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Model Averaging Prediction for Possibly

Nonstationary Autoregressions

Tzu-Chi (Simon) Lin®
Federal Reserve Bank of Philadelphia

Abstract

This paper considers the problem of model averaging (MA) predictions for the in-
tegrated autoregressive processes of infinite order (AR(oc0)), which accommodates
many stationary and nonstationary models in practice. We adopt the MA approach
to forecast future observations and obtain the uniformly asymptotic expression for
the mean squared prediction error (MSPE) of the averaging predictor. The MSPE
can be decomposed into three components: non-stationary integration order, model
complexity, and goodness-of-fit. The decomposition justifies that the advantage of
MA comes from the diverse model intersections and provides the separation con-
ditions under which the MA can attain strictly lower MSPE over model selection
(MS). Regarding the predictive risk reduction by MA, it can be shown that the
magnitude of MA improvement has the same order as the oracle minimum risk of
MS under algebraic-decay case, while the magnitude is negligible under exponential-
decay case. To pick the best choice of weights, we propose Shibata model averaging
(SMA) criterion and show that, even without the integration order information, the
selected weights by minimizing SMA and its variants including AIC-type and Mal-
low’s MA criteria are asymptotically optimal in the sense that: (i) The probability
of a criteria minimizer with positive weights on models of dimension less than the
integration order is negligible almost surely; (ii) The averaging predictor formed by

the selected weights will ultimately achieve the lowest possible MSPE.

Keywords: Time Series, Model Averaging, Model Selection, Nonstationary Autoregres-
sions, Asymptotic Optimality
JEL classification: C22, C52, C53, E17
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1 Introduction

To single out a good model for prediction is an important but challenging topic in statistics
and econometrics literature, especially when enormous candidate models are considered.
For a practitioner, model selection methods such as Akaike information criterion (Akaike,
1974), Bayesian information criterion (Schwarz, 1978), Mallows’ C, (Mallows, 1973), cross
validation (Stone, 1974) are standard procedures to pin down the best predictive model.
However, the issue of model uncertainty is raised by other researchers such as Yang (2001,
2007), Yuan and Yang (2005), and Hjort and Claeskens (2003). For any small pertur-
bation of a data set, the model selection method may suggest diverse models and create
controversial inference. Besides, under the single-best model approach, it may neglect
the information embedded in other models and produce high prediction bias. The other
approach for avoiding such shortcomings is model averaging. As a smoothed extension of
model selection, model averaging combines information and predictive power by assigning
different weights on all the candidate models and has better prediction performance than
model selection under general circumstances.

The research core of model averaging is the weighting strategy, and the development
based on frequentist-type methods has been burgeoning in the past two decades. Those
methods are shown to be asymptotically optimal in the sense of achieving the lowest
possible prediction losses. Under linear regression models, Hansen (2007) proposed a
Mallow criterion to choose weights, and Hansen and Racine (2012) and Liu and Okui (2013)
developed Jackknife model averaging and robust C,, respectively, for heteroscedastic cases.
Ando and Li (2014, 2017) suggested leave-one-out cross-validation and demonstrate the
asymptotic optimality in the context of high-dimensional regressions. In recent years,
model averaging methods and applications on time series models or dependent data have
attracted growing interest. Those studies include lagged dependent variables (Zhang et al.,
2013), time series errors (Cheng et al., 2015), factor-augmented regression (Cheng and
Hansen, 2015), longitudinal data (Gao et al., 2016), vector autoregression (VAR) (Liao
et al., 2019; Liao and Tsay, 2020), stationary AR(oo) process (Liao et al., 2021), time-
varying model (Sun et al., 2021), and panel data VAR (Greenaway-McGrevy, 2022).

However, existing model averaging methods on dependent data in the literature are de-
signed to stationary or local stationary time series. It precludes many economic, financial,
or climate change data with non-stationary patterns. Second, as Liao et al. (2021) and
Zhang and Liu (2022) pointed out, model averaging methods for predicting future obser-
vations are not explored well. Many asymptotic optimality results are established based

on in-sample empirical losses, which may hinder practical implications since most of the



forecasting problems concern the out-of-sample performances. In addition, it is even com-
mon in MS studies to examine the bias-variance trade-off under time series data (Shibata,
1980; Ing and Wei, 2003, 2005; Ing, 2007, 2020; Ing et al., 2010, 2012; Greenaway-McGrevy,
2015, 2019), but the similar trade-off analysis for MA methods are not well explored. Bet-
ter investigation of the MA bias-variance trade-off will help to understand the mechanism,
improve the prediction, and bring about the asymptotic optimality. The other fundamen-
tal issue of MA is only limited studies addressing the MA-MS comparisons. Theoretically,
MA is the smoothed generalization of MS and can offer better performances than MS.
Despite the rich literature focusing on MA prediction efficiency, what is the key aspect
that attributes to the advantage of MA and whether the MA is favorable over MS under
general circumstances are ambiguous. Last but not least, for frequentist-type MA meth-
ods aforementioned, there are two main approaches: Mallows MA (Hansen, 2007; Cheng
et al., 2015; Liao and Tsay, 2020; Liao et al., 2021) and cross validation (Hansen and
Racine, 2012; Zhang et al., 2013; Ando and Li, 2014; Gao et al., 2016; Liao et al., 2019;
Zhang and Liu, 2022); however, few studies consider other MA criteria and analyze their
relationships with existing methods.

To fill these gaps, we assume the data are generated from integrated AR(co) processes
and give an asymptotic expression for the MSPE of the model averaging predictor, under
one-step ahead out-of-sample framework. The expression decomposes the MSPE into three
components: non-stationary integration order, model complexity, and goodness-of-fit. It is
not only a nontrivial extension of Ing and Wei (2003), Ing et al. (2010), but also provides the
theoretical foundation for bias-variance trade-off analysis and MA-MS comparisons.
According to the MSPE decomposition, the advantage of MA over MS comes from the
cross intersection between the parsimonious model and the aggressive model. The cross
product of diverse models only increases the model complexity term by the dimensionality
of the parsimonious model, thus reducing the estimation variability. In contrast, the
cross product on the goodness-of-fit term improves the fitting from the aggressive model,
which has less-biased approximation of the AR(co) process and further decreases the total
MSPE. Compared with pure model selection, MA takes the advantage of intersections
among diverse models for MSPE reduction via bias-variance trade-off.

Also, the MSPE decomposition offers another direction to gauge the MA-MS com-
parison. We identify the conditions under which the MA can reach strictly lower MSPE
over MS. In a nutshell, if there is one candidate model whose model misspecification term
is separable from other models, then there exists a weight vector, and the MSPE of the
corresponding MA prediction is lower than the MSPEs of all models. From the separation

condition, the potential MSPE reduction from the best MA approach is strictly greater



than the best MS model. We would like to investigate whether the improvement is sub-
stantial or vanishing relative to the best MS model. Inspired by Peng and Yang (2022), we
compare the magnitude of potential MSPE reduction from MA over MS with the oracle
minimum predictive risk of MS. We demonstrate that, under the integrated AR (o0) model,
if the goodness-of-fit term is algebraic decay as the dimension of fitted model increases, the
magnitude of potential MSPE reduction has the same order as the oracle minimum predic-
tive risk by MS. While under the exponential-decay scenario, the magnitude is asymptotic
negligible. These results are consistent with current findings such as Peng and Yang (2022)
and Xu and Zhang (2022), in which they consider non-stochastic regression design, while
our extensions are under general autoregressive models with broader applicability.

We also define the asymptotical optimality conditions of MA criterion under the in-
tegrated AR(co0) model and propose three MA criteria: Akaike model averaging (AMA),
Mallow’s model averaging (MMA), and Shibata model averaging (SMA) criteria that are
prediction efficient and asymptotic equivalent. The MA criterion is said to be asymptoti-
cally optimal under dth-order integrated (I(d)) AR(oco) process where d is unknown, if: (i)
the unrestrictive weights selected by minimizing the criterion converges almost surely to
the weight estimator constrained on the restrictive set, in which the first d — 1 elements of
any weight vectors are equal to zero; (ii) the restrictive weight estimator of the criterion will
achieve the lowest MSPE asymptotically. Since any finite AR model with less than dth-
order is severely underfitting and causes explosive bias, the first condition describes that,
even without the integration order information, the selected weight vectors will eliminate
any AR models with less than dth-order for prediction. This oracle property makes sure the
MA prediction will only consider large enough models to control the forecast errors. The
second condition is typical in MA literature: The selected weights will attain the lowest
possible MSPE as do the infeasible optimal weights.

In summary, the major contributions of the current work can be listed as follows:

1. We adopt the MA approach to forecast integrated AR(oo) processes and obtain
the uniformly asymptotic expression for the mean squared prediction error (MSPE) of the
averaging predictor.

2. By virtue of the expression, the MSPE can be decomposed into three components:
non-stationary integration order, model complexity, and goodness-of-fit. The bias-variance
representation justifies that the diverse model intersections from the MA approach reduces
the prediction errors and provides the separation conditions under which the MA can attain
strictly lower MSPE over MS.

3. We demonstrate that, if the goodness-of-fit term is algebraic decay with the model



dimension, the magnitude of potential MSPE reduction has the same order as the oracle
minimum predictive risk by MS. While under the exponential-decay scenario, the mag-
nitude is asymptotic negligible. These results are consistent with existing literature but
have broader applicability under the time series model.

4. We define the asymptotic optimality conditions under the integrated AR(oco) pro-
cess, propose three MA criteria, and show they are asymptotic equivalent and all satisfy
the asymptotic optimality conditions. It extends non-trivially the time series MA liter-
ature to nonstationarity and that of Ing and Wei (2005) and Ing et al. (2012) to MA.
The convergence rate of unrestrictive weight estimators to the restrictive set for three MA
criteria are also provided.

The rest of this paper is organized as follows. Section 2 demonstrates the integrated
AR(00) model, MA prediction, and assumptions and notations for this paper. Section 3
presents the asymptotic expression of the MSPE for the MA predictor and the details of
MA-MS comparisons. Section 4 introduces the proposed SMA and shows the asymptoti-
cally optimal properties of the weight estimator based on SMA. Asymptotic equivalences
of SMA and its relationship with other variants are also discussed. Section 5 concludes,

and the technical proofs are relegated to the Appendix.

2 Model framework and assumptions

In this working paper, we follow the model setup as in Ing et al. (2010, 2012). Assume
the data {y1,...,yn} generated from a dth-order integrated (I(d)) AR(cc) process are as

below:

(1+ Z%‘Lj)(l — L)y = e, (2.1)

where A(z) =1+ Z;; a;z’ is the stationary component of the process satisfying

A(z) #0 forall 2] <1 and > |ja;| < o0, (2.2)

j=1
L is the backshift operator, 0 < d < oo is an unknown integer, and {¢;,t = 0,£1,4+2, ...}
are independent variables having zero mean and same variance 0. Note that ¢, does

not necessarily come from the same distribution. Besides, by Theorem 3.8.4 of Brillinger
(2001), (2.2) yields

AN 2)=B(z) =1+ ijzj #0 forall |z| <1 and Z |70,] < o0, (2.3)
j=1

J=1



where by = 1. We also pose the initial condition y; = 0 for ¢ < 0. This dth-order integrated
AR(00) process includes many other models like the basic ARIMA(p, d, q) process, which
is frequently used in nonstationary time series analysis.

