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A Monte Carlo Simulation

A.1 DGP for Table

X = F AT + e
(500xm)  (500x2)(2xn)  (500xn)

We observe a panel with 7" = 500, where the cross-sectional dimension varies across simulations
. . . o . . j.i.d.
(see Table [1/in the main paper). The variables exhibit the following factor structure: With F};, "~

N(0,1),k = 1,2 forall ¢, A is a matrix of ones and zeros such that:

Xj:F1+€j, fOI'jEA;
Xj:F1+F2+€j, fijGAQ.

The cardinality of A, is varied from nitont.
Finally, we allow the idiosyncratic errors to exhibit both cross-sectional as well as intertemporal

correlation. We follow |Onatski| [2010] and model the errors as follows:

er = per—1 + (1 — p2)1/2vti

i.4.d.
v = Bugiay + (1 — ﬁ2)1/2uti7 wi ~ N(0,1),

with (p, 8) = (0.3,0.3) to allow for modest correlations in the error terms.



A.2 Empirical Violations of Orthogonality Assumptions
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Online Appendix Figure 1: Empirical frequency for ”)\Lkﬁf‘/\l—l forl # k, I,k € {1,...,6}, in baseline
lﬂ

DGP. Figure based on 1000 realizations. Under Assumption: | all off-diagonal entries in A’A should be
zero.




A.3 Robustness to tuning parameters

Since all our results involve asymptotic rate arguments, multiplicative constants have no effect
on our results. Online Appendix Figure 2| shows the finite sample implications for the choice

of a in g(n) = ay/loglog(n) Throughout the paper, we set a
0.74/loglog(n) ~ 1 for most relevant sample sizes.

0.7, in which case g(n)

Online Appendix Figure[2illustrates that our results are robust to the choice of a. Note that only
estimators based on Y% (T'R and T'C') are affected by the choice of a. With the possible exception
of the E'D estimator of (Onatski| [2010], our proposed estimators dominate existing estimators for

all values of ¢ considered.
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Online Appendix Figure 2: Empirical behavior of estimators as the tuning parameter « is varied in g(n) =
av/loglog(n) to determine the number of elements z in the partial sum used to construct T}é Note that
EC, ER, ED and EC /; are unaffected by this choice. Data generated by baseline DGP, with (n,T) =
(300, 500), (p, ) = (0.3,0.1), & =1, and r; = 6. Figure based on 500 replications.



A.4 Results Under Unfavorable DGP
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Online Appendix Figure 3: Percentage of simulations correctly estimating the true number of factors
as both cross-sectional and intertemporal correlation is varied. All factors affect all outcomes. r = 6,
(n,T) = (300,500), & = 1.5. For each entry in A, \jx = 1 + 4, where n;; ~ N(0,1). Figure based on
500 replications.



(a) Thresholding based on T (EC) (b) Thresholding based on T3 (T'C)

(¢) Maximum ratio of two subsequent values of Tg (d) Maximum ratio of two subsequent values of f%
as in|/Ahn and Horenstein| [2013] (ER) (TR)

(e) Difference of two subsequent eigenvalues as in

2010) (1)

Online Appendix Figure 4: Average number of factors estimated as both cross-sectional and intertemporal
correlation is varied. All factors affect all outcomes. r = 6, (n,7") = (300, 500), # = 1.5. For each entry in
A, N\it. = 1 + v, where n;, ~ N (0, 1). Figure based on 500 replications.

(f) Thresholding based on T% (EC )
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Online Appendix Figure S: Empirical behavior of estimators as the relative variance of idiosyncratic noise
increases. All factors affect all outcomes. r = 6, (n,7") = (300, 500), (p, 3) = (0.3,0.1). For each entry
in A, \ijp = 1+ v, where n; ~ N (0, 1). Figure based on 500 replications.



n T ER TR PC PC & TC ED
100 100 1.06/0.00 1.82/0.00 15/0.00 9.78/0.00 8.94/0.00 1.42/0.00
100 150 1.04/0.00 1.64/0.02 15/0.00 7.32/0.10 6.96/0.30 1.72/0.00
150 100 1/0.00 192/0.00 15/0.00 8.66/0.00 10.2/0.00 1.62/0.00
150 250 1.02/0.00 2.4/0.04 15/0.00 4.04/0.02 5.66/0.54 2.06/0.02
150 500 1.02/0.00 3.8/0.24 14.6/0.00 3.54/0.00 536/042 3.1/0.12
300 250 1/0.00 4.78/0.24 15/0.00 3.08/0.00 5.68/0.46 2.36/0.00
300 500 1/0.00 5.56/0.78 15/0.00 2.94/0.00 5.86/0.86 4.66/0.50
300 750  1/0.00 596/096 13/0.00 3.04/0.00 596/0.96 5.74/0.86
500 250  1/0.00 45/0.16 15/0.00 2.88/0.00 5.9/0.54 2.86/0.02
500 500 1/0.00 598/098 15/0.00 2.86/0.00 5.98/0.98 5.22/0.66
500 750  1/0.00 598/098 14.1/0.00 29/0.00 598/0.98 5.94/0.94

