions for the existence of a unique

downward-sloping saddle path for the dynamic system.

Proposition 2 Let D = f; (Q, ﬁ) go (Q, ﬁ) —f2 (Q, ﬁ) g1 (Q, ﬁ) denote the determinant of the Ja-
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cobian matrix. Assume [fl (Q, ﬁ) + 92 (Q, ,6)}2 > 4D. Then, a unique downward-sloping saddle
path through the steady state exists provided:

f1(Q,0) +92(Q.p) — \/[fl (Q,p) + g2 (Q,ﬁ)]Q —4D

<1
2

-1<

Given the initial condition Qg > 0, one can find the initial value py on the saddle path to construct
the unique equilibrium trajectory, which converges to the steady state. If Qo < Q, then {p;} is
strictly decreasing and {Q;} is strictly increasing along the equilibrium trajectory. If Qo > Q,

then {ps} is strictly increasing and {Q.} is strictly decreasing along the equilibrium trajectory.

(Q=.pp) ) Q

Figure 4: Dynamic system under the gold standard

Figure 4 depicts the dynamic system when the unique downward-sloping saddle path exists.
Although the conditions for the existence of the saddle path may not seem intuitive, our numerical
explorations suggest that this property of the dynamic system is robust; that is, as we vary the
preference parameters within a wider range in the parameter space, the downward-sloping saddle
path is preserved.”

Given this saddle-path property of the dynamic system, the following analysis highlights a
fundamental feature of the gold standard: long-run price stability. Depending on the initial

gold stock in the Home country, it can experience either inflation or deflation. These price

"Suppose that u (¢) = Aqll_—_:, with A > 0 and 0 < ¢ < 1, which is a standard functional form in the literature.
Note that v’ (¢) = Ag~7. In the numerical analysis, we set A = 1 and vary o between 0 and 1. The other
parameters are: = .96, a = .8, d = w = .5, and p = 1. As we vary o between 0 and 1, the largest eigenvalue
of the Jacobian matrix always remains outside the unit circle, and the smallest eigenvalue of the Jacobian matrix
always remains inside the unit circle.
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movements, however, are temporary. The domestic price level always converges to its steady-
state level regardless of the initial gold stock in the Home country.

Home gold stock is below the long-run level. If Q, < @, the saddle path implies an
increasing price-level trajectory, given by 1/p;, in the Home country. However, this inflationary
process is temporary because the price level converges to its steady-state value, 1/p, which means
that the inflation rate necessarily declines along the equilibrium trajectory and converges to zero.
The quantity of money in the Home country rises along the equilibrium path as the gold inflows
exceed the gold outflows. Although gold flows into the Home country when Qo < Q, the rate of
increase in the Home gold stock (and money supply) is decreasing. The difference between gold
inflows and outflows converges to zero, so the money supply in the Home country converges to a
level consistent with the international value of gold.

The following proposition describes the equilibrium evolution of DM consumption for all types
of traders when Qy < Q.

Proposition 3 If Qy < Q, we have: (i) ¢ — o from below; (i) qf — G, monotonically from

above; and (iii) g — Js monotonically from below.

Proof. The equilibrium evolution of DM output in each type of meeting is determined by:

Pt /
= au (q +1 -«
Bpi1 ( Hl)
P o (Ga) + 16
Bp
p I (F
=wu (q +1—w.
Bpis1 ( t+1)

Because Qp < @, the saddle path implies a declining price sequence {p;}. Because u’ is strictly
decreasing, it follows that {¢;} converges to g, from below. The equations for g1 and ¢f, ; imply
that {g;} is strictly increasing and converges to gs from below and that {qf } is strictly decreasing

and converges to ¢, from above. m

Table 1 summarizes the evolution of the quantities traded in the DM when the economy starts
at Qp < Q). Although all variables converge to the steady state, the direction of convergence can
vary. Depending on the type of buyer in a match, the quantity traded in the DM can converge

to the steady state from below or from above. In some cases, convergence is monotonic.

Table 1: Declining inflation

Gt — (o < 0 at all dates q: — o from below

ql" — @, > 0 at all dates ql" — ., monotonically from above
gt — Gs < 0 at all dates ¢: — ¢s monotonically from below
m{ ., — Mmey1 > 0 at all dates | m{; — My — 0 from above
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The DM output in a match containing a returning international trader monotonically con-
verges to its steady-state level from above. A returning international trader rebalances his port-
folio in the Foreign CM, where the value of gold remains constant. Because the price level 1/p; in
the Home country converges to its steady-state level from below, a returning international trader
earns a real (gross) return on his gold holdings greater than 1, which implies a value for DM
output greater than its steady-state level. Because the price level converges monotonically to the
steady state, the period-t DM consumption of a returning international trader is greater than
the period-(t + 1) DM consumption of a returning international trader. Although ¢f" decreases
over time, it remains above its steady-state level in the transition path.

The DM consumption of the international trader, given by ¢, is increasing over time, even
though it always remains below its steady-state level along the non-stationary equilibrium tra-
jectory. The declining inflation rate in the Home country implies rising consumption amounts
for the international trader as it gradually reduces his opportunity cost of holding money bal-
ances for transaction purposes. The DM consumption of the domestic trader remains below its
steady-state level along the transition path because of the inflationary process associated with
the Home economy’s dynamic adjustment.

Home gold stock is above the long-run level. If Q, > @, the saddle path implies a
temporary deflation in the Home country. The rate of deflation declines along the equilibrium
trajectory and converges to zero. The Home country loses gold to the rest of the world in the
transition path to the steady state. The money supply falls over time and converges to the
level consistent with the international value of gold. The following proposition describes the

equilibrium evolution of DM consumption across all types of matches.

Proposition 4 If Qy > Q, we have: (i) q¢; — Go from above; (i) qf' — G, monotonically from

below; and (i1i) g — Gs monotonically from above.

Table 2 summarizes the evolution of the quantities produced and traded in the Home and
Foreign DM when the economy starts at Qg > Q. It also shows the evolution of net gold outflows

from the Home country resulting from the individual money holdings by different traders.

Table 2: Declining deflation

Gt — (o > 0 at all dates q: — o from above

4 — q. <0 at all dates q; — @, monotonically from below
Gt — g5 > 0 at all dates ¢: — @5 monotonically from above
mf:rl —myy1 < 0 at all dates m,ﬁrl — Myy1 — 0 from below

Along the non-stationary equilibrium path, the real (gross) return on money for a domestic
trader is always greater than 1, so the quantity of DM goods traded in a bilateral match involving

a domestic trader remains above its steady-state level in the dynamic equilibrium. Because the
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saddle path implies that the value of gold in the Home country starts below the international
value of gold, the international trader also obtains a quantity of DM goods from a Foreign seller
that is always greater than the steady-state level, given by ¢s. Over time, ¢; and ¢; approach
their steady-state levels from above as the real (gross) return on money holdings approaches 1
for both traders. The DM consumption of a returning international trader remains below the
steady-state level in the transition path when Q > Q.

The previous analysis also implies that any non-stationary equilibrium is necessarily inefficient
because DM output is below the surplus-maximizing quantity for at least a subset of agents in
all bilateral matches.