To make a one-step-ahead prediction ¢,41, a pool of finite-order models, AR(1), ...,
AR(K,) is considered, where K, can increase to infinity as sample size n does with a
slower rate. Note that since the true data generating process is AR(oc0), every single
AR(k) model is misspecified and only an approximation. For each AR(k) model, the least

squares type estimator is defined as:
n—1 n—1
—a(k) =D yv;(R)y;R)T Yy Ry, 1<k <K,
Jj=K Jj=Kn

where —a(k) and y;(k) = (yj, ..., ¥j—r4+1)" are both k x 1 vectors, and Z?:—Il{" yj(k:)y;-(k)
is a k X k matrix, N = n — K,,. We assume that for all 1 < k < K,,, the inverse of
Z;L;}l(n yj(k:)y;(k‘) exists. Thus, for each AR (k), the one-step-head prediction is 9,11 (k) =
~yu(k)a(k).

Let 2z, = (1 — L)%y, be the dth differenced term. Then, z = Zz;ll bje;—;. Define
Ztoo = 9 ieg bi€—iy Ze(V) = (24, oo Zt—ut1)'s Br,00(V) = (Zt00, - Zt—v41,00) s and define a(v) =
(a1(v), ..., ay(v))" = argming. g B(2 00 + 2;(v)c)? For 1 < k < K, and N = n — K,,, the

Yn+1 — Unt1(k) can be rewritten as :

et = Gos®) =i 5,0 [ X w0y, ] Y vy
= Yn+1
Y. QW] Y @b, by, ®)]
< 3 QY (Blesersa — 5 (HQ ()b(R)
= €n+l,k—d — {le;m(k‘) |:N71 2 Sjm(k)s;-’n(k)} - i Sj7n(]€)€j+1,kd}

n—1
i {le;,nw)@nl(k) ) sj,n<k>ej+1,kd}, (2.4

Jj=Kn

where

€ o Zj+1, k= da
T a4 a (k= d)z(k—d), k> d;
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(a'(k—d),~1,), k>d>1,
b(k) =< —14, d>Fk>1,
a(k), d=0,
with 1; is the k-dimensional vector of 1's; and s;,,(k) = G, (k)Q(k)y (k).
The G, (k), Q(k) are k x k matrix defined by

diag(1,...,1, N~9H1/2  N=V2) k>d>1,
Gn(k) = diag(N~4FV2 | N—dTk=1/2), d>k>1
diag(1,..., 1), d=0,

d),y(d—k+1), d>k>1,
Z; ]{?), d:O,

(
with y;(v) = (1—L)*y;, and diag(.) represents diagonal matrix. Let a;(v) = 0ifi > v > 0
or v < 0. In this working paper, a(v) is sometimes viewed as an infinite dimensional vector
with the ith element equal to a;(v),i = 1,2, .... Define ||d||? = >7,; .. did;xi—j, Where
Xi—j = B(2i0%jx), and d = (dy, dy, ...)’" is an infinite dimensional vector that belongs to
P(Z7%),1e, Y cq+ df < o00. Since

o
Ztoo T E AiZt—j,00 = €t

i=1
then for all v > 0,
la—a(v)|? = E[Z(ai - a,-(v))zt_im}2 =E[z200 + Zai(v)zt_wof — o2 (2.5)
i=1 =1
Let w = (wy, ..., wg, )’ be a weight vector such that

Kn
dwp=1, w >0, Vk € {l,...K,},
k=1

then, the weight vector w belongs to the set H,, := {w € [0, 1]%» : Zfﬁl wg = 1}. Com-
bining all possible one-step-head prediction 3,1 (k), we construct an averaging predictor
as

Kn
Yni1(W) = Z Widn+1(k),
k=1

and the MSPE of averaging predictor is E(Yn+1 — Ynt1(W)).



Before the section ends, we list and discuss the assumptions for this working paper:

Assumption 1. d is a fixed nonnegative integer and bounded by some d < oco.

Assumption 2. Let F},,, (.) be the distribution function of the linear combination of
innovations: {vy, (¢, ..., &—my1)}, where {v,, = (vi,...,v,)" € R™, 377" v7 = 1}. For all
m > 1, m <t < oo, there exists some real positive numbers «, C, and d such that the

distribution function F,,+,,(.) satisfies the locally Hélder condition of order a:
| Emvm (T) = Frm, (W) < Clz —y|*, |z —y] <6

Assumption 3. sup_ ., ., El&|? < 00, and ¢ € N.

Assumption 4. Kr=UL3 — o),

Assumption 1 implies that the y; is generated from an integrated autoregressive pro-
cess with a finite integration order d, 0 < d < d. Assumption 2 is the non-singularity
assumption of Ing et al. (2010, 2012) used to establish the negative moment bounds of the
minimum eigenvalue of the Fisher information matrix in (2.4). Assumption 2 is fulfilled
by most continuous-type distributions, such as normal distribution, see Ing and Sin (2006)
for more details. Assumption 3 is the moment conditions of €. Assumption 4 imposes
the limitations on the number of models relative to the sample size, and reflects the facts
that, the time series 1; has higher correlations with higher integration order and yields
smaller minimum eigenvalue of the information matrix. There is also a trade-off between
the moment condition on ¢ in Assumption 3 and divergence rate of K, in Assumption
4. With weaker moment condition in Assumption 3, the K, will be more restrictive than
Assumption 4. When d = 0, the bound of K, is slightly restrictive than the MS cases
in Ing et al. (2010, 2012), where K2t = o(n) for some § > 0 and ours is K2 = o(n).
This is the price paid for MA approach because MA generalizes MS from countable model
comparisons to finding an extreme weight estimator on an uncountable set. When d > 1,
there is no difference with Ing et al. (2010, 2012).

In the following sections, we use C' to denote some positive constant, which is indepen-
dent from sample size n. And C may represent different values in different equations. ——
and *% represent convergence in probability and almost surely respectively. ||v||s is the
Euclidean norm for vector v and ||A||? = Apax(A’A) is the maximum eigenvalue of matrix
A'A. a, = O(b,) means a, has the same order as b, if ¢; b, < a,, < ¢z b, for some positive

numbers but ¢y, ¢ do not depends on n. The K, x K, matrices defined below are also



frequently used in this article.
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1 2 2
Hmin(Kn) - . y

1 2 K,

and
12 K,
2 9 K,
Hmax(Kn) - . )
K, K, ... K,
Hmax(Kn>ij = max(i,j), 1 S i, j S Kn (26)

3 Asymptotic expression of the MSPE

In this section, assume the integration order d is known, and we consider combining a
class of finite-order models, AR (max(1,d)), ..., AR(K,), to make forecast and derive the
asymptotic expression of the MSPE of the averaging predictors. The most parsimonious
candidate model in the class has dimension of order d if d > 1. In practice, the class of
models starts from AR(1) since d is unknown to the researcher and may equal to zero
(i.e., the data generating process is stationary). In the later section, we will show that the
weights of any models with dimensions less than d converge to zero almost surely if the
MA weights are selected based on SMA or its variants.
Given the family of AR(k) models, 1 < k < K,,, let w = (wy, ..., wg, ) be a weight
vector such that .
dup=1 w; >0, w,=01<k<d
k=1
The restrictive weight vector w belongs to the set He = {w € [0,1]5 : S5 wy, =
Lw, =0, 1 <k <d}, where H? is a subset of H,,.
With fix w € HZ, and follow the decomposition of Ing et al. (2010), we can rewrite the



MSPE of averaging prediction as

KTL
EWni1 = o1 (W)? = 0> =E(Wns1 — Y widns1(k))’ — o
k=max(1,d)
Kn Kn
=B( Y wefuk) + D wkSu(k—d)  (3.1)
k=max(1,d) k=max(1,d)
where
S’ (kf) R ( 1 n—1 )
(k) = 22O (k) | —= Sin(k)ejitnal,
f( ) \/N n ( ) \/N]_zl;n J5 ( )€]+1,k d
Sk —d) = ny1h-d — ens1 = Y _(a; — a;(k — d))zn 114,
=1

and €,.15_a, Sjn(k), Q1 (k) are defined after (2.4). In the following theorem, we obtain

an uniformly asymptotic expression of the MSPE of the averaging prediction.

Theorem 1. Assume Assumption 1-4 and (2.3), then

E(yn+1 - ﬂn+1(W))2 — a2

li —1l=0
n500 s Li(w) ’ ’
where
Ld( ) 2d2+d+ 2W/Hmin<Kn)W—d+ H ( d)HQ
W) = a— al'w
n g N g N y .
d? Zmax(l,d)<i, <K, Wiw; min(i, j) o
=o’5 o S + > wwlla—a(max(i,j) — d)||.

max(1,d)<i,j <Ky

(3.2)

From (3.2), L¢(w) can be decomposed as three parts: First is the integradness term,

02%, which is an estimation from a nonstationary component. The second one is the
model complexity under model averaging, 0'2%. And the third one, |ja —



a(w, d)||? represents as model misspecification under averaging. Note that for any w € HZ,

W I Lyin (KW = Z w;w; min(i, 5)

max(l d)<i,j<Kn

la—a(w,d)|? = Zwv Z i — ai(v —d))zi00)]°

=1
= Z wiw;|a — a(max(i, j) - d)|2,
max(1,d)<i,j<Kn
in(K,) are defined after (2.6).
Besides, if only one model, say AR(k) is used in the prediction, the weight vector w
deduces to wy,, where wy, € H? is the weight vector where the k-th element equals 1 and

other elements are zeros. Then, (3.2) can be rewritten as

d2 + d i O_QW;gHmin(Kn)Wk’ —d

Ly (wy) = o® +la — a(wy, )|z,

N N
d®> +d k—d
_ 2 2 _ —d)|?
=0 N +o N + ||la—a(k—4d)|z, (3.3)

which is the MSPE representation derived in Theorem 2 of Ing et al. (2010), and when
d = 0, the autoregressive process is stationary, (3.3) becomes exactly the AR(k) expression
in Ing and Wei (2003, 2005). Thus, (3.2) is a generalization of asymptotic expressions in Ing
et al. (2010); Ing and Wei (2003, 2005). Theorem 1 also provides the explicit bias-variance
trade-off for the MA approach. In (3.2), the cross product of diverse models increases the
model complexity term by the dimensionality of the parsimonious one, thus reducing the
estimation variability. In contrast, the cross product on the goodness-of-fit term improves
the fitting from the aggressive model, which has a less-biased approximation of the AR(c0)
process, and further decreases the total MSPE. Compared with pure model selection, MA
takes the advantage of intersections among diverse models for MSPE reduction.