1000 1e+03  1/0.00 6/1.00 133/0.00 2.88/0.00 6/1.00 6/1.00

Online Appendix Table 1: Performance of different estimators as the sample size is varied along a grid of
(n,T). All factors affect all outcomes, with (p, 3) = (0.3,0.1), § = 1.5, and r = 6. Each entry depicts
a combination 7/%, where 7 is the average number of estimated factors, and % is the percentage correctly
classifying » = 6. In each row, the highest percentage is highlighted. For each entry in A, A\jr = 1 + vy,
where 7, ~ N (0, 1). In each row, the highest percentage is highlighted. Table based on 500 replications.



B Mathematical Appendix

B.1 Auxiliary Lemmata

Lemma 4. Under Assumptions[I}3| for all n and T,

1 & ee\?
stt
FEYE(e) <
s=1 t=1
Proof. See Lemma 1(i) in Bai and Ng [2002], using Assumption O

Lemma 5. Under Assumptions for any fixed K, let A be a T x K matrix A such that A’A =
TIk. Define oy = maxg oy, k=1,2,..., K.
Then:
1

1
7TQ|t7"ace(A'FA'e'A)‘ = 0,(n2%).

Proof.

|[trace(A'FA'e'A)| = trace(A’[Z F N e'lA)
k=1

= Z trace( A'[FpNe'|A)
k=1

IN

D I ENIN Al
k=1

- ||A||2\|Fk|\/2<z Nea)?
k=1 t 7

By Assumption the innermost sum is Op(n%ak). We conclude:

1 o S | 1
ﬁ}trace(fl FNEA)| < ’; ||ﬁA|| ”ﬁm\/fgt:(; Ain€si )2

=13 0,(1) x O,(n7°¥)

= Op(ngal)a



which completes the proof. We note that in most cases at least one factor will be strong, corre-
sponding to «; = 1. In that case, the above rate becomes O, (1/n).
]

Lemma 6. Under Assumptions for any fixed K, let A be aT x K matrix A such that A’A =
TIk. Define ay = maxy oy, k=1, 2, ..., K.

XX’ FA'AF' 1
sup(A’ A—A A) = 0,(n2")
A T
Proof.
XX’ FANAF' eAF" FANe  ee
sup (A Tz A—A e A) = SljlpA’( mt et ﬁ)A
eAF"  FANeé ee

< sgpA’( T + ?)A + sgpA'ﬁA

= 0,(n>*) + 0,(1),
where the last equality follows from Lemma [5|and Assumption [

Lemma 7. Denoting the singular value decomposition of \/LTX by UXV', let Fy = \/TU,. Then,
under Assumptions I} {4}

FlF, ,
D14 0,(n ),
andforl=1,...,r
FF 1,
} = Op(n™5")
Proof. Decompose F} as follows:
- F'F . ~ ~
Fy = F( T )"2& + V such that V'F = 0. (1)

10



P

Since =+ = £1& + g, this implies /&, < 1. Further,
. FNAF . F'F_ . -~ FNAF' F'F . -
FERE b - r Dt vy (B D ) ir B e + 1
F'F 1 F'F. 1
= G(= ) NA ()26
=& LNALEG
= GD?{n)gl’

by Assumptions and|[(c), and
1, - . . « 1, .
T2 (F{FNAF'F, — FIXX'Fy) = 73 (F{FN'AF'F, — F{FN'AF'F)
1 . .
+ ,—E(F{FA/AF/FI — FIXX'F)
= Op(n%al) (by Lemmal6).
The second term on the RHS is simply the difference between the largest eigenvalue of X X'/T

and FA'AF'/T. Following the reasoning in the proof of Theoremthat difference is Op(n%al ). It
follows that the first term on the RHS is also Op(n%al). We therefore obtain

% (F{FNAF'Fy — FJFNAF'F) = &D™¢, — d, )
= (= Ddi+ )& 3)

=2
= 0,(n2™). 4)

We distinguish two cases. Case 1: (€2, — 1) = O,(n"2°'). Since £2, > 0 VI, and £&; < 1, it
follows that also ¢4 = O,(n"2%) forl = 2,.. ..