Long-run price stability. A remarkable feature of our model of the gold standard is that
the price level always converges to the steady state. Inflation or deflation can occur along the
equilibrium path depending on the initial domestic gold stock, but these price movements are
temporary. The quantity of money in the Home country is a predetermined variable, so it cannot
adjust immediately to the level at which gold inflows and outflows are perfectly balanced. Thus,
depending on the initial Home gold stock, it is necessary to have either temporary inflation or
temporary deflation along the transition path to the steady state. This feature of the model is
in line with empirical studies of gold standard economies. For instance, Bordo (1981), Friedman
and Schwartz (1963), and Schwartz (1986) document the long-run price stability associated with
the gold standard in the data.

Monetary non-neutrality. Another distinct feature of our model is the non-neutrality
of money. When the Home gold stock starts below the steady-state level, the Home country
accumulates gold along the transition path, so the money supply rises over time. As we have
seen, the DM output in the matches involving domestic traders is increasing along the transition
path, and the price level increases at a decreasing rate along the way to the steady state. Money
is non-neutral because the only way new money can enter the Home country is if exporters (i.e.,
returning international traders) bring in more gold to the Home country than importers (i.e.,
international traders) take out of the country.

Conversely, when the Home gold stock starts above the steady-state level, the Home country
loses gold to the rest of the world in the transition path to the steady state, and the money
supply declines over time. The DM output in the matches involving domestic traders falls, and
the price level declines in the Home country.

These findings present intriguing possibilities for further experiments. For instance, what are
the repercussions of a decrease in the global price of gold, potentially resulting from the discovery
of substantial gold deposits in the Americas between the 16th and 18th centuries? What is the
impact of changes in productivity in the DM and CM markets at home and abroad?

Among all the possible experiments we could run, we will focus on an exercise inspired by

Kiyotaki et al. (1993) to gauge the effects of changes in the degree of economic integration between
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the SOE and the rest of the world under the gold standard.

International economic integration. In the spirit of Kiyotaki et al. (1993), we can inter-
pret a higher value for the matching probability in the Foreign country, 9, as a higher degree of
economic integration in the model. A higher ¢ implies a higher steady-state Home gold stock.
That is, the Home country needs more gold to perfectly balance gold inflows and outflows when

the international traders are more likely to find Foreign sellers when trading in the Foreign DM.

Piy

Figure 5: Effects of an unanticipated and permanent trade shock

More precisely, we construct the following experiment. Suppose the Home economy starts at
the steady state described in Proposition 1 with p* = p and § = w. Then, there is a one-time
unanticipated and permanent increase in ¢ and w by the same small amount. Figure 5 illustrates
the transition path to the new steady state.

The value of gold in the Home country will jump from its initial value p to the downward-
sloping saddle path. The Home country will experience a temporary inflationary process along
the transition path to the new steady state, resulting in a net gold inflow to the domestic economy.
This dynamic equilibrium will favor returning international traders, who will experience a higher
DM consumption along the non-stationary equilibrium trajectory than that of the stationary
equilibrium. The temporary inflation caused by the unanticipated and permanent trade shock
will harm domestic and international traders in the transition path to the new steady state. A
higher value for ¢ increases the extensive margin for international traders. Thus, the international
trader will be better off in the long run because of the increased extensive margin and the
unchanged steady-state consumption amount. However, the aggregate output of all matches

involving international traders in the Foreign DM might decline temporarily because of the fall
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in the intensive margin, even though the number of matches is larger.

This experiment shows that an (unanticipated and permanent) increase in the degree of
international economic integration can lead to a decline in the aggregate value of imports (i.e.,
the sum of real money holdings exchanged in all matches involving international traders) in the
short run as the Home country accumulates gold to eventually balance gold inflows and outflows
at the new steady state. On the other hand, the value of aggregate exports (i.e., the sum of real
money holdings exchanged in all matches involving returning international traders) rises along
the transition path, which is consistent with the required gold accumulation in the Home country
to balance international gold movements with the rest of the gold standard countries.

Inelastic money supply. Since the only available medium of exchange in our economy is a
commodity money, the money supply is inelastic under a laissez-faire regime. As we have seen, an
unanticipated and permanent trade shock will result in temporary inflation in the Home country.
In the transition path, domestic and international traders will be worse off because their DM
consumption will fall below their long-run level.

Many economists have pointed out this feature of the gold standard as a fundamental flaw
of commodity money systems. In particular, many critics of the gold standard have argued that
creating a central bank and issuing fiat money without external constraints can result in a superior
monetary system because it can potentially avoid undesirable price movements that necessarily
follow from external shocks under the gold standard. Our analysis confirms that this criticism
of the gold standard is indeed valid, provided the domestic authorities do not intervene in the
adjustment process. Although the gold standard produces long-run price stability, it cannot avoid
short-run movements in the price level induced by external disturbances. Whether a fiat money
system under the auspices of a benevolent central bank can ensure both short- and long-run price

stability is beyond the scope of this paper.

4 Policy Options

Because the stationary equilibrium is inefficient in the laissez-faire economy, can policy implement
the efficient allocation without abandoning the gold standard?

The policy options available for policymakers under the international monetary system based
on gold are more limited when compared with those of a fiat money system. The Home country
government cannot change the quantity of money in the Home country without violating the
basic premise of the gold standard. But governments can subsidize gold holdings by providing a
flow return on gold without abandoning the gold standard.

Let 77 > 0 be the policy-induced flow return (in terms of the CM good) per unit of gold in
the Foreign CM, and let 77 > 0 be the policy-induced flow return (in terms of the CM good) per

unit of gold in the Home CM. Gold holders receive their flow return from the government upon
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arriving in the CM. The governments impose a lump-sum tax in the CM to balance their budget.

Although most dynamic properties of the laissez-faire equilibrium will be preserved under
policy intervention, policy-induced flow returns will change the equilibrium of the model non-
trivially. Thus, it is worth providing some details for constructing equilibrium under policy
intervention.

Bargaining. In the presence of policy action, the terms of trade in a bilateral match are:

R o+ 1r)m if m < =L
Q(m;TF)—{ (o4 7r) e

* 2 > q*
q* it m > P

~ mif m < =L
d(m;7p) = { P

T > _4
ey M > S

(pe + ) m if m < —L

Qs (m;TH> — { ‘i - - pt+7H
g ium = pt+TH
mif m < —L
. _ +
dt (m7 TH) — { T . Pt Z{;I
pt+TH 1 — pt+TH

Notice that p + 7 provides the effective value of money in the Foreign CM and that p; + 74
provides the effective value of money in the Home CM. Given the same value of gold in the
subsequent CM, the threshold for the buyer’s money holdings that allows him to purchase the
efficient quantity is lower in the presence of government intervention.

Next, we solve the portfolio problem of all types of buyers.

Domestic traders. The portfolio problem for a domestic trader is now:

max {_ptmtJrl + 3 { o [u (Qt+1 (mt+1; TH)) - (pt+1 + TH) ditq (th; TH)] }} '

mi+1 €ER4 + (pt+1 + TH) LTES ]

This optimization problem is well defined provided p; > B (pi1 + 75). If this condition holds as

a strict inequality, we can write the first-order condition as:
—pt + B (peg1 + 7r) (o’ ((pegr + T) Mes1) + 1 — o] <0, with equality if myq > 0. (10)

The only change from the previous section is that the real return on money for a domestic trader
is now given by (p;11 + 7m) /p, which implies that domestic policy influences the quantity of
money a domestic trader will hold going forward.