As a byproduct from Theorem 1, we can identify the conditions under which there
exists at least one MA prediction that can reach strictly lower MSPE than MS. Observe
that

Kn
={w e [0, 1) Zwk—lwk—o 1<k<d}
k=1
Knp
= {w € [0, 1] mex(Ld+1 . Z wi = 1w, > 0, max(1,d) < k < K, },
k=max(1,d)

and the model selection of AR(max(1,d)), ..., AR(K,), is one-to-one corresponding to

vertices of HZ. For instance, if model AR(K,) is used, then the corresponding w is
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wg, = (0,0,...,1) € H%, where the last element is 1 and others are equal to zero. Define
V(H2) is the set of all the vertices in HS.

n

Corollary 1. Assume Assumption 1-4 and (2.3) as in Theorem 1. If there is a k €
{max(1,d), ..., K, } such that

la—a(k —d)| #lla—a(l —d)|Z, Ve {max(l,d),... K.}, I#k  (34)
then there exists at least one weight vector w? in H¢/V(H%) such that

inf LZ(W) < Lfl(wo) < min LZ(W),
weHd /V(HE) wEV(HY)

where ||a — a(v)||? is defined in (2.5).

Corollary 1 and sufficient condition (3.4) show that, if the prediction bias of one model
is separable from others, model averaging can further reduce the forecast risk from the
model selection. And there exists at least one model averaging predictor such that the
corresponding MSPE is strictly less than the MSPEs of all the model selection predictors.

Based on the asymptotic expression, we can also compare the predictive risk of model
averaging and model selection. Let V(HY) be the set of all the vertices in He defined
after Corollary 1. Denote Wy := arg mingep(a) L2 (W), then L¢(wy. ) is the minimum
predictive risk of model selection methods.

As Peng and Yang (2022), the appropriate comparison between model averaging and

model selection is to analyze the potential risk reduction of MA from MS defined as:
A, = Lij(wig) — Li(wy), (3.5)

where L&(w?) := infyeya LE(w). And we investigate the magnitude of A, relative to
Lg(wk;) under the exponential-decay case and algebraic-decay case, which are frequently
used in time series research.

(i) Exponential-decay case:
la — a(v)||2 = Cexp(—a(v)),

where « is a positive constant.
(ii) Algebraic-decay case:
la —a(v) = Cv,
where « is a positive constant. The exponential-decay and algebraic-decay scenarios used

are simplified but have the same orders of £ as the example 1 and 2 in Ing and Wei
(2005).
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Theorem 2. Assume Assumption 1-4 and (2.3).
() Let 4, = la— a(j — d)|, then

o?d®>  o*max(1,d) i ”—;(Aj_l —A))

+ + Ak, + - .
N N jmmax(Ld)+1 N T Ajor = 4

Ly (W) =

(3.6)

(i) under exponential-decay case:
(iii) under algebraic-decay case:

where A,, defined after (3.5).

From Corollary 1, we know that if there exists a model whose prediction bias is sep-
arable from the other models, A, is greater than zero. Theorem 2 further provides a
measurement of the potential improvability by MA, relative to the minimum predictive
risk attained by MS. Under the integrated AR(oo) model, if the goodness-of-fit term is
algebraic decay as the model dimension increases, the magnitude of potential MSPE re-
duction has the same order as the oracle minimum predictive risk by MS. While under
the exponential-decay scenario, the magnitude is asymptotic negligible. These results are
consistent with current findings such as Peng and Yang (2022) and Xu and Zhang (2022),
in which they consider non-stochastic regression design while our extensions are under
general autoregressive models with broader applicability.

For any MS and MA criterion, M S, (w) and M AC,,(w), respectively, define

vAvﬁlWSn = arg wg;l%%g) MAC,(w),

Wiac, = arg min MAC,(w),
weHd

and define their difference as:
A, = Lg(VAV?uSn) - LZ(VAV?\/[AC,L)'
Then, we can get the following consequences:

Corollary 2. Assume Assumption 1-4 and (2.3). If

Li(Wis) b LE(Wirac,) »
Litwe) " T Litwy) ’ (3.7

n n

12



then, under the exponential-decay case:

Under the algebraic-decay case:

And
Li(w(]i\/[ACn) = @(Li(‘;"%/[sn))a

under either conditions.

Corollary 2 conducts the MSPE comparison based on the selected model and weight
estimator from the data. If the MS and MA are asymptotic optimal, the results of Theorem
2 hold for the selected model and weight estimator. Under Assumption 1-4, Theorem 3.1
of Ing et al. (2012) shows that the selected model from AIC or its equivalent MS criteria
satisfies the asymptotic condition of MS part in (3.7). In the next section, we will show
that the weights selected by SMA and its equivalent MA criteria satisfy the asymptotic
condition of the MA part in (3.7).

4 The MA criteria

In practice, the integration order d is unknown and so is the restrictive set H. To form a
MA prediction under 0 < d < d, we consider combining all finite-order AR models, from
AR(1) to AR(K,) to forecast future observation. In this section, we will propose three MA
criteria and show that the weight estimator by minimizing those criteria are asymptotically
optimal even if d is unknown to us. The asymptotic optimality conditions under the

integrated AR(oco) process are defined as below:

For any MA criterion, M AC,,(w), define

WAC, ‘= argvgggl MAC, (w),

W90 = arg min MAC,(w).
" weHd
The MA criterion is said to be asymptotically optimal without the integration order in-
formation if

IWarac, = Wirac, ll2 = 0, (4.1)
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and L
LAY (4.2)
n=oo L4 (Wirac, )

where L¢(w}) := infyeya L4 (w). The weight minimizer of the criterion on the unrestric-
tive H,, satisfying condition (4.1) will converge to the weight minimizer on the restrictive
H? almost surely even d is unknown. By Theorem 1, L?(w) is the uniformly asymptotic
expression of the averaging prediction MSPE, the selected weights on the restrictive H?
satisfying (4.2) can achieve the lowest possible MSPE asymptotically.

Inspired by Shibata (1980), we propose the Shibata model averaging (SMA) criterion:

Sp(W) = (N + W [pin(Ky) + Hipax (K, )| W) 572 (4.3)

w?

where [yin(K,,) and Il,ax (K, ) are defined after (2.6), and 62 = + ?:_én(ytﬂ—g)tﬂ(w))z.
SMA generalizes the Shibata (1980) model selection criterion to model averaging, and
it has a close relationship with AIC-type model averaging criterion criterion and Mallow’s
model averaging criterion. While w shrinks to wy, where wy € H,, is the weight vector
where the k-th element equals 1 and other elements are zeros. Then, S, (w) will deduce
to the Shibata’s model selection criterion S, (k) , where S, (k) := (N + 2k)6%(k), with the

empirical MSPE of AR(k), 62(k) = £ 3775 (Y41 — Jer1 (k)2 Intuitively, the usage of
matrix i (K) + Max (K) rather than 211, (K,) or 2101, (/) is to balance the bias-
variance trade-off represented in (3.2) of Theorem 1. To prove the asymptotic optimality

of SMA, we need an additional assumption:
Assumption 5. K/*/Nn? —» 0, where nf := Li(w?) = inf yepa L (W).

As pointed out in Cheng et al. (2015) or Liao et al. (2021), many MA approaches require
the strong assumption on K, and may result in inferior prediction due to preclude the
optimal model. Assumption 5 is quite mild and consists of the best model. For example,
under either the exponential decay or algebraic decay as in Theorem 2, |la — a(v)||? =
Cexp(—a(v)) or ||a—a(v)||? = Cv=%, by (3.6), it can be shown that

k 2
. n (A — A
Lw)z > o
j:max(l,d)+1W+ -1 4
k*
>C2
- N’

where the second inequality is guaranteed by the fact o?/N < C(Aj,l — Aj) for some

large C' and for all j = max(1,d), ...,k under exponential decay or algebraic decay. In

14



either case, K, can have order up to 0((1{:;;)2). Hence, Assumption 5 does not preclude

the optimal model and can avoid the prevalent shortcoming in existing MA literature.

Theorem 3. Assume Assumption 1-5 and (2.3). If

nt = inf L%(w); lim Nn? — oo,

wWEHR n—o00

then we have

IWws, — WS, [l2 == 0,

Ld *
n(YVdn) o1
oo Li(ws, )
Thus, the SMA is asymptotically optimal without the integration order information
satisfying (4.1) and (4.2), where
) = I Sn )
Ws, 1= arg min 5,(w)

W% = arg min S,(w).
" weHd

Theorem 3 asserts that the MSPE of the model averaging predictor with the weight selected
by Shibata’s condition S, (.) can achieve the best compromise between model complexity
02 (W Tyin (K, )w/N), and goodness-of-fit, ||a — a(w, d)||? under a one-step-ahead forecast

framework.

We also explore the relationship of SMA with other MA criteria, which is limited
among the existing MA studies. Define Mallow’s model averaging (MMA) criterion as:

Cp(w) = N62 4 (W [Tnin (K) + iax ()] w — N)62,

where 62 is some consistent estimator of o2, which does not depend on w.

Similarly, define Akaike model averaging (AMA) criterion as:
W,[Hmin(Kn) + Hmax<Kn)]W
N )
where 62, T (K,), and . (K,) are defined as in the (4.3). Similar to the SMA, MMA

and AMA are the model averaging generalization of Mallows’ C,, and AIC. For example,

A, (w) = log(52) +

15



while w shrinks to wy, where w;, € H,, is the weight vector with the k-th element equals
1 and other elements are zeros. Then, A, (w) will deduce to the well-known Akaike infor-
mation criterion A, (k) := log(6%(k)) + 2k/N.

Remark 1. Note that

K,
W Manin (K) + o (K)Jw = ) wywy (i 4 §) =2 wik,
1<ij<Kn k=1
since Zfi"l w; = 1. Thus, optimize

Co(w) = N&2 + (W[in (Kin) + Mo (K )W — N)32,

is equivalent to optimize

Ky
Co(w) = N62 + (2> wyk)o?,

k=1
which is exactly the MMA criterion proposed by Hansen (2007).

Theorem 4. Assume Assumption 1-5 and (2.3). If

= inf L&(w); lim Np! — oo.
Mo = Jnf Ln(w); lim N, — oo

For Mallow’s model averaging (MMA) criterion:

[We, — W, lla == 0,
and ;
*
i —L”(Z") 1.
oo L (We, )

For Akaike model averaging (AMA) criterion:

W, — Wi, [l2 =0,

and ;
L *
oo LE(WY )
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The C,(w) and A,(w) are both asymptotically optimal without the integration order
information satisfying (4.1) and (4.2), where

~ L . ~d L .
W4, = arg min Ap(w), Wy = argviré% A, (w).

= arg min Cp,(w), W¢ = arg min C,(w).

we
weEHn weHE

n

Theorem 4 shows that the MSPE of the model averaging predictor with the weight se-
lected by AMA or MMA can achieve the best compromise between model complexity and
goodness-of-fit as SMA. Thus, those three criteria are asymptotically equivalent and their
differences (up to a monotone transformation) are negligible relative to the oracle min-
imum predictive risk of MA as shown in Lemma 10 and the proof of Theorem 4 in the
Appendix. Shibata (1980), Ing and Wei (2005), and Ing et al. (2012) present the similar

results under MS. Theorem 4 is the extension to MA under general AR(co) model.