International traders. The portfolio problem for an international trader is:

max {—Ptmtﬂ + B {(5 [U (@ (Myy157F)) — (P + TF) g(mt-i—l;TF) + (p+ 7F) mt+1}} :

mi+1€ER4
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This problem is well defined provided p; > 8 (p + 7). If this condition holds as a strict inequality,

we can write the first-order condition as:
—pe+ B (p+7F) [0u (p+ 7F) Mys1) + 1 — 8] <0, with equality if M1 > 0. (11)

The real return on money for an international trader is now given by (p + 7r) /p;, which implies
that foreign policy influences the quantity of money an international trader will take out of the
Home country for buying DM goods from a Foreign seller.

Returning international traders. The portfolio problem for a returning international

trader is:

max
mf+1 SIS

{—ﬁmﬂl +ﬁ{ W [U (Qt+1 (mﬁrﬁTH)) — (P41 + 7i) diya (mzﬂ—l;TH” }} '

+ (pr41 + ) Miyy

This problem is well defined provided p > S (pi1 + 7i). If this condition holds as a strict

inequality, the first-order condition becomes:
—p+ B (per1 + ) [wi (g1 + 7)) miyy) + 1 — w] <0, with equality if m;,, > 0. (12)

The real return on money for a returning international trader is now given by (pir1 + 71) /p-
Not only does domestic policy affect the money holdings of domestic traders but also that of
returning international traders, influencing gold inflows into the Home country.

Demand functions. We can now derive the demand functions for the international trader
and the returning international trader by following the same steps as in Section 3. If p, >
B (p+ 7r), the first-order condition (11) implicitly defines m,1 = m (ps; 7r), which is strictly
decreasing in p; as before. If p > 5 (pi1 + 7i), the first-order condition (12) implicitly defines
mfy; = mp (pre1; i), which is strictly increasing in pyy1 as before.

Equilibrium. The market-clearing condition for the Home country can be used to define the
equilibrium equation: my,1 = m (Qy, pr; 7r) = A1 [Qr — (1 — X\) M (pg; 7r)]. Following the same

steps as in Section 3, we use equation (10) to derive:

pe = B (pre1 + ) o’ ((prg1 + 7i) M (Q, pis 7)) + 1 — o (13)

which implicitly defines p;v1 = 9 (Q¢, pi; TH, Tr). As before, the implicit function theorem then
implies g; > 0 and g» > 0.
We can define an equilibrium of the SOE under the gold standard as a sequence {Q, p;}

satisfying the Euler equation (13) and the law of motion:

Qir1 = Qi+ (1 = X) [mp (9(Qs, pi; Tar, 7)) — M (pi; TF)]
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together with the boundary conditions:

pr > B (pes1 + )
B(p+1r)<p<B 'p—1H
0 < A pepam (Q, pr; 7r) < ¢

and the initial Home gold stock @)y > 0. In this equilibrium, the governments of the Home and
Foreign countries set the policy variables (7y,7r) and the agents take them as given.

From the equilibrium definition under policy intervention, we can see that an important
consequence of policy action is the reduced range for the value of gold in the Home country. The
lower bound for the value of gold is now given by £ (p+ 7r) > [p, and the upper bound by

B9 — 71 < B71p. A necessary condition for the existence of equilibrium is:

B(ﬁ+TF)<g—TH<:>ﬁTF+TH<§—ﬁp. (14)
This inequality implies that the policy-induced flow returns (7, 77) cannot be too large to ensure
the existence of equilibrium under government intervention.

To simplify the analysis, assume that 6 = w. Then, it is straightforward to show that there
is a unique steady state, denoted by (p® (g, 7r), Q° (T, 7r)), provided the policy-induced flow
returns (7, 7r) satisfy condition (14). Moreover, we have p* (g, 7r) = p if and only if 7y = 7p.
In other words, the Home price level is equal to the Foreign price level if and only if domestic

and foreign policies are perfectly synchronized.

Proposition 5 For any policy choices (g, Tr) satisfying condition (14), there exists a unique
steady state denoted by (p° (T, 7r), Q° (T, Tr)). We have p® (1, 7r) = p if and only if T = TF.
There exists a unique downward-sloping saddle path through the steady state provided the policy

choices (T, Tr) are sufficiently small and close to zero.

The dynamic properties of the model are preserved under policy intervention provided the
flow returns (7, 7r) are sufficiently close to zero. The existence of a unique steady state requires
only condition (14), which is milder. Given these results, our next step is to investigate whether
policy intervention can lead to the efficient allocation in the Home country.

Optimal policy. We now consider the optimal choice of domestic policy in the Home country,
given the foreign policy set in the rest of the world. Specifically, the Home government chooses
the domestic flow return 7, taking the foreign flow return 77 as given. In what follows, we
restrict attention to steady states, so our analysis focuses on long-run policy efficiency.

Let q (g, 7r) € Ry denote the steady-state DM consumption of a domestic trader in the
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presence of policy intervention. The quantity ¢ (7x, 7r) is given by:

p° (TH, TF)
Blp* (tu, 7r) + T

=au (q(tg,7r)) +1— a.

Let ¢ (ty,7r) € R, denote the steady-state DM consumption of an international trader, which

is given by:
P’ (THv TF)
B(p+1r)

Let gr (Ty, 7r) € R, denote the steady-state DM consumption of a returning international trader,

=ou' (¢(1g,7r)) +1—9.

which is given by:

p
Blp* (Ta, 7F) + TH]

Notice that we kept the symmetry assumption § = w. Suppose the Home-country flow return

= ou' (qp (T, 7F)) + 1 — 0.

differs from that of the Foreign country. In that case, the steady-state consumption of interna-
tional and returning international traders will not be the same, even though the probability of
being matched with a seller is the same.

Let 77 = 7 > 0 denote the fixed flow return in the Foreign country, where 7 < 871 (1 — ) p.
Suppose that 7y = 7 holds initially. It is easy to show that there is 0 < & < 7 such that

Omp/O0ty > 0 for any 7y € (1 —e,7+¢). Then, for any 75 in a small neighborhood of 7, we

p° (T, TR) > p o TH<T
p° (T, Tr) < p g>T1 |

This result is intuitive. If the policy-induced flow return is lower in the Home country relative

have:

to the rest of the world, the only way for the Home country to induce gold inflows that match
gold outflows one-for-one is to have a value of gold in the Home country higher than that of the
Foreign country. The opposite occurs when 747 > 7. Figure 6 draws the net gold inflow in the
Home country as a function of the stationary value of gold in the Home country. The blue line
represents the difference myz — m when both flow returns are set at 7, and the red line plots that
difference when the domestic flow return is lower than the foreign flow return.

The consumption amounts across traders will not be the same in the steady state when the
policy choices of the Home and Foreign countries are not synchronized. That is, implementing
the efficient allocation will not be possible unless the policies are synchronized. A corollary from
this proposition is that the Home country can attain efficiency through policy intervention only
if foreign policy is set at a level consistent with the surplus-maximizing quantity being traded in
all matches.

Given that synchronicity is a necessary condition for efficiency, let 7 > 0 be the common
policy-induced flow return when government policy is synchronized across countries, and let

q (1) € R, denote the common DM consumption amount across matches when policy is synchro-
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Figure 6: Net gold inflow under policy intervention
nized at the level 7. The quantity ¢ (7) is implicitly defined by:

P su(q(r) + 10 (15)

The left-hand side of equation (15) is strictly decreasing in 7 in the range [0, 57! (1 — 3) p), equals
71 at 7 =0, and approaches 1 as 7 — 71 (1 — 3) p.

B(t+p)

@1 p(1-p °
B

Figure 7: Optimal policy
Figure 7 plots the left-hand side of equation (15) as a function of 7. These properties of the
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model imply that, by taking the limit 7 — 57! (1 — ) p, we get q (1) — ¢*. That is, the steady-
state DM consumption approaches the efficient level as the synchronized flow returns approach

the upper bound, given by 37! (1 — 3) p. The following proposition summarizes these findings.

Proposition 6 A necessary condition for efficiency in the Home country is that Tq = 7p = T
for some T > 0. Moreover, q (T, 7r) = q (T, 7r) = qr (Tu, 7r) = q (T) when Ty = T = T, where

q (1) is defined by equation (15). Finally, q (1) — ¢* as 7 — 871 (1 — 8) p from below.

The previous proposition implies that the Home country cannot attain the efficient allocation
on its own. Foreign policy in the rest of the world must be set in tandem with domestic policy to
attain the previously defined upper bound for the policy-induced flow returns. In other words, if
international cooperation through synchronized policy decisions is unattainable, the gold standard
monetary system is inefficient in the long run.®

Thus, the Home government can consider issuing fiat money to alter the total money supply
in the Home country and implement the efficient allocation. In this hybrid system, commodity
money and fiat money would coexist as media of exchange. Whether a hybrid system can achieve
efficiency will depend, among other things, on whether fiat money issued in the Home country

can circulate internationally and, if so, at what value. Let us now analyze this situation.

5 Fiat Money

We now consider a version of the model in which the Home country government issues fiat money
and controls its supply by imposing lump-sum taxes/transfers in the Home and Foreign CMs to
balance the budget each period. In this monetary arrangement, the agents can hold two distinct
assets for payment in DM matches: gold and fiat money. Let ¢ € R, denote the value of fiat
money in the period-t Home CM, let ¢I" € R, denote the value of fiat money in the period-t
Foreign CM, let pff € R, denote the value of gold in the period-t Home CM, and let pf" € R,
denote the value of gold in the period-t Foreign CM. The SOE assumption for the Home country,
combined with the assumption that the Foreign country represents the rest of the world, implies
pl = pfor all t > 0. The asset flows between the Home country and the rest of the world do not
alter the real rate of return on other internationally traded assets, including gold.”

Let ¢, (m,n) denote the quantity of the DM good produced in a bilateral match in the Home

country when the buyer has m € Ry units of gold and n € R, units of fiat money, let d; (m,n)

8This policy scheme may not be incentive-feasible in certain environments in which money holdings are privately
observable. Indeed, implementing a flow return requires the government to observe an individual’s money holdings.
Also, it is necessary to devise a scheme to prevent the same unit of gold from being presented for the payment of
a real return more than once, which may be difficult given the anonymity of agents.

9The international price of gold can be solely supported by the non-monetary uses of gold. We could further
assume that the demand for gold from non-monetary uses is stable, which would imply a constant international
value of gold.
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denote the quantity of gold the buyer transfers to the seller, and let h; (m,n) denote the quantity
of fiat money the buyer transfers to the seller. The quantities g, (m,n), d, (m,n), and s (m,n)

are their equivalent in the Foreign country. The terms of trade in the Home DM are now:

piim + ¢y if pilm + ¢ffn < ¢*

m,n) = pd, (m,n) + ¢F h, (m,n) =
ar (mym) = pf'ds (m, ) + 6 (. ) IR

The terms of trade in the Foreign country are given by:

pm + ¢ n if pm + ¢fn < ¢*

q (m,n = pd, m,n) + Fp m,n) =
g (m, n) ¢ (m,n) + ¢; hy (m, n) { ¢ i pm+ 6Fn > ¢,

Although the composition of the asset portfolio transferred from the buyer to the seller is inde-
terminate, the real value of the total asset transferred is uniquely determined.
Following the same steps as in the model with a single asset, we can write the Bellman

equations for the Home country buyer as:

Velmon) = 0 [u(@ (m.n)) = pds (m.n) = 6 b (m,m)| + of T
+pm+ ¢, n+ max _[—pm —¢;n' + BV, (m!,n)]

(m’,n’)eRi
Vi (myn) = w lulg (m,n)) — pi'd; (m,n) — ¢y he (my )] + pi'm + ¢y'n
SOUTH N (=gl — o'+ BVign 00,1

(m’,n’)EIRQ+
+(1-2) Ax [—ptH m' — ¢f'n + BV (', n’)}
m’n T

Vi(m,n) = alug(mn) — pld, (m,n) — 611k, (m,n)] + plm + ¢l
FOUTH A max | [—pttm' — 6fin’ + BVig (', )]

(m’,n’)eRi
T(1-A) max [—pflm’ — ¢ + BV (0, n’)} ,
m’n ul

where T/ € R and T} € R denote lump-sum transfers from the Home country government
in the Foreign and Home CM, respectively. These equations describe the Home country buyer’s
transitions across different states over time in the economy with multiple assets. We now describe
the optimal portfolio problem for each type of buyer in this economy by considering the case in
which Home country fiat money is positively valued in both Home and Foreign CM.

Domestic traders. The portfolio problem for the domestic trader when both gold and fiat

30



money are available in the Home CM is given by:

U (Ger1 (Myg1, Neg1))

H
a | —piadipr (Megr, neyr)
max —plme — é e + B - ’
) ¢ Mt ¢ Tt I
(mit1,me41)€RY — @iy huyr (M1, nig)

H H
P M1 + O Mg

This optimization problem is well defined provided pff > Bpf, and ¢;7 > Sof . If both condi-

tions hold as strict inequalities, we can write the first-order conditions as:

—p;" + Bply [od (pfhymus + @ neer) + 1 — ] <0, with equality if myq > 0 (16)
_¢f + 5¢fl+1 [au’ (Pglmt—l—l + qﬁﬂlntﬂ) +1— oz} < 0, with equality if n.q > 0. (17)

If the domestic trader holds both assets in portfolio between dates t and ¢ + 1, then the rate of

H H
return equality d;tjf = p:j,l in the domestic asset market must hold in equilibrium. The domestic
t t

trader is indifferent between the two assets going forward, and the asset portfolio composition is
indeterminate in equilibrium.
Returning international traders. The portfolio problem for the returning international

trader is given by:

(@1 (mir, nia))
H F . F
_ Wl =piidin (m n )
F F_F t+1 t+15 T4
F m%x 5 TPMyyy — P Ny + B H r ’ r
(mt+17nt+1)€R+ _¢t+1ht+1 (mt+17 nt+1)
+piiamiy + ot
This optimization problem is well defined provided p > 8pf} | and ¢; > B¢ ,. If both conditions

hold as strict inequalities, we can write the first-order conditions as:

—p+ By [wu (pfamiy, + ofiing 1) + 1 —w] <0, with equality if m/,, > 0 (18)

—¢7 + Bop, [wu/ (piami, + ¢filnﬂ1) +1—w] <0, with equality if nf, > 0. (19)

If the returning international trader holds both assets in portfolio from period ¢t to t + 1, then
oy _ ot
oF p

International traders. The portfolio problem for the international trader is given by:

the rate of return equality must hold in equilibrium.