5 Conclusion

In this paper, we study model averaging prediction under an integrated AR(oco) frame-
work and obtain the uniformly asymptotic expression for the mean squared prediction error
(MSPE) of the averaging predictor. The MSPE can be decomposed into three components:
non-stationary integration order, model complexity, and goodness-of-fit via the expression.
The asymptotic expression provides theoretical justification that the diverse model inter-
sections from the MA approach can decrease the model complexity and misspecification
if the model misspecification terms from different models are separable. Regarding the
predictive risk reduction by MA, it can be shown that the magnitude of MA improvement
has the same order as the oracle minimum risk of MS under algebraic-decay case, while the
magnitude is negligible under exponential-decay case. And the risk reduction conclusion
holds for selected MS and MA if the data-driven MS and MA are asymptotic efficient. To
pick the best choice of weights, we propose Shibata model averaging (SMA) criterion and
show that, even without the integration order information, the weight estimator of SMA
and its variants including AMA and MMA criteria are asymptotically optimal. It would
be an interesting future research topic to extend the method to allow structural changes

or time trend and to develop inference methods for the weight estimator.
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Appendix A: Mathematical Proof

In the Appendix, define:

U/ (d) . 1 n—y/n—1 }
Bun(k,d) = 4 Q-1 () U, (d 1(d > 1),
)= { 2P0 5 S Uinnanaf a2 1)
fuatty = { el S ] =S v bz
1,n = jn n T = j,n €5+1 )
\/N Jj=Kn ’ \/N J=Kn
Ui R
fialt) = {2 NS @] = S Uil f1d 2 1),
\/N - J=Kn ’ \/N j=Kn
/ n—y/n—1
z,(k—d) ., 1
Bgn(k’ — d) = { n r (k’ — d)— Z Zj(k‘ — d)€j+1,k—d}]—(k > d),
/ n—y/n—1
z,(k—d) ., 1
funlte = ) = {2 Dty S gyt = e f10> )
VN VN &
’ nf\/ﬁfl
zi(k—d) 1
=) = { D) S = dyeen 100> 0
VN VN
’ nf\/ﬁfl
zi(k—d) 1
el =) = {52 D a5 = e 10> 0
VN VN &
N N
Splk —d) = (a; —ai(k — d)) 23510 24 = Z bj€nt1-i-j,
i=1 j=0
Un(v) = (w(d)/zvd“ﬂ% il — v+ 1>/N“*‘”2)) ,
n—1 n—1 /
U;n(d) = (N_d+1/2 Z Iij(d)En_j, ...,N_1/2 Z lij(l)en_j) s
= =/
\/E*Kn \/ﬁfKn /
7 (k) = ( > binjin Y bjen,m]) k>,
=0 =0
J J
r;(1) :st, and r;(v) :ZH5<U—1>, Yo > 2,
s=0 s=0
['(v)=E ztoo(v)z;oo(v)), v>1 (A.1)
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Lemma 1. For K,, =o(n) and 0 < k < K,,,

B3 wilensin—es)’ = 3 wiwylla — a(max{i, DI = o(n )

0<i,j<Kp
Proof.
K’VL
2 .. 2
E( Zwk(€n+1,k - €n+1)) - Z wiwjlla — a(max{i, j})[Z
k=1 0<i,j<Kn
K, Kn
_ 2 2 2 2
= wiE(ent1k — €ns1)’ — > willa — a(max(k))||?
k=0 k=0

+ 3 ] Bl(enens = eorn)ness = )] = la — almax(i )2}
=)+ (I1).
Note that by Lemma B.5 of Ing et al. (2010), (1) is o(n™!). It suffices to prove (II) is

o(n™1) as well. Denote a; — a;(k) by v;(k), and since

€n+lk — €Entl = Z ’Yi(k)szrlfi = Z ’Yi(k))(zn+lfi - Zn+17i,oo) + Z ’Yi(k;>zn+lfi,oo-

Then,
(D] < [(LID] + [UV)[+ (V)] + (V)]

where

I[I Zwkwl{E Z% Zn+1—i,oo)(z %(l)szrlfi,oon - HCL - a(maX{kv l})Hz}

kL i=1
) = Z wkle{ [Z%(k)(zn+1—z‘ - zn—l—l—i,oo)} [Z%‘(Z)(Znﬂ—i - Zn—&—l—i,oo)} }
k#l i=1 i=1
= Zwkle{ [Z%’(k‘)(znﬂ—i — Zntl-ipo) Z% (Znt1-i00 ]}
kL i=1
= Zwkle{ Z%( Zn+1 zoo Z% Zn+171; - ZnJrlfi,oo)] }
k#£l i=1

By Cauchy-Schwarz inequality and (B.17) of Ing et al. (2010),

((TV)] = o(n™"),
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and since

Zn+l—ico — Rntl—i = E bj€n+1—i—j7

j=n—1i

then,

Z wszE{ [ Z %‘(k)(znﬂ—i,oo)} [ Z Yi(l)(Zn41-i — Zn+1—z',oo)} }

oy
-y wkle{ S )i = 2 ioe)] [ S D) s — 2nsn i) }
k#l i=1 i=1

Hence, by (IV)
(V)| =o(n™"), |(VI)|=o(n™").

To show |(I11)| = o(n™1), first noting that
B[ (k) zns1-100) Q%D znt1-i00)] = lla — a(max{k, )],
i=1 i=1
by (3.2) of Ing and Wei (2003). Thus,

((IID)] =) wew{ E| Z% Vant1-i00) (D (1) 2n41-i00)] — lla — a(max{k, 1})||2}]

k£l i=1

—Izwsz{E Z% Zn+17i,oo)<zfyi(l)szrl*ivoo)}}

k£l i=1

- B[ (Z %(k)zn—l-l—i,w)(z Yi(l)Znt1-i00)] }1
< ‘Zwkwl{E Z 7@ Zn+1 i,00 Z% Zn4+1— zoo)}}’

k#£l i=n+1 i=1

+ | Z wkwl{E Z '71 Zn—f—l 7 oo Z in(l)Zn—s—l—i,oo)] }|
k#l i=n+1

+ | Z wkwl{E Z Zn—i—l ) oo)( Z 7i<l)zn+l—i,oo):| }‘
k#l i=n+1 i=n+1

=(VII)+ (VIII)+ (IX).
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By (2.2), 2732, lja;| < oo,

o0 [e.9]

E[(Y 7k zns1-ic0)( > %ilD)zns1-i00)]

i=n—+1 i=n-+1
00

= Xo Z CL? + Z ;@ X|i—j)

j=n+1 nt1<ij, i

=o(n™?),

where X;_; = E(2i 002j00). Thus, (IX) =o(n™1).
For (VIII), choose 0 < p < 1 such that pn > K,,. Then,

o0 o) [e.e]

(VIIT) =y (k) Y vilk)xios +72(k) D 7ilk)Xizats o +7a(k) D 7ilk)xion
i=n+1 i=n+1 i=n+1
= 1(k) Z Yi(k)Xic1, ooy FYpn (k) Z Yi (k) Xi—pn
i=n+1 i=n+1
+ Yons1(k) Z Yi(B)Xi=(on+1)F> s +7n (k) Z Vi (k) Xizn-
i=n+1 i=n+1
By (2.2),
Yont1(k) Z Yi(K)Xi—(pn+1) s s +n (k) Z Yi(K)Xi-n
i=n+1 i=n+1

<O RN k)

1=n-+1 i=pn+1

=o(n?), (A.2)

Xn+1—(pn) = X(A—p)n+1 = E(Zt,ooztf(lfp)nfl,oo>

=E [(Z bjﬁt—j)(z bjet—p)n—l—ﬂ')}
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and,

e} [e.e]

’71<k) Z Wl(k)xlfl—i_va—i_ﬁ)/pn(k) Z sz(k)Xzfpn
i=n-+1 i=n-+1

< C(pn)( Z |ai])( Z 1b5])

i=n+1 j=(1—-p)n+1

=o(n). (A.3)

By (A.2) and (A.3), (VIII) = o(n™!'). Similarly, (VII) = o(n™!) as well.
Since (I) — (IX) are o(n™ '), the statement of Lemma 1 holds.

Lemma 2. For Kr?lax{4d_1’3} =o(n), max{1,d} <k < K, and w € ”Hi,
(i) ) 2
: E[Zkimax{l,d} wk(f2,n<k - d) - fg*m(k — d)):|
lim sup
0 weHd L‘,{(W)

=0,

B[ S ey W fon (k= d) = f5, o (k= )]
Li(w)

lim sup
n—0o0 WE’H%

=0,

where fo,,(k —d), fs,(k—d), f5, (k —d), are defined after (A.1).

Proof.

To show (i), it suffices to show

2
lim sup E =0. (A4
n—oo WG?E% \/W/Hmin(Kn)w —d [ ( )

v SN wnfan(k — d) — f3(k — d)]

k=max{1,d}

Observe that

ol = ) = fi, (5 = D] < 141Gk — d) + Asll — )],

where

n—1

Ak —d) = {(z;(k— 4) = 2 (b — )0 — d) e 3 2k —d)€j+1}1(/f > d),

VNG —d)

As(k—d) = {z;’(k — )T Yk —d

1 n—1
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For any p > 2, by Holder inequality,

E(|Ai(k = d)I") < E(llas(k — d)[*)E(llaz(k — d)|I*")E([las(k — d) |[*%)"?,

where
ar(k—d) = (z,—2, ..., Zn—k+d+1_z;:—k+d+1)/ = ( Z bi€n—j, s Z bjﬁn—k+d+1—j)/,
j=vi—Kn+1 j=vn—Kn+1
n—1
ar(k—d)=T"'(k—d), ag(k—d)=[Nk-d)] ") z;(k - d)ejs.
Jj=Kn

By Lemma B.3 of Ing et al. (2010), (2.3), and assumptions, for all d < k < K,

Ela(k —d)") <Clk—a) Y 03"

j=vn—Kn+1

E(flax(k — d)[") <€, E(flas(k — d)[*) < C.

Hence,
E(|Ai(k—d)P) <Cl(k—d) > 2" < C((K, — d) >R (A5)
J=vn—Kn+1 j=vn—Kn+1
Similarly,

E(|Az(k — d)P) < E([ba(k — d)|I*)*E(llaz(k — d)|I*F)E(|lb2(k — d)[*) "7,

where

bi(k—d)=z"(k—d), by(k—d)=[Nk—d)] "> ni z;(k — d)ej 1.
j=n—/m

By Lemma B.3 of Ing et al. (2010),

E(lo(k — d)[I*) < C(k = )2, E(llas(k — d)|*") < C(VN)*"2,

k—d K, —d

B([As(k = d)IP) < C( N e

P2 < Of P2, (A.56)

Then by (A.5) and (A.6),

El(ﬁ[fz,n<i>—f;,n<i>])<\/§[f2,m>—f;,n<j>])\pSO{KKn—d) 2. b?lf’”ﬂK"—ﬁi)p”}y

j:\/ﬁ_Kn‘f'l
(A7)



and for any w € H4,

Zmax(l,d)gi,ngn wi—dwj—d\/;\/j B Zmax(l,d)gi,ngn w;w;Vi—dvj—d <

Wy (KW — d Zmax(l,d)gi,jgl(n w;w; min{i, j} —d

K, —d.
(A.8)
Therefore, by (A.7) and (A.8),

2

wi(fan(k — d) — f3,,(k — d))]

/E .
E‘ \/W'Hmin(Kn)W - d[ Z

k=max{1,d}
< oTmtsiysr, VOVIZ V) d{[(K R S _d>}
> ] —_ n J
Wi (KW — d P VN
—— = 0 Ky —d
j:\/ﬁ_Kn"Fl
<C Y iyl ~ (A.9)

j=vn—Kp+1

(A.4) holds by (A.9), (2.3) and Assumption 4.