U (Z]\tﬂ (mtﬂ, ﬁt+1))

5 | —pdpy (Wi, iesn)
H~ H~ P41 (Mq1, Tg41
_omax . 4 =Py M1 — ¢y e+ 0 P ~
(Met1,ie+1)ERY =1 Pern (Mg, i)

—_ F ~
+pMiy1 + Gy Mg
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This optimization problem is well defined provided pff > fp and ¢;f > B¢f.,. If both conditions

hold as strict inequalities, we can write the first-order conditions as:

—p 4 8p [0’ (P + GfiaNepr) +1— 6] <0, with equality if 77,41 > 0 (20)
—pH + 5¢£r1 [(5u’ (ﬁﬁztﬂ + (bf;lﬁtﬂ) +1-— 5] < 0, with equality if n;,7 > 0. (21)

If the international trader holds both assets in his portfolio from period ¢ to ¢ + 1, then the rate

F _
of return equality % = piH must hold in equilibrium.
t t

Market clearing. The market-clearing conditions in the Home country asset markets are:

Qr = M1 + (1 — ) Mg (22)
NtI{ = )\nt+1 + (1 - )\) ﬁt-}—la (23)

where NI € R, denotes the total quantity of fiat money in the Home country in period ¢. The

market-clearing condition for fiat money in the Foreign country is:
N = (1= XNni, (24)

where NI € R, denotes the total quantity of fiat money in the Foreign country in period ¢.

The total fiat money supply is denoted by N; € R,. Then, we have:
N, = N + N} (25)

at all dates. We assume the Home government follows a policy rule of the form: N, = uVy,
where p > [ represents the money growth rate. The Home country’s central bank intervenes in
the Home and Foreign CM to implement its policy rule.

The laws of motion for the Home gold stock and the Home fiat money supply are:

Qi1 =Qr+(1—NX) (mﬂl - T?lt+1) (26)
Nfl—l =N+ (1-)) (nzﬂ-l - ﬁt+1) + 7:%]117 (27)

respectively, where T/1 € R denotes the period-t lump-sum transfer from the Home government

in the Home CM. The law of motion for the fiat money supply in the Foreign country is:
Ntil =N/ +(1-2) (ﬁtﬂ - ”ﬂl) + Ttil? (28)

where T/ € R denotes the period-t lump-sum transfer from the Home government in the Foreign
CM. Under the pure gold standard, equation (26) describes the evolution of the money supply in

the Home country, which consists solely of gold and depends only on the asset flows associated
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with international commerce. In a dual monetary system, the total money supply is elastic
because the Home government can issue or retire fiat money in the Home and Foreign CM to
alter the aggregate monetary stock.

Equilibrium. Given the money growth rule in the Home country, we can define a monetary

equilibrium of the SOE with multiple assets as a sequence

H ,H ,F H azrF ~ F ~ F
Py 0,0 Qi Ny N, 7nt+17ntJrlant+17mt+17mt+lamt+1}

satisfying the first-order conditions (16)-(21), the market-clearing conditions (22)-(25), and the
laws of motion (26)-(28), together with the boundary conditions, p;’ > Bpft,, Bp < pff < 7 'p,
off > Bort |, off > Bot, . of > B, given the initial conditions @y > 0 and Ny > 0.

We now characterize a class of equilibria in this monetary economy that is relevant to our
analysis of the gold standard. Specifically, we consider the endogenous demonetization of gold in
the Home country due to domestic monetary policy.

Demonetization of gold. We show the existence of a subset of stationary equilibria char-
acterized by the fact that fiat money completely displaces gold as a medium of exchange for the
residents of the Home country. In particular, the demonetization of gold occurs endogenously
if the Home government chooses the money growth rate to be in the range f < p < 1. In this
equilibrium, fiat money issued by the Home country circulates both domestically and interna-
tionally. We can think of the circulation of domestically issued fiat money in the Foreign CM as
an offshore money market for the domestic currency. Importers and exporters from the Home
country trade the Home currency offshore to conduct their international transactions, which can
result in a positive value for that currency in the Foreign CM.

Assume that 6 = w. Suppose the Home government sets the money growth rate such that
B < p < 1, which requires a lump-sum tax in the Home and Foreign CM to balance the budget.
Let g, (1) € R, denote the quantity satisfying:

1

5= (@ () +1-a

and let g5 (1) € Ry denote the quantity satisfying:
= =0u' (g5 (1)) +1—0.

Notice that G, (1) > Ga (1) = Go and that gs (1) > G5 (1) = gs when § < pu < 1. Suppose that:

S _ O _ 1

o oF u

holds at all dates, which implies ¢ = p~ '@l and ¢f = p~ '@l at any date t. Set ¢l = ¢f =
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o > 0. Also, suppose that pff = p for all . Then, it is straightforward to use the first-
order conditions (16)-(21) to show that myq = Myy1 = miy, = 0, e = g5 w1V, (1), and
1 = nfyy = ¢p  p G5 () for any ¢o > 0.

We now show that there is an initial distribution of endowments that is consistent with the
individual choices in the proposed equilibrium. For any (g > 0 initially available in the Home
country, one can allocate this amount evenly to the international traders after making their
portfolio decision in the Home CM at ¢ = 0. It is clear, then, that they will use their initial gold
endowment to increase their DM consumption in the period-1 Foreign DM. If their endowment
allows them to get ¢* from the Foreign seller with whom they are paired, the international traders
can sell all remaining gold holdings in the period-1 Foreign CM at the price p. The value of gold
in the Home CM will be p at all dates. At this price, no Home country buyer will choose to hold
gold in his portfolio. We state this result as follows.

Proposition 7 Suppose that 6 = w. If the Home government sets the money growth rate
such that 0 < p < 1, there is an wnitial distribution of endowments and a value ¢y > 0
such that the prices and quantities p! = p, ¢ = p=t¢y, ¢ = ulgy, Qi1 = 0, NE =
do WY Ao () + (L= N @5 (W], N = (1= N) &g ' 105 (1), ner = b 1o (1), Tirn =
N = d s

In this equilibrium, q; = G, (1) > Go and @ = qF = @5 (1) > @5 at all dates.

@ (), and mypq = My = mf, =0 for allt are an equilibrium of the model.

The efficient allocation is obtained when the Home government sets p = 3, given that
Jo (1) — ¢" and ¢s (u) — ¢* as p — [. Does this result render the gold standard inessen-
tial? The gold standard can implement the efficient allocation only if Home and Foreign policies
are synchronized at the right level. In comparison, the Friedman rule (attained by setting u =
in this environment) can implement the efficient allocation in the SOE under a fiat currency
regime. However, we cannot guarantee unique implementation. In other words, we cannot guar-
antee that the mapping between the policy instrument (i.e., the money growth rate) and the set

of allocations is unique.

6 Non-Monetary Demand for Gold

In this section, we present a version of the model where gold has non-monetary uses. We aim to
show that all equilibrium properties derived in previous sections are preserved in this extended
model.

Starting from the benchmark model developed above, we add a third type of agent: investors
(one can think about these agents as goldsmiths as well). In the Home country, there is a measure
[0,7] of investors, with 0 < v < 1. The investors do not participate in the decentralized market

(they only trade in the CM) and derive direct utility v (k) from the ownership of & units of gold
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between two consecutive dates (for example, as jewelry or from its use in an industrial process
from which it can be recovered at the end of it). Assume that v : R, — R is twice continuously
differentiable, increasing, and strictly concave. Suppose that v/ (0) = oo and v’ (c0) = 0 (i.e., the
standard Inada conditions).

We describe next the investor’s portfolio problem in the Home CM and characterize the
equilibrium of the extended model.

Investors. The investor always stays in the Home country and trades only in the Home CM
on each date. The role of investors in the model is to provide a non-monetary demand for gold,
a crucial feature of a commodity money system. We can write the investor’s portfolio problem

as:
oo

max > 8" [v (k1) + pr (ke — kepa)]
{ke1} {5

Suppose that p; > Bp;1 holds at all dates. Given that v/ (0) = oo and v’ (00) = 0, the first-order

condition for the investor’s problem is:

pr — Bpryr =0 (Key1) - (29)

Additionally, we have the transversality condition lim;_,., 8%k = 0.

Market clearing. The market-clearing condition in the Home country is now given by:
Qt = ")/ktJrl + )\mt+1 + (1 — )\) T/flprl. (30)

In the period-t Home CM, three different types of agents demand gold: investors (with total
demand 7k;y1), domestic traders (with total demand Amyyq), and international traders (with
total demand (1 — A) my41). The law of motion for the Home gold stock is the same as that of
the benchmark model.

Demand functions. The demand functions m (p;) and mp (p;41) are the same as in the
benchmark model. Provided p; > Bp;11, the first-order condition (29) can be used to derive the
demand function ki1 = v (p; — Bpe+1), where 1 = (v/)" denotes the inverse of v’. Because 9 (-)
is strictly decreasing, the investor’s demand for gold is a decreasing function of the difference
pt — Bpri1.

DM output. The quantities produced in the matches involving Home country buyers in the

Home and Foreign DM are given by:

qi+1 = /\_1Pt+1 [Qt -y (Pt - 5Pt+1) - (1 - )\) m (Pt)] <q
th+1 = pryimp (pr41) < ¢

Gip1 = pm(p) < q".
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The quantity ¢; € R, is the period-t DM consumption of a domestic trader in the Home DM,
ql" € R, is the period-t DM consumption of a returning international trader in the Home DM,
and ¢; € R, is the period-t DM consumption of an international trader in the Foreign DM. The
non-negativity of the DM consumption of the domestic trader implies that Q; > v (py — Bpir1)+
(1 — XA)m (p¢) holds in equilibrium.

Equilibrium. We use the market-clearing condition (30) and the previously derived demand

functions to obtain the equilibrium relation:

My =M (Qt, ,Ot7;0t+1) =\ [Qt — Y (Pt - ﬁPHl) - (1 —A)m (Pt)] .

The function m (Qy, ps, pe+1) i increasing in the first and second arguments and decreasing in the
third. If p; > Bpiy1, we can use the domestic trader’s first-order condition to derive the Euler
equation:

Pt = Bpis [Oéul (Pe1m (Qu, prs pry1)) +1—af. (31)

This equation implicitly defines p;11 = g (Qy, p¢). The implicit function theorem implies:

—04)\_1/)?““” (qe41)
a [t (ge1) + Gt (Gesr)] + 1 — o+ afy A1 p2u” (Gesr) ¥ (pr — Bpesr)
1 aBy AT R (@) ¥ (o = Bpern) + aBATT (1= N) g’ (geen) W (o) + 1
Bl () + Gt (qe)] + 1 — a4+ @By A pE g u” (Ge) O (0 — Bpesa)

>0

a1 =

92 > 0,

where g; denotes the partial derivative of g (-)with respect to argument i = 1,2. As we can see,
the implicit function g (Qy, p;) is strictly increasing in both arguments.

We can now formally define an equilibrium of the extended model. An equilibrium of the
SOE under the gold standard is a sequence {Qy, p;} satisfying the Euler equation (31) and the

law of motion:

Qi1 = @+ (1 = A) [mr (9 (Qr; p1)) — M (po)]

together with the boundary conditions:

pr > Bpia
Bp<p<B'p
0 < prram (Qy, pr, pre1) < ¢,

and the initial condition )y > 0. Additionally, the equilibrium sequence must satisfy the transver-

sality condition: limy . 5" (ps — Bpis1) = 0.
Steady state. Any steady state (@, p) must satisfy:

plQ = ((1=p5)p) = (1 =N m(p)] = Ma (32)
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and m (p) = mr (p).

Because mp (+) is strictly increasing and m (+) is strictly decreasing, there is a unique value
of gold p® > 0 that balances gold inflows and outflows in the SOE. If § = w, then the only way
to have the gold inflows match the gold outflows (so that the Home gold stock remains constant
over time) is to set the value of gold in the Home country equal to the international value of gold.

To derive the steady-state Home gold stock consistent with the steady-state value of gold p*,
note that condition (32) implies:

@:%ﬂw(a—@)pml—mmp), (33)

for any value of p. Because the right-hand side of equation (33) is strictly decreasing in p and
goes to infinity as p approaches zero, there is a unique value of the Home gold stock consistent
with the steady-state price p°, represented by Q. Hence, the SOE’s steady state is unique. If

0 = w, we have p* = p and:
Q= % Mot (1= N ] +7¢ (1— 8)p) = G. (34)

In this case, the Home country value of gold equals the international value of gold, and the
quantity Q provides the Home gold stock consistent with that price. We summarize these findings

in the following proposition.

Proposition 8 The domestic economy in the Home country has a unique steady state with p; =
p° and Q; = Q° at all dates. If 6 = w, the steady-state value of gold is p, and the steady-state
Home gold stock, given by Q, is defined in equation (34).

The only change from the benchmark model is that the steady-state gold stock in the Home
country is now larger because of the domestic demand for gold from investors. As in the bench-
mark model, we simplify the dynamic analysis by assuming that § = w.

Non-stationary trajectories. We now turn to the formal study of the dynamic system:
(Qes1, pr1) = (f (Qr, pt) , g (Q1, pt)). Consider the locus Q41 —Q; = 0, which is implicitly defined
by mp (g (Q¢, pr)) = m (p¢) in the (Qy, pr) space. The slope of this curve is given by:

dpe mlp (9 (Qr; 1)) 91 (Q1, pr)
dQy ' (py) — m'y (9 (Qt, pt)) g2 (Q1, pr)

< 0.

Notice that Q11 < Q¢ < m (pr) > mp (g (Q4, pr)), which implies that any path for @, is increasing
to the right of the downward-sloping locus Q11 — Q; = 0 in the (Qy, p;) space.
Consider now the locus p;11 — p = 0 given by:
Aa _
Q= p—+7¢((1—5)Pt)+(1_)‘)m(0t)-
¢
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The slope of this curve is given by:

dpt _ 1
Qi =2 4y (1= B)y' (1= B) pe) + (1= N) i (py)

< 0.

From (31), we find that p;11 > pr < qre1 > Go. We can use pi1 = g (Qy, py) to show that:

Ao —
1 > oS Q> Sy (1= B) o) + (1= ) (),

Pt

which implies that any path for p; is increasing to the right of the downward-sloping locus
per1 — pe = 0 in the (Qy, p¢) space.