To show (ii), it suffices to show

| Ve £, 2
1 E * (k—=d)— > k—d =0. (A.10
Jm sup ¢wfnmmu<n>w_d[k:mg{l,d}wk<f2’”( ) Finslhm )] =0 (A1)
* * :(z/(kl - d) —1 1 Sl ~
f,n<k—d>—f,n,m<k—d>:{z—r h—d)—— S (k- d), }1<ks>d>,
2 2 \/N \/N j_z[;n +1

where

o o0
~ ~ ~ !/ / !/
Zt,oo(v) = (Zt,ooy '"azt—v—‘rl,oo) = (tho_zta -‘-7Zt—v+1,oo_zt—v+1) = ( E bjet—j7 ey E bjet—v+1—j) .
j=t j=t—v+1
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Then, by Holder inequality, Lemma B.3 of Ing et al. (2010), and Lemma 2 of Wei (1987),

EWVN S wnlfi (= d)— fi k- d))f

k=max{1,d}
Ky
k=max{1,d}
Kn 1 n—y/n—1
<Y Bl - ) EEIT - DBl Y el - el )
k=max{1,d} j=Kn
n—y/n—1
p/21.p/2 -1 o4 2\p/2
<C _max KRN > E(#)?)
t=Knp,
n—/n—1 oo
comt S S wp
t=K, 1=t
<Y i), (A1)
i=Kn

Then, (A.10) holds by (A.11) and (2.3).

0
Lemma 3. For K2 = o(n),
(i)
Jim max [B(N(f5,(k))?) = ko[ =0
(i)
lim max |E(Nf3, (k) fs, (1) —min(k,1)o*| =0 (A.12)

n—oo 1<k, 1<Ky

where f5, (k —d), are define after (A.1).

Proof. We only prove (ii), since (i) is the special case of (ii). Without loss of generality,

we assume that & < [. Define

T11(0) = B(2e,00 (k) 2y oo (1) = (D(k), T(k,1 — k))



where
(k) = E(z; (k)z; (k)),

is k x k matrix, I'y;(0) is & x [ matrix, and I';(0), '}, (0) are [ x k matrices.
Then, observe that

B(N 3,00 (k)3 .00 (1) = tr(I7 (0)T 7 (k)T (0)T (D)) . ;v\/ﬁa2’

and by Woodbury matrix identity and partitioned matrix inversion formula,
(T (0)T ™~ (B) T (0)T (1))
= tr([I7(0) = Toe(0)] ™ (B)Lia (0T (1)) + tr(Ty ()T (k)T (0)T (1))
= tr([T7,(0) = Tye(0)] T~ (B)Tpa ()T (1)) + min(k, 1)
< O (k) |[tr(T*(k) — T'(k)) 4 min(k, 1)
<C Z jb% + min(k, 1)

j=vn—Kn+1

* * . 2 Z;.;\/H—Kn+1 |jb]|2 Kn
Then, (A.12) holds by (A.13), (2.3), and Assumption 4.

]
Lemma 4. For K23 — 5(n), max{1,d} <k < K, and w € He,
Wi fon(k —d)) (K wiSp(k —d
11_>m sup [(Zk =max{1,d} kf2, ( Ld))(Zk_max{l,d} k ( ))} ' _ 07 (A14)
N0 weHd n(w)

where f5,(k — d) and S,,(k — d) are defined after (A.1) and (3.1), respectively.
Proof. Define

(k=d). p L
Fo = d) = {T s S Deyeaf1(0> ),
Va2
Sk —d) = (a; — a;(k — )z,
=1
Viif2- K, Vi [2—F,
( Z bjen—jv"'a Z b j€n—k-+1 ]) k > 1a
=0
Va2

n+1z §:b€”+11]
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Since for all 1 < w,v < K, —d, ,z*(u) is independent of (S, (v) — S (v), Z?:_}(/f_l 2;(V)€j+1)
and Z?:_I‘(/f_l z;(u)€j1q is independent from (S} (v), 25 (v)),

rn

K, Kn
E[( Z wkf;,n(k —d))( Z wi[Sn(k —d) — Sy (k — d)])} =0,
k=max{1,d} k=max{1,d}
K, Ky
E[( > wfsu(b=d)( D wiSi(k—d)] =0
k=max{1,d} k=max{1,d}
Then,
K, Kn
B Y. wehalk—d)( Y wiSi(k—d)]
k=max{1,d} k=max{1,d}
K, Ky
=E[( ) wilfenlk—d) = f5,(k=dD( D wpSu(k — d))]
k=max{1,d} k=max{1,d}
Ky, Kn
+E[( Y w5, (k=d)( Y wilSu(k —d) = S}k d)])]
k=max{1,d} k=max{1,d}
K, Ky
+E[( Y wefi (k—d)( Y weS)(k—d))]
k=max{1,d} k=max{1,d}
K, Ky
=B[( Y wlfoalk—d) = Sk =dD( Y weSalk—d))],
k=max{1,d} k=max{1,d}
therefore,
[(Zk max{1,d} wkf27n(k - ))(Zk max{1,d} wkSn(k - d)):|
wers Li(w)
B g el = d) = F30(E = DD gy 1S (k = )]
wer] Li(w)
o B gy ok = d) = f3,(k = d))°
= e Li(w)
E1/2|:Zk max{1,d} UJkS (kj_d)}2
X sup Li(w
weHI

< s + \/ ny 12,

j:f/2 Knt1

(A.15)
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where the last inequality is insured by Lemma 1 and with the same argument as Lemma
2 (i). Then, (A.14) holds by (A.15), (2.3), and Assumption 4.
[

Lemma 5. For Ky — o(n), max{1,d} <k < K,, and w € H,

n n n 2
E[ f:max{l,d} wkfl:”(d) + Zf:max{l,d} U}ka’n(k o d) + Z?:max{l,d} wksn(k - d):|

li —-11=0
o it -0
(A.16)
where f1,(d), fon(k —d), and S, (k — d) are defined after (A.1) and (3.1).
Proof. Let
Ky Kn Ky 2
E[Zk:max{l,d} wkfl,n(d) + Zk:max{l,d} wkf21n(k - d) + Zk:max{l,d} wksﬂ(k - d)]
(/) = sup y —1l.
weHE Ln(w)
Then,
() <UD+ I+ {IV)+(V)+ (VI)+ (VII), (A.17)
where
E(fia(d)? — 4
(IT) = sup | == ——N—|,
weHd Ln(w)
E(ZkK:nmax{l,d} W, fo.n(k — d))2 -0’ ZmaX{Ld}gi,ngn w;w;(min{i, j} — d)
(II1) = sup y ,
weHI Ln(w)
E(Z§:nmax{l,d} Wi Sp(k — d))* — ZmaX{Ld}gi,ngn wywjlla — a(max{i, j} — )2
(IV) = sup ; :
weH2 Ln(w)
2E [fl,n(d) fimax{l,d} wkf?:"(k - d):|
(V) = sup ; :
weHd Ln(w>
2B [ f10(d) 3k (1,0 Wi Sk — d)]
(V1) = sup = ,
weHd n(W)
QE[ZkK:nmax{l,d} Wi fan(k — d) ZkK:"max{Ld} WySn(k — dﬂ
(VII)= sup y .
weHd Ln(w)
By Lemma 2 of Ing et al. (2010),
lim (I7) = 0. (A.18)
n—oo
By Lemma 2 and 3,
lim (I11) = 0. (A.19)
n—oo
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By Lemma 1,

lim (/V) = 0. (A.20)
n—oo
By Lemma 4,
lim (VII) = 0. (A.21)
n—oo

By (B.37)- (B.39), Lemma 1, Lemma B.1, B.3 of Ing et al. (2010) and Hélder’s inequality,

fl,n(d) Z?:nmax{l,d} wkf27n<k - d) - fik,n(d) Z?:nmax{l,d} wkf2*,n<k - d) ’

lim sup E

N0 wend Lg(w)
o(d) SO WS (k — d) — f7.(d) S K w Sk (k —d
lim sup E i, ( )Zk_max{l,d} 15 ( ) f1, (d) k=max{1,d} "k ( ) ~0,
o0 ey Lii(w)
and the facts that for all d < k < K,
E(fTn(d) fon(k = d)) = E(f1,(d)S,(k — d)) = 0.
We obtain
nll_)I{)lo(V) =0, (A.22)
and
lim (V1) = 0. (A.23)
n—oo
By (A.17) - (A.23), (A.16) holds.
O
Lemma 6. For Ky — o(n), max{1,d} <k < K, and w € H,
E(fu(k,d k—d — E(F,(k,d k—d
i sup [EUalk ) Sulk = d).w) — Bk ). Sulk = d)w)| o
o0 e Lii(w)
where
K, Ky )
E(fo(k,d), Su(k—d),w) =E[ Y wpfa(k)+ > wpSu(k—d)]
k=max{1,d} k=max{1,d}
Ky Kn
E(Fu(k,d), So(k —d),w) =E[ Y wFu(kd)+ Y wiSulk—d)]’,
k=max{1,d} k=max{1,d}

F.(k,d) = fin(d) + fon(k —d). And f1,(d), fon(k—d), fu(k), and S, (k — d) are defined
after (A.1) and (3.1).
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Proof. For any w € H% B,(k —d) := By,(k,d) + Ban(k — d), Bin(k,d), Ban(k — d)
defined after (A.1).

Kn Kn
k=max{1,d} k=max{1,d}
Ky Ky )
=E[ Y wfulk)— D wiBu(k—d)]
k=max{1,d} k=max{1,d}
Ky Ky
+B[ Y wBak—d)+ Y wiSa(k - d))’
k=max{1,d} k=max{1,d}
Kn Kn Ky Ky
+E[ Y wpfuk)— > wBu(k—d)][ > wpBuk—d)+ ) wpSa(k—d)]
k=max{1,d} k=max{1,d} k=max{1,d} k=max{1,d}

— (I) + (I) + (II1).
(A.25)

By Lemma B1, B3, B4, B6, Holder’s inequality, Theorem 1 (ii), (A.26), (A.28) of Ing et al.
(2010),

n 2
(I) < ZkK:max{l,d} wkE[fTL(k) - ’lUan(k? - d)}
Li(w) — Lii(w)
< ¢ Zf:nmax{l,d} U}k%% < C ﬁ (A 26)
- Ld(w) ~— NLi(w) N’ '
Ky Kn
(I =B[ > wBuk—d)+ Y. wSu(k—d)]’
k=max{1,d} k=max{1,d}
Ky Kn
=B Y wB.k-d)— > wF.(k-d)]’
k=max{1,d} k=max{1,d}
Kn Kn Ky Ky
+E[ Y wBlk) = Y wF(k—-d)][ Y wF.(k—d)+ Y wpSa(k—d)]
k=max{1,d} k=max{1,d} k=max{1,d} k=max{1,d}
Ky Ky
+B[ Y wF(kd)+ > wSa(k—d))”
k=max{1,d} k=max{1,d}
= V) +(V)+(VI). (A.27)
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Since

Kn

vy< >,

Ky
WiB[fin(d) = Bia(k, )"+ Y wiB[fou(k — d) — Ban(k,d)]”,
k=max{1,d}

k=max{1,d}
by (B.43) - (B.45) of Ing et al. (2010),
(IV) C
< A.28
Li(w) = NLi(w)’ 42
and by Cauchy-Schwarz inequality, sufficiently large N, and Lemma 5,
V) C
< ) A2
Liw) = (NLE(w)" 429
By Cauchy-Schwarz inequality again and above decomposition of (I7),
(I111) C  [(K3\'?
< - . A.
Li(w) = NLi(w) \ N (4.30)
Then,
E(fu(k,d),Sp(k —d),w) — E(F,(k,d), Sp(k — d),w)
sup
weHs Lii(w)
E(fu(k,d),Sp(k —d),w) — (V)
= sup
weHd Lii(w)
I 17 111 1V
< sup |PHUDHUID & >+(V>' (A31)
weHd Ln(w)
Then, by (A.25) - (A.31), (A.24) holds.
O
Proof of Theorem 1. Observe that for any w € H¢,
K, Ky 5
E(yn—l-l - Qn+1(W))2 —0° = E[ Z wkfn(k) + Z wksn(k - d)] )
k=max{1,d} k=max{1,d}
and
n n 2
E [ ZkK:max{l,d} wkfn(k) + ZkK:max{l,d} wksﬂ(k - d)]
sup y —1
weHL Ln(w)
E(fu(k,d),Sp(k —d),w) — E(F,(k,d), Sp(k — d), w) ‘
< sup 7
Kn Kn Kn 2
E[Zk:max{l,d} 'lU].;an(d) + Zk:max{l,d} wk’fzﬂ(k - d) + Zk:max{Ld} 'lUkSn(k’ - d)]
+ sup
weHd Lii(w)
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Then, Theorem 1 holds by Lemma 5 and 6.
O

Proof of Corollary 1. Without loss of generality, randomly choose two AR models,
AR(ky) and AR(kq), where max(1,d) < k; < kg < K,,, and consider conducting model
averaging on these two models only. The associated w equals to (0, ..., Wk, , ..., Wk, , ..., 0) €
He, and wy, + wy, = 1. Then, by Theorem 1, the model averaging predictor of AR(k;)
and AR(ky) is strictly less than the model selection predictors if

k k k
wilﬁl + (1 — wk1)2ﬁ2 + 2wk1(1 — wlﬂ)ﬁl
+
w, lla = a(ks — d)|Z + (1 — wg,)*[la — alke — )| + 2w, (1 — wy,)a — alks — d)|3
k
< tla-atk - a2, (A.32)
and
k k k
wliﬁl + (1 - wk1)2ﬁ2 + 2wk1<1 - wkl)NI
+
wi,la—alky = d)[2 + (1 —wy,)*[la — alke — ) + 2wy, (1 — wy,)[|a — alke — d)|I2
k
< NQ +|la—a(ky — d)|>. (A.33)

By some algebraic manipulations, (A.32) and (A.33) can be reduced to

2k2_k1

(1 _wk1) N

< (1 —wi)[lla—alk — )2 — [la—a(k: — d)[Z], (A.34)

and

ko —k
wi, [ lla—a(ks — d)|Z = lla —a(ky — d)|Z ] < 2w, (1 — wy,) 2N - (A.35)

By the quadratic formula, (A.34) implies wy, must be within the following interval:

w (O(kl,kQ,n)—B(kl,kg) 1)
k1 C(ki, ka,n) + B(ki, ks) * =)’

and (A.35) implies wg, must be within the interval below:

20(1’61,]62,71) )
el 0, )
O ( C k1, ka,n) + Bk, ko)
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where

ko — kq
N

C(ky, ka,m) := , Blki, ko) = |la—a(ky — d)|2 - [la — a(ky — d)]I2.

Since C'(kq, k2, n) is always greater than zero, if B(k;, ks) > 0, then

C(khk‘%n) _ B(k17k2) 20(]{}17]{2’71)
(C(k‘hk‘%n) + Bk, ko)’ 1) i (O " C(ky, ko, n) + B(ky, ko) ) N[0, 1] # 0,

there exists a weighting vector wy = (0,...,w} ,...,w},,...,0) € HE with w}, +wp, =1
such that
LgL(Wzl,k2> < mln (L;iL(W]ﬂ)? LgL(WkQ))7

where wy, and wy, are vertices of H2 corresponding to model selection predictors of AR(k;)
and AR(kz), respectively. Note that we do not restrict the relation between C'(ky, ko, n)
and B(ky, ko). Either C(ky,ko,n) > B(ky, ka) or C(ky,ko,n) < B(ky, ko) are allowed,
where C(ky, k2, n) > B(ky, ko) implies

ks

k
2+ lla—alk, — )| 2 3+ la—alk - d)|%

AR(k) generates smaller predictive risk than AR(ky) and vice versa.

By condition (3.4), since there is a k € {max(1,d), ..., K,,} such that |B(k,1)| > 0,
V| # k. We can repeat the above argument for all the pairs of AR (k) and AR(!) with fixed
k, max(1,d) <1< K,,l # k. Then, for H¢, there are K, —max(1,d) number of pairs and
weight vectors either wi ; := (0, ..., wy, ..., wp, ..., 0) if k < lor wy; := (0,...,w}, ..., wy, ..., 0)

if [ < k. Denote P,(wy ;) be the collection of weight vectors wy ;, and

S L : d
wo :=arg min LS (w).
Pr(wi )

Clearly, w® in He/V (H2), and
L, (wy,) < min(Lg (W), Ly (wi)),
for all the pairs of AR(k) and AR(/), max(1,d) <1 < K, # k. Hence,

LY (w?) < in L%(w).
n(Wy) Jouin n(w)
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Proof of Theorem 2.
(i) For any w = (wq,wy,...,wg,) € HZ, define p; = 1 and ¢; = Zﬁzwj, with some

algebraic manipulations, (3.2) can be rewritten as

Kn 2 Kn

2 12 2
d ~o*d®  o’max(1,d) N 9
j=max(1,d)+1 j=max(1,d)+1
(A.36)
Then, for wj, € HZ such that LI (w}) = infyeps LE(W), LI(w};) can be obtained by
plugging
K'"/ A 1 - A
o= > (FEE)
j=max(L,d)+1 N + A= 4
into (A.36).
(ii) Since
od? K
LZ(WkZ) = N + O'Qﬁ + Akﬁ’

and by the exponential-decay condition the argument as (A.1)- (A.5) in Ing and Wei
(2005), we can get

Llog(N
K = O 1og(V)),  Li(wig) — 0(= 2, (A37)
o " N
Then,
d d i o Aj1— A
A, = Li{wig) — Li(w}) = (-]
j=max(1,d)+1 N N A =4
Ky, a?
+ ) {(Aj—l —4;) (1 - = >]
j=kz+1 ~T Aj1— 4,
=)+ (I1). (A.38)
To show A, = o(L%(wy:)), it is sufficient to show that
_log(N) _log(N)

Since d is finite by Assumption 1,

Aj = Cexp(—a(j —d)) = Cexp(=al(j)), Aj1—A;= C1e_XI;>(<ap((j_)zx)‘
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kr o2 2 Ky,

D T O e D EL T Y ey

[\

j=max(1,d)+1 J j=max(1,d
0?2 1 exp(ak?) — exp(amax(1,d))
<C(5) Goemray) —
N7 M —exp(—a) e—1
1
=0(— A.39
K 2 K
- p - (A1 = 4))
(11) = {(A»I—A)(l N )} _¢ K”
]%‘1 ’ ’ v tA -4 J %ﬁ-l F+tA4i1— 4
Ky
<C ) (Aj_l - AJ)
j=k}+1
< C’; x | exp(—aky) + ... + exp(—a(K, — 1))
1 —exp(—a)
< Cexp(—ak)) [1 —exp(—a(K, — Kk, + 1))}
1
pum —_— A.4

then, by (A.37)-(A.40), A, = o(L%(wy:)).
(iii) By the algebraic-decay condition and the argument as (A.9) in Ing and Wei (2005),

we can get

ki = O(NY@ ) L (wy. ) = O(N-/(FD), (A.41)

Since A, < L% (wy:), to show A,, = O(L%(wy:)), it is sufficient to show that
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where c is a positive constant greater than zero. Since A; = C(j — d)~?,

2 kn a2 2 kz, a2
- 52 - 2 . N . o
N j=max(1,d)+1 N + Aj_l - Aj N j=max(1,d)+1 N + C(j —1- d) - C(] - d)

o? i
>C+ >

j—rnax(l d)+1

(
Lo 3 (Ui )
e

(j—1—d)* )
o(j—1—d)*+N[1—(1-+5)°]

2 — 1 — —
j max(l d)+1 g ] 1 (‘7 d) +N

>C’

02j—1 a+1
o?(kx) a“—l—N )

] max(l d)+1 n

2

o
> 0= E —1—d a+1
— N O-Z(kz)aJrl + N . <‘7 )
j=max(1,d)+1

o? 1 ) k*
: a n _ on-o/at)
N o2 T N [(k,—1=d)"] > C3 =CN , (A.42)

>C
where the second inequality is insured by
1-(1-2)<Czx, p>0, 0<x<1,

and the last inequality is by k; = O(NY(@HD) By (A4l), (A42), A, < L(wy),
A, = O(L¥(wy:)) under algebraic-decay scenario.
[l
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To prove the Lemmas 7-9, we define

A= Z w;w; min(4, j),

1<i,j<d—1

Ad = Z wiw]-d,
1<i,j<d—1

B .= Z w;w; min(i, j),
d<i,j<Kn

C:= Z w;w; max(i, j),
1<i,j<d—1

D = Z w;w; max(i, j),
d<i,j<Kn

E = Z wyw;6% (max(i, j)),
1<i,j<d—1

E;:= Z wiw;6%(d),
1<i,j<d—1

F = Z wyw;6% (max (i, §)),
d<i,j<Kn

where 6%(k) = & 30 (1 — Gee1(K)? = & 30k (e + yidn (k)
Lemma 7. Forany 1 <k <d and 2 < q; < q,
Pr(is, , > 0) = O(n~"/?), (A.43)

where wg, , is the kth element of wg, , the selected weight by Shibata model averaging

criteria.

Proof. While wg, , > 0, it means that there exists some w = (W1 ooy Wiy ooy WE,, ) € Ho,
such that
wg, =W, wg >0, forany 1 < k < d,
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Pr(ws,, > 0,1 <k <d)=Pr(w, >0,1 <k <d)
=Pr([N+A+B+C+ D] x[E+F|
< [N+ Ag+ B+ Ay+ D] x [Eg+ F])
=Pr(N[E - E4 <
[(Ag— A) + (A4 — CO)|[E4+ F]+ [A+ B+ C+ D][E; — E])
< Pr(N[E — Eg) < [(Aa — A) + (Ag — C)|[Eq + F])
< Pr(N[E — Ey) < 2A,6°(d))

<Pr(N[ ) wauw(d*(d—1)=6*(d)] <2 Y waw,;do*(d))

1<i,j<d-1 1<i,j<d—1

< Pr(N[6*(d—1) — 6%(d)] < 2d6*(d)), (A.44)

where the first to third inequalities are due to the fact that 62(k) < 6%(I) for all [ < k
and Y1 wp = 1. So Bg+ F < 62(d), Eg— E <0, and 3, .y waw;(6%(d — 1) < E.
Then, the (A.43) holds by (4.30) and Theorem 4.5 of Ing et al. (2012), and (A.44).