As in the benchmark model, the dynamic equilibrium analysis points to the existence of a
downward-sloping saddle path through the steady state (Q, ﬁ). We can formally establish this
property by studying the linear approximation of the dynamic system near the steady state. Our

next step, then, is to construct the Jacobian matrix at the steady state, which has entries:

X163 + Sgsu (gs)] u" (Go)

fi(@p) =14 (=X g (@) + aByp?u (qo) ¥ (1= B) p) v ()

> 1

Dy oy (B dE @) _}

fa (Q, p) = (1 )\) l G ((jé) 92 (Q7 p) SBp2u" (lja) >0
. —aA" PP (Ga)

91(Q.p) = BT+ agut? (@) + a2 (@) O (A=) 7)

1 oA (@) W’((l—ﬁ) @+Wﬁ@)] L
92(QP) = 5T g (@) T o P @) 0 (D7) -

All entries in the Jacobian matrix are positive, with all elements in the main diagonal strictly
greater than one. This means that the trace of the Jacobian matrix is greater than two, so one
of its eigenvalues is always outside the unit circle. Thus, the only hope for obtaining a stable
dynamic system is through the existence of a saddle path through the steady state. We next
establish a version of Proposition 2 for the extended model to ensure a unique downward-sloping

saddle path for the dynamic system.

Proposition 9 Let D = f; (Q, ,5) 9o (Q, ,5) —f2 (Q, ,5) g1 (Q, ,5) denote the determinant of the Ja-
cobian matriz. Assume [fl (Q, ﬁ) + g2 (Q, ﬁ)}z > 4D. Then, a unique downward-sloping saddle
path through the steady state exists provided:

(@) +92(Q.0) = /[ (@) + 92 (@.p)]” — 4D
2

—-1<

< 1.

Given the initial condition Qy > 0, one can find the initial value py on the saddle path to construct

the unique equilibrium trajectory, which converges to the steady state. If Qo < Q, then {p,} is
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strictly decreasing and {Q;} is strictly increasing along the equilibrium trajectory. If Qo > Q,

then {ps} is strictly increasing and {Q.} is strictly decreasing along the equilibrium trajectory.

The previous result shows that the saddle-path property of the dynamic system is also ob-
tained when we add to the model the non-monetary demand for gold. All the dynamic properties
of the extended model are the same as those in the benchmark model. Although the dynamic
properties remain essentially the same, it is important to mention that the welfare analysis will
change slightly because we need to include the welfare of investors in the extended model. The
implications for buyers and sellers will not change substantially because their welfare will still

depend on the price dynamics in the Home country.

7 Two Large Economies

We now develop a two-country model of the world economy in which gold circulates domestically
and internationally. Although it will be more difficult to characterize the dynamic equilibrium of
the world economy, this setup will allow us to gain further insights into the evolution of prices,
money, and trade flows across two large regions.

Assume that the world economy contains two large countries: Home and Foreign. Each
country consists of a measure [0, 1] of buyers, a measure [0, 1] of sellers, and a measure [0, 7] of
investors (or goldsmiths), where v < 1. The investors have the same preferences as those described
in Section 6, and all other preferences and technologies are the same as those previously described
in the SOE.

The international movement of agents is assumed to be symmetric across countries. At the
beginning of each period, a random measure 1 — X of all buyers currently in the Home (Foreign)
country CM will travel abroad to the Foreign (Home) DM in the next period. Specifically, each
buyer in the Home (Foreign) country finds out whether he will move to the Foreign (Home)
country at date ¢ + 1 in the period-t CM. Figure 8 summarizes the movement of buyers across
borders. Sellers and investors never move across countries.

A buyer arriving from the Foreign (Home) country will find a Home (Foreign) country seller
with probability 6 € (0,1) in the following DM. A buyer who stays in the Home (Foreign) country
from period ¢ to ¢ + 1 will find a Home (Foreign) country seller with probability « € (0, 1) in the
following DM. As before, we assume that § < « (i.e., international trade matches are harder to
find than domestic ones).

Bellman equations. We now turn to constructing a world equilibrium for the model with
two large economies. Let ‘A/th (mh) denote the period-t Foreign DM value function for a buyer
arriving from the period-(¢ — 1) Home CM with 72 € R, units of money, and let V," (m") denote
the period-t Home DM value function for a buyer arriving from the period-(t — 1) Home CM with
m” € R, units of money. Let ‘A/tf (mf ) denote the period-t Home DM value function for a buyer
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Period t-1 Period t Period t+1

A
Foreign CM —— Foreign DM —— Foreign CM ——— Foreign DM

1-A >< 1 1-A ><
1-A 1-A
Home CM — Home DM —— HomeCM —— Home DM
A 1 A

The arrows indicate the movement of buyers across countries in the world economy.
Sellers and investors do not move across countries.

Figure 8: Movement of buyers in the model with two large economies

arriving from the period-(t — 1) Foreign CM with 7/ units of money, and let th (mf ) denote
the period-t Foreign DM value function for a buyer arriving from the period-(¢ — 1) Foreign CM
with m/ units of money. Let ¢ € R, denote the value of gold in the period-t Home CM, and
let ¢,{£ € R, denote the value of gold in the period-t Foreign CM. The Bellman equations for all
buyers in the world economy are:

Vi) = ¢ [u (q{ (mh)) —oldl (mh)} + A\ max [—qﬁ{ (m' — ") + BV, (m’)]

m/eRy

+ (1= ) max [=of (m' — ") + BVL, (m)
v/ (m!) = «a [u( ) —oldl (mf)] + A max [—(bf (m' —mf) + BV, (m’)}
F(1= ) max | —of (m' —m!) + BV ()

VEmT) = 8 [u (e () = gfdy ()] + A max [=of (m' =) + BVl (m)]

+ (1 = )) max —¢t (m' — 'rhf)—l—ﬂVtH( )

m'eRy L

Vi (m") = alu(g (m")) = gpdi (m")] + A max [= (m" —m") + BV, (m')]

m/€Ry

+(1—)\) max -—¢?’ (m' — mh) + ﬁf/’til (m/): .

m/'eRy L

These equations fully describe the buyer’s transitions across different states in the world economy

over time. From a buyer’s perspective, there are four possible individual states. A buyer in the
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period-t Home CM can either move to the Home DM in period ¢ + 1 (an event that occurs with
probability ) or move to the Foreign DM in period ¢ + 1 (an event that occurs with probability
1 — A). A buyer in the period-t Foreign CM can either move to the Foreign DM in period ¢ + 1
(an event that occurs with probability A) or move to the Home DM in period ¢+ 1 (an event that
occurs with probability 1 — ).

Bargaining. We continue to assume that the buyer makes a take-it-or-leave-it offer to the

seller in each bilateral match. The terms of trade in the Bellman equations are given by:

, mifm <%
Z<m>={¢t ¢’f
g if m >

. mifm< &
di(m)=9q ¢ ¢
o B =g

for each country i € {h, f}. As before, we let ¢* € R denote the surplus-maximizing quantity
in a bilateral match.