[

Lemma 8. Forany 1 < k <dand 2 < q; < g,
Pr(u)An’k > 0) = O(n_‘“/2), (A.45)

where 1y, , is the kth element of w,,, the selected weight by AIC-like model averaging

criteria.

Proof. While w,,, > 0, it means that there exists some w = (W, ey Wy ooy W, ) € Ho,
such that
Wy, =W, wg >0, forany 1 < k < d,
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Pr(wa,, >0,1<k<d)=Pr(w,>0,1<k<d)

(A+B+C+D)
N
(Ag+ B+ As+ D)
~ )
(A — A)

=Pr( log(E+ F) +

< log(Eq+ F) +
(Aq — C)]

+
N )
E+ F 2d
4+ F N

—

og(

1<4,j<d—1

< Pr((N —2d)[6*(d—1) —6°(d)] < C6°(d)), (A.46)

where the second inequality is insured by exp(r) —1 < %= if 0 < x < 1, and the last two
inequalities hold since 6%(k) < 6%(1) for all [ < k, S0 wy, = 1, and D i<ij<d1 Wiw; >0
by assumption. So Egq + F < 6%(d), 301, <41 wiw;(6°(d — 1) < F, and there exists
a constant C' bounds the left term inside the last probability Then, the (A.45) holds by
(4.30) and Theorem 4.5 of Ing et al. (2012), and (A.46).

[

Lemma 9. Forany 1 <k <d and 2 < q; < q,
Pr(ic,, > 0) = O(n "/?), (A.47)

where e, , is the kth element of wg,, the selected weight by Mallow’s model averaging

criteria.

Proof. By Lemma 4.1 and (4.6) of Ing et al. (2012), for any k — oo, 6%(k) is a consistent
estimator of 0. Without loss of generality, let 6> = 6*(K,,). While ¢, , > 0, it means

that there exists some w = (wy, ..., Wy, ..., Wk, ) € H,, such that
we, =W, wg > 0, forany 1 <k < d,
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=Pr([N+A+B+C+ D] x [E+F|
=Pr(N(E+F)+ (A+ B+ C+ D)s?

<N(Eg+ F)+ (Ag+ B+ A+ D)5?)
=Pr(N[E — Ey < [(4g— A) + (Ag — C)]57)
< Pr(N[E — By <2A4,6°)

<Pr(N[ Y wuy(6(d—1)—-6*d)] <2 > waw;ds?)

< Pr(N[&;éd_— 1) — 6%(d)] < 2d5%) o
< Pr(N[6*(d—1) — 6*(d)] < 2d(c*(K,) +€)) +Pr(]6> —o*(K,)| >¢€), (A.48)

=

where the second and third inequalities are due to the fact that 62(k) < 6%(1) for all [ < k
and Y wp =1. So By~ E <0, and Y, .y waw;(6%(d — 1) < E. Then, the (A.47)
holds by (4.30) and Theorem 4.5 of Ing et al. (2012), and (A.48).

[

Proof of Theorem 3.

(i) since

Wg, = VAVsnl(VAVSn S Hn\,HZ) + Wsnl(WSn S HZ)

= Ws, L(Ws, € H\HL) + W

Pr(||Ws, = W§ [l2) = Pr([[Ws,[l21(Ws, € Ha\Hy) )
—Pe((3 ) 1w, € o))
k=1
< Pr(ws, € Ho/HE) =Pr(ws,, >0,1 <k <d).
By Lemma 7, we obtain
Pr(|[ws, —W§ |l2) =O0(n 97?), 2<q <q,

is summable and the claim holds by Borel-Cantelli Lemma.
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(i)
vifdsn = arg Miny,cya Sy (W), and Li(w?) = infyepa Li(w),

0> §,(Wh,) — Su(wp) = NLAWE, ) = NLL(w3) — V(W i),
Va(wh, w) > NLAGWE ) — NLI(w?) > 0,
(w3)

— n

Vo (w, w?) VoW, W) L (w*
Sup > - ————==0
wend | N L (w) NLi(w,) Li(ws,)

Therefore, if
250, (A.49)

then,

Inspired by (4.1) of Ing et al. (2012) and Theorem 1, for all w € H%, we decompose S,,(W)
as below:

S (W) =NLE(W) 4+ Wi (KW (62 — 02) 4+ W pax (Kp)W(62 — 02) + (N +d — d*)o?

w

+ ( Z wyw; [ (max(i, j) — d)o?

max(1,d)<i, j<Kn

n—1
— N2 s (max(i, )€t maxti)-all - maxgi) )
j:Kn
+(N Y wawy[S2(max(i, §) — d) — o (max(i, j) — d)] ), (A.50)

1<i, j<Kn

where $2(I) = N~ Z;:,l(n €410 0°(1) = 0 + [Ja— a(l)||2, and for vector v and positive

definite matrix @, ||v[|3 = v'Qv. la—a(k)||?, €j114 and Q' (k) are defined after (2.4).

In view of (A.50), we can rewrite % as

Su(W) = Su(wy) - NLi(w,)  Va(w,wy)

n_l n

NLi(w) B NLi(w)  NLi(w)’
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Vi (w,w},)

and 3 W) can be decomposed into seven parts:
Wi (K, )W(62 — 0?)
Vin = = = )
() NLi(w)
\ Wy, Hanin (K ) Wi (65, — 07)
Van(w, w,) = = NLI(w) ’
W ok (KW (62 — 02)
Van(w) == NLi(w !
X WZIHmaX(Kn)WZ(&g;;; —0?)
Vin (W, Wy,) = = NL(w) ’
1
NL"(W> max(1,d)<i, j<Kp,
n—1
—INTVEN s g(max(i, )€ tmaxting)-all 3o maxi | )’
Jj=Kn
1
Ven(w, wy,) = —T< Z wZiwij[(maX(’i,j) —d)o?
NL”(W) max(1,d)<i, j<Kp
n—1
— NN s (max(, )€ maxtig)-all - maxi ) >
Jj=Kn
N Zmax(l,d)gi,ngn (wiw; — w;’;,iw:‘hj)[ZZ(max(i,j) —d) — o*(max(i, j) — d)]
Van(w, W) = = Li(w)
where .
. IS o
G = N Z (Yer1 — Gera (W),
t=Knp

wy, 1 1s the kth element of wr,.

Since Vi .
(W, Wi .
sup | ————=%| < sup |Vin(W)| + sup |Vin(w, w7l
wEH, NLZ(W) i;ﬁwe%n j=§6,7W€H" J
if supyeya [Vin(w)| = 0,(1) for i = 1,3,5 and supyeya [Vin(w, w;)| = 0,(1) for j

2,4,6,7, then (A.49) automatically satisfies.

Observe that

n—1 K -1 K
) 1 i . 1 - .
G = 2 W+ D wyianR)? = 5 3 wily + yian (b)),
tZKn k=1 tZKn k=1
— w;w;6°(max(i, j)),
1<i, <K,
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where 6%(k) = % Zflgl(ytﬂ — Gey1(k))? = % ?;Il{n(yt—i—l + yia, (k)%
And by (4.6) of Ing et al. (2012), for any k& > max(1,d),

62(k) — 0> = [S2(k—d) — 0> (k—d)] — [N~ Z ()51l g, + lla = alk — )12
Jj=Kn
then,
|V (W)’ o (WIHmin(Kn)W) ZmaX(Ld)Si,ngn wiwj[&2(max(i,j)) - 0_2]
o NLi(w)
— (W’H . (K )W)’Zmax(l,d)ﬁi,jSKn wiwj[i]i(max(i,j) — d) _ Uz(max(z',j) B d)] ‘

NLG(w)
+ (W in (K )W)

Zmax(ld)<z j<anw.7||N 12] 1, Sjn(max(i, 7)) €541,max(i,j) dH

' (max(i,))) ‘
8 ‘ NLd(w)
Do max(Ld)<i, j<K, Wittslla — a(max(i, j) — d)|12
IHmin Kn ‘ max(L)<h =K :

=)+ I)+ (I11),

by Lemma 4.1 and (4.8) of Ing et al. (2012),3°, . o< j<x, Wiw; = 1,

and

Then,

sup [Vin(w)| = O (

I =t (A51)
we Z

Similarly,

sup [Van(w, Wy, )| < [Von(wy,, w)| < sup [Vip(w)].
weHd weHd
Thus, by (A.51),
1 K,

sup |Van(w, wi)| = O,( + N

K,
W + =2). (A.52)
weHd vV N

=
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Similar to V},(w), we can rewrite

(W' Hmax (K) W) ZmaX(Ld)gi,ngn W;w; [a-rznax(i,j) - ‘72]

NLi(w)

Zmax(l,d)gi,ngn Wiw; [i%(max(i, j) —d) — o*(max(i, j) — d)] ‘
NLI(w)

|Van(w)| =

= (W/Hmax(Kn)W))

+ (W pax (K, W)
_ n—1 ..
D max(Ld)<i, j< i, Wit |IN T 300 8 (max(i, ))Eﬂ'“vma"(iﬂ')—dHs%?;l(max(zyj))) ’
‘ NLi(w)
Zmax(l,d)gi, <Ky wiija — a(max(i, j) — d) Hg
NLi(w)

X

(W T () w)|
= I+ {UI)+ (11I7),
by Lemma 4.1 and (4.8) of Ing et al. (2012),>° . 1 o< j<x, Wiw; =1,

Willha(Kn)w 1 1 K,
NL%(W \/N) - OP<—_)7
(
(

NLi(w) /N
W oy (KW K, 1 K?

(L17) = Oy( NLi(w W)ZOP(WN)a
d
o . W ax (KW K,
111y < WM Bl B
Then, )
1 K 1 K K
n(W)| = . ] A53
o Vel = O S N v v N (A
Similar to the argument on Vo, (w, w),
1 K 1 K? K,
)| = = ] A.54
To deal with V5, (w), define
Qn(k)7 1<k <d,
San(k) = Pk =d) Ou—axa | 1ok
Oax (k—a) n( ’ -
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Then, for any d < k < K,

n—1
‘(k — d)0'2 _ HN*1/2 Z Sj,n(k)€j+1’k7d”%;1(k)‘
J=Kn
n—1
< | = a)o® = INT2 7 25k = d)egiapalEaga 10k > d)
Jj=Kn
n—1
HINT2 D Ui d)eeni—al 192, ()]
J=Kn
n—1
HINT2Y " s (R)ejan—al 2192 (k) = Qan(R)]],
J=Kn
Van(w)| < ;‘ S way[ (max(i, §) — d)o?
5n — NL%(W) . 1] Y
max(1,d)<i, j<Kn
n—1
—||N2 Z z;(max(i, j) — d)€j+17max(i,j)—d||%—1(max(i,j)fd) } 1(max(i, j) > d)’
J=Kn
1 n—1
+ m( > wiw [ N7 Uj,n<d)6j+l,max(i,j)—d||2||Qr:1(d)||>
n max(1,d)<i, <K, j=Kp

n—1

1 — . .
ol 2wl N Y s nax (i ) masce-al”

max(1,d)<i, j<Kp j=Kn
X [Qtmax(i, 1)) = Qun(max(i, 1) )
=(I°)+ (LI°)+ (I11°).

By (2.3), Lemma 4.2 of Ing et al. (2012), Lemmas B.1, B.3, B.4, B.6, and Theorem 1 of

Ing et al. (2010), and some algebraic manipulation,

oy K
(I°) = Op(m)a

. 1

(1I°) = OP(W)’
o 1 K7

(II] ) - OP(WN1/2)7
KY? 1 1 K2
o Vo= O Ny * N T NI o (A
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Similarly,

K2 1 1 K2
Ven(w,w?)| = O Dy,
Sup VoW, W)l = Oul Firey T NLiws) T NLi(ws) N1/2)

(A.56)

: K’n K’”
Since D 4" g We = Land >3 o wi =1, we can decompose

1d<¢ngnwiwij2 max(i, j)) — o?(max(i, ) — Y2(K,) — (K,
Voo, ) <] st 52 m) ~ ?lmax(,) — (88) = o*U)

Li(w)
S ettty g, Wi [S2(max(i, 1)) — 0 (max(i, ) — {S2(K,) — o2 (K) ]
+| Lo (w) |
<’ ZmaX(Ld)gingn WiW; [f]%max(i,j)) — o?(max(i, j)) — {22(Kn> — 0% (Ky)}] ‘
- Li(w)
Zmax(l,d)gingn w;,iw;,j [iz(max(i,j)) - JQ(max(i,j)) - {iQ(Kn) - UQ(Kn)}]
+| Ta(w?) )

By (4.4) of Ing et al. (2012),

2 max(Ld)<i j<i, Wijlla(max(i, 7)) —a(Ky)|-

<0 <Zmax(1,d)§ij§Kn wywjlla — a(max(i, j))||. 1 )
- (L (w))1/2 (VL (w))!/2
1
= O w7
then,
oy 1
‘5275)% |V7n(wv Wn)| - Op((NL(TiL(W:L))l/Q) (A57)

Using (A.51)-(A.57), lim,,_,oo Nn¢ — 0o, and Assumptions 4 and 5, we have

Vo(w, wr)
NLi(w)

sup
WeHn

< Y suwp [Vi(w)l+ D sup [Via(w, ;)| = 0,(1).

i=1,3,5 WEHn j=2,4,6,7 WEHn

Thus, (A.49) is satisfied and (ii) of Theorem 2 holds.

Lemma 10.

Suppose there is another model averaging weights criterion gn(w), which is a function of
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model averaging weights.
Define

Gr(w) = S,(W) = g(Su(W),
where ¢(.) is a increasing function, and S,,(w) is the Shibata model averaging criterion.
Assume Assumption 1-4 hold. If

n = inf L% (w)=L%(w"); lim N, — oo,

n

weHd n—0o0
and

. Gn(w) —Gp(Wy)| »

1 2l —0 A.58

dim, sup | =N w) ’ A
then,

Ld *
lim "(fvd”) Py,
where
\?vdgn — arg min S,(w), Li(w?)= inf L%(w).

weHd weHL

Lemma 10 is quite similar to Theorem 4.2 in Shibata (1980) but under more general frame-

work (model average setting).

Proof.
Since \?vdgn = arg Miny,cyd S,(w), L(wh) = infyeqa LE(W), and g(.) is increasing function.
Then,
) = (Su(wy,) = Gu(w7,))
= NLI(WE ) = NLI(w;) = Va(We  wih) — (Ga(W ) — Gu(w)))),

n ) n n S0 n ( n
(Gn(WE ) = Gu(W})) + Vo (W wi) > NLEWS ) — NLy(w)) >0,
Gn(w) — Gp(w* Vi, * Va(We ,wr Ld(w*
sup (W) - ( n)) + sup (“;’ Wn) Z ( SnAd ) n(?";n) Z 0
weHd NL(w) wend | NLE(w) NLd( gn) Ld (Wgn)
Then, by (A.49) and (A.58), we can get
d *
lim "<fvd”) 1
n—00 Lz(wgn)
OJ
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Proof of Theorem 4.

For Mallow’s model averaging (MMA) criterion:

Without loss of generality, let 62 = 6%(K,,). The selected weights of Mallow’s model
averaging we,, W¢, := arg minycy, C,(W) satisfies (4.1) by the arguments as the proofs

of (i) of Theorem 2 and Lemma 9.

To show vAden 1= arg minyeyq Cp (W) satisfying (4.2), we check the condition (A.46) in
Lemma 10 holds. The difference between Shibata model averaging (SMA) criterion and
Mallow’s model averaging (MMA) C,, is

Gn(W) = S, (w) — Cp(w) = (W/[Hmin(Kn) + HmaX(Kn)]W)(&2 - 6121;) + N&*.
Then,
sup |G (w) — Gp(wy,)] < sup (W' [Min (K) + Tinax ()W) (67 — &3]

weHd weHd

+ sup |(W Manin (K ) + Tonaxe (K) w2 (6% — 62.)]. (A.59)
weHSE
First, we will show
(W' [Manin (Kn) + Tinax (K W) (6% — 63)
L2l =0,(1). A.60
o NLi(w) (1) (400
Since
(W' [[in (K) + HmaX(Kn)]W)(62 - &12”)
sup
wend NLi(w)
< sup (W,Hmin(Kn>W>(Zmax(l,d)gi, j<Kn wiw;&* (max(i, j)) — o) ‘
N weHL NL%(W)
+ sup (W/Hmin(Kn)W)(Zmaxu,d)gz‘,ngn (62 — ‘72])’
weHd NLi(w)
+ sup (W/HmaX(Kn)W)(Zmax(l,d)gi,ngn inUja'2(maX(i, ])) - 02) ‘
weHd NLgi(w)
+ sup (W/Hmax<Kn)W)(Zmax(l,d)gz‘,ngn (6% — 0?])
weHI NL’(/il (W)
W ax (KW
< C(sup [Vip(w)| + 162 — 0| + sup |Vau(w)| + laeal)
weHd weHd NLi(w)
1 K 1 K? K
<C Vin 572 — o? Van 0) = 2+ 7)),
- (vfgggl 1 (W)‘—i—‘O' O"—i_vf;lg[)%’ 3 (W)|+ p(NLg(WZ)\/N—i_NLg(W:‘L) N + N))

o1



where the last inequality is insured by Lemma 4.1 and (4.8) of Ing et al. (2012), and
similar arguments for (A.53). Then, by (A.51), (A.53), and 6% = 6*(K,,) is consistent of
o2, (A.60) holds.

And since
(Wnl Mnin (F) + Tiax (K )]W:)(62 - 6120*)
sup
weHd N Li(w)
4 . *\ (<2 A2
< sup (Wi, Min () + Thax (K ) W5 ) (6 G )
weHd NLi(w*)
/ . ~2 A2
< sup (W [Miin (K) + Hinax (K5)W) (6 ) ‘
weHd NLi(w)

Then, by (A.60)
(Wi Monin(Kn) + Tonax (Ko ) [ W3) (6% — 63,0

n

sup

weH, NLi(w) = 0p(1). (A.61)

So, by (A.59)-(A.61), the difference of Shibata model averaging (SMA) criterion and
Mallow’s model averaging (MMA) satisfies the condition (A.58) of Lemma 10, implies
Wdon i= arg miny,eya Cp (W) satisfies (4.2). Thus, the model averaging weights selected by
Mallow’s model averaging (MMA) shares the property of asymptotically optimal without

the integration order information in (4.1) and (4.2).

For Akaike model averaging (AMA) criterion:

Now we prove the model average weight selected by Akaike model averaging (AMA) crite-
rion also shares the property of asymptotic efficiency in (4.1) and (4.2). First, the selected
weights of Akaike model averaging w4, , W¢, := arg mingey, C,(W) satisfies (4.1) by the

arguments as the proofs of (i) of Theorem 2 and Lemma 8.

To prove (4.2), we will check the condition (A.58) in Lemma 10 holds.
Set g(x) = N exp(x), then, the difference between Shibata’s condition and transformation
of AMA can be shown:

Gn(W) = Sp(w) — g(An(W))

_ N(S’Q (1 + W/[Hmin(Kn) + HmaX(Kn)]W
v N

B eXp(W/[Hmin(Kn) + HmaX(Kn)]w)).

N
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Then, for sufficiently large n,

"Minin (Kn) + Mnax (KW

(Ga(w) = G(W)] < | N2 (1 + 2 ~ — exp( -
o 1_[min Kn Hmax Kn o " 1_[rnin Kn Hmax Kn ;
o1 W ) & D (RS w3 M () + T (K]
N N
/ ) . *
v (¥ M () 4 M ) ol o W M () + )5
N N
IHmin Kn Hmax Kn
N
/Hmin Kn max

W), Hinin (5) + iax (55,) W), )2

N

Wi in (K) + Hmax(Kn)]WZ)g
N

+ | No?( (A.62)

?

where the second inequality holds by |1 + z — exp(z)| < |z]? if |#| < 1. Then, by (A.62),

Gn(w) — Gp(W?h))
sup == <C(sup [Vip(w)| 4 sup [Van(w, w)|
weHd N Li(w) weHd weHd
2
1
Vn Vn ) :; — :
* i, Wantwl sup, Wl 5 N ey

(A.63)

By (A.51)-(A.54), (A.63) and Assumption 4,

Gn(w)_Gn(W;)) .
e B 7T R Rl

the difference of SMA and transformation of AMA satisfies the condition (A.58) in Lemma
10. Hence, \?vfiqn '= arg miny,cyqs An(W) satisfies (4.2). Thus, the model averaging weights
selected by Akaike model averaging (AMA) criterion can achieve asymptotic efficiency in
(4.1) and (4.2).

O
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Proof of Corollary 2. Since

~

A, o LZ(VAV%MC”) La(wy) LZ(W%)
L (W ) La(wy)  Li(wiy) L (W)
L ) (| Ui Hn) )
Li(wie)  Li(wiy) Li(wy)  Li(Wis,)
A,
—_ " o
Tatwey) O

where the last equality is insured by the asymptotic assumptions and L? (w},) = O(L% (wy:)).
Thus, by Theorem 2,

A, = o(Li(Wiys,))s A = O(Li(Wiss,))

under exponential and algebraic decay, respectively.

To prove
LZ(VAV?V[ACR) = @(LZ(VAV%S,I)%
observe that,
L (Wirac,) _ Ly (Wirac,) Li(ws) Li(wy,)
L (Wi ) Li(wy)  Li(wi;) Ld(WYg,)

By the asymptotic assumptions, it is sufficient to show

Ly(wy) = O(Ly(wy;)).
By (3.6),

K 2 2
- (A — A; - (A1 — A,
[d(w*)> 2: N( Jj—1 J) > 2: N( j—1 J)

o? A a2 A
j=max(1,d)+1 N +AJ_1 AJ j=max(l,d)+1 N +A]_1 A]

k*
> CJZN" > L% (wy),

for some ¢ > 0, where the third inequality holds by 6%/N < C(A;_1—A4;), j = max(1l,d)+

1,...,k} for some large enough C under exponential and algebraic decay. Hence,

Ly(wy) = ©(Ly(wiy))-

o4
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