Optimal portfolio choices. In this monetary model with two large economies, the necessary
conditions for the existence of a world equilibrium are: ¢ > ¢! 1 of > By, dF > By,
and ¢ > 5&5{“. Suppose that all these conditions hold as strict inequalities at all dates. Then,
by solving the portfolio problem for each type of buyer in the world economy, we obtain the

following optimality conditions:

of = 8ol |au (#mlr) +1-a (35)
of = Bl 0w (ol ) +1- 0] (36)
0 = Bois [ (¢rimis) +1 - a (37)
o = Bty [ou (¢fmly ) +1-0]. (38)

In these equations, méﬁrl € R, denotes the money holdings of a buyer in the period-t Home CM
heading to the Home DM in period t + 1, mf +1 € R, denotes the money holdings of a buyer
in the period-t Foreign CM heading to the Foreign DM in period ¢ + 1, m}",; € R, denotes the
money holdings of a buyer in the period-t Home CM heading to the Foreign DM in period ¢ 4 1,
and 7’71{ +1 € Ry denotes the money holdings of a buyer in the period-¢ Foreign CM heading to
the Home DM in period ¢+ 1. In all cases, the buyer spends all his money holdings in a bilateral
trade match.

Market clearing. The period-t market-clearing condition in the Home CM is given by:

Q? = Am?—‘rl + (1 =) mt+1 + 7kt+17
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where Q' € R, denotes the period-t total Home gold stock and k7, € R denotes the quantity
of gold Home investors hold from period ¢ to t + 1. The period-t market-clearing condition in the
Foreign CM is:

Q{ = )\m{+1 +(1=2) m{ﬂ + 7]{5{“,

where Q{ € R, denotes the period-t total Foreign gold stock and k{ +1 € Ry denotes the quantity
of gold Foreign investors hold from period ¢ to ¢ + 1. At all dates, the world gold stock is given
by 2Q € R, . Hence, we have Q" + Q{: =2(Q) for all t > 0.

Laws of motion for gold. The laws of motion for the Home and Foreign gold stocks are:

Q?-H = Q? + (1 - )‘) (mgﬂ - m?—i—l)

QLo = Qf + (1 =) (1t il )

respectively. The gold stock in each country changes over time according to the international
trade flow associated with that country, which is determined by the price level sequences in both
countries in a perfect-foresight equilibrium.

Demand functions. It is straightforward to show that equation (36) implicitly defines
m{H = mf ((b{,gbiﬁrl) for any pair ((b{,gbiﬁrl) satisfying ¢/ > Bep., > 0. Moreover, it can be
easily shown that m{ < 0 and mg > 0, where m{ denotes the derivative of 7/ (-) with respect to

argument i € {1,2}. Similarly, we can use equation (38) to implicitly define ', ; = m” (cﬁ,’}, ! +1)
for any pair <¢?, ¢f+1> satisfying ¢P > 5¢{+1 > (. In this case, we have m? < 0 and m% > 0,
where m! denotes the derivative of /m" (-) with respect to argument i € {1,2}. Given these

implicitly defined functions, we can use equations (35) and (37), together with the market-clearing

conditions, to define the following system of equations:

of = B0l [au (A0l [20 = QF — (1= 0 (of ay) =0 (of = BoL)]) +1 -«
o1 = Bor oo (A0l [QF = (L= Ny (81,600 ) =70 (o = Bol) | ) + 1= a] |

where the demand function k},, = ¢ (¢} — B¢},,), with i € {h, f}, is derived from the investor’s
optimization problem described in Section 6.

We can solve the previous system of equations to obtain a solution of the form: ®;,,, =
G (<I>t, Qf), where ®, = (gb?, ¢{) € Ri denotes the vector of prices and G : Ri — Ri denotes
the implicitly defined mapping in this solution.

Equilibrium. The next step toward world equilibrium is to define the function F : R3 — R,
by:

F(@,Q1) = Qb+ (1= ) [ (6f,G" (@,Q0)) " (6], G7 (®.,Q1))] .

where G = (Gh Nel ) Then, we can formally define an equilibrium for the world economy under
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the gold standard as a three-dimensional dynamic system in the (‘I>t, Qf) space satisfying the

dynamic equations:

Q1 = F(®,0Q7)
P = G(2,Q)

together with the boundary conditions ¢ > Bﬁb{ﬂ) o > Bt of = Boly, and ¢} > ﬁgb{H at
all dates, given the initial gold stock Q% > 0 in the Home country. This dynamic system contains
one predetermined variable, Q7. and two forward-looking (or jump) variables, ¢ and (bf .
Symmetric steady state. One can easily show that a unique symmetric steady state exists
in which the world gold stock is evenly distributed between the two countries. This symmetric
steady state is characterized by the fact that Q" = Q, ¢/ = ¢/, and my, = i 41 hold at all
dates. At each date, gold inflows and outflows are perfectly matched within each country, given
the constant equilibrium price level in each economy. In any bilateral match involving a buyer
arriving from the Foreign (Home) country and a Home (Foreign) country seller, the quantity
traded is g5 at any date. In any bilateral match involving a buyer from the Home (Foreign)
country and a Home (Foreign) country seller, the quantity traded is g, at any date.
Non-stationary trajectories. If the initial gold stock in the Home country, Qf, is different
from its symmetric steady-state value, (), there can be a dynamic adjustment to the steady state.
Suppose a dynamic path to the steady state exists. In that case, it is clear that the country that
starts with a per capita gold stock greater than @) will eventually lose gold along the transition
path. In contrast, the other country will accumulate gold until the per capita gold stock in the
world economy is equalized across countries. However, this transition path may not be monotonic
for the equilibrium prices and quantities, and there can be multiple equilibrium trajectories.
One possible approach to characterizing non-stationary equilibrium trajectories for the world
economy under the gold standard is to linearize the dynamic system around the symmetric steady
state. A sufficient condition for the linearized system to have a unique solution for a transition
path to the steady state is that two eigenvalues of the Jacobian matrix are outside the unit circle
and that one eigenvalue is inside the unit circle. However, we cannot guarantee that a monotonic
path of convergence for the price level and the quantity of money exists in this case (something
we could accomplish in the SOE). We could further study the Jacobian matrix’s properties by
imposing restrictions on preferences and technologies that deliver monotonicity in the transition

path. We leave this task for future work.
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8 Conclusion

We have constructed a small open economy model in the New Monetarist tradition to study infla-
tion and output dynamics under the gold standard. Our analysis has identified three important
properties of the gold standard: (i) long-run price stability; (ii) the non-neutrality of money;
and (iii) the necessity of short-run price fluctuations to accommodate trade shocks as part of the
adjustment mechanism for prices and the quantity of money. We have also demonstrated that
achieving efficiency under the gold standard relies on international policy cooperation, which may
pose political challenges. We have also considered the properties of fiat money in this environ-
ment and have shown that efficiency can be attained by an optimal monetary policy that implies
the demonetization of gold. Finally, we have developed a version of the model with two large
countries.

The model is highly tractable and formally describes the price-specie adjustment mechanism.
This mechanism, initially developed by David Hume, has remained the cornerstone of subsequent
theoretical analyses of the gold standard and other international monetary arrangements. We
believe that the framework developed in this paper can also be used for studying other issues
in international economics, such as the properties of different exchange rate regimes under fiat
currencies and the relationship between international capital flows and monetary policy imple-

mentation in a small open economy or with two large economies.
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