Case 2: If (&2, — 1) is larger, the terms inmust cancel. Because d; > dy > ... > 0, this
implies that €2, —1 = O,(n"2°1). Since £/¢&; < 1, it follows that £ = O,(n"2%)for [ = 2,...,r
and % — 0,(n"21). Since also, by (T),

F{F 1 F'F\ 12 /
) e VE
F'F\ 1)y F'F
=47

- ¢,

11



nld 2 ’
it follows that <%> —1 = 0,(n"2*), and therefore FlTFl = 140, (n"2%). It then also follows

that, fOI‘l = 2, e ,7' . Fé,,Fl e Op(nfial). D

Lemma 8. Denoting the singular value decomposition of \/LTX by UXV', let F =T Un:x)-
Then, under Assumptions|[I{4] for each k =1,... . K andl =1,...,r:

o fork <I: F’;TFZ = Op(nio‘l—%ak)
o Fork=1: "0 =14 0 (nam1—e)
e Fork >I: @ = O, (nio1—20),

Proof. The result for the first row of % is given in Lemma |7, For the remaining columns we
repeat the steps above in orthonormal subspaces. Our strategy is therefore similar to the one
followed in |Stock and Watson| [2002]. However, allowing for varying factor strengths requires a
more nuanced consideration of the subsequent principal components. Additionally, unlike Stock
and Watson| [2002], we explicitly derive the rates of convergence for all quantities of interest.

Using the same reasoning as in the previous lemma, we decompose F},, the kth column of £,

as follows:
E, = F(F%F)—%gk + Vj, such that V/'F = 0.
This implies £,.&; < 1,
FIQM& = &1, D, 1,&,

T2
and

1 - A N A
7 (FLFNAF B — FXX'E)

L - . 1 R R
b (FRFNAF'F, — FJFNAF'F,) + il (ELFANAF'F, — FIXX'F,)

= Op(n§a1)>

again using Lemma [6] Following the reasoning in the proof of Theorem I} the second term on the

12



RHS is Op(n%%). This implies for the first term that

1

= (EyFNAF'Fy, — FJFNAF'F,) = &.D,& — di

= (&, — Ddi + Zﬁildl
Ik
= Op(n%al)-

Because d; > dy > ... > 0, this implies that
e Fork =1: &, =1+ 0,(nz—)
e Fork < l: £, = O,(nz1 )
e Fork >1: & = Op(néo“_o‘l) (Since &8, < 1).

We further note that " < 1 and hence &2 = 0,(1) VI. This also implies a lower bound on the

factor strength, 1ndlcated by oy, for which & is guaranteed to converge: ay, > %al. [l

Lemma 9. With E defined as before, define a (r x K) matrix H = N A%ﬁf);{l, where Dy
is a diagonal matrix with the K largest eigenvalues of % on the main diagonal. Then, under
Assumptions [IH}

1 T
7 2 (Fu = HLF)? = Op(n'=*™),
t:l

where Hj_ denotes the kth row of H'.

Proof. Note that by the properties of eigenvectors and eigenvalues F= XTxﬁﬁf(l. Then:

(XX — FA’AF’)FD;{
= ?(ee’ +eAF' + FAN'e)FD .

This is related to the decomposition first derived in Bai and Ng [2002] and used extensively in
the literature since its introduction (e.g. Bai [2003], |Choi [2012]). The following derivations
therefore follow those in|Bai and Ng|[2002] and Bai [2003|], who consider only strong factors. For

13



a particular ¢ we may write:
A 1 - A

Ft _H/Ft = ? glFl(eet—i-eAFt—i—FA/et) (5)

1 « 1 1 «

-1 i ol i
s (? > hidect 3 S RENet 1) FAF)

Because (I + [T+ I11)? < 3(I* + I1? + I11?), by Cauchy-Schwarz and submultiplicity of the
norm: ||Fy — H'F)||? < || D;Y|23(1, + 11, + I11,), where:

1 T
o niN} 2
I = ﬁ” ;Fsesetﬂ
1 T
o 2l n 2
I.[t = ﬁ” ;FSFSA etH
1 T
. i 2
1 = | ;FSeSAFtH .
Thus 4 o0 [|1Fy — H'F|)? < || DRM1PE S0, 301 + I, +I11,), while for each individual factor
estimate Fj,, k =1,2,...,r, 1 Zle(Ftk — HjFy)* < ||d; ' )*+ Zthl 3(Iy + 11y, + 1114y;), with

the r-by-1 vector FS replaced by the scalar Fsk in each of I;, 11, and 111, above.

Consider each of the above three terms separately:
1 < lom Im s, s
7 In=5> N5 D Facel

s=1

t=1
1o/, 1 1 «
<72 (HT >~ Faldier ~E(cie]l + 17 ;Fskme;ew)

“
I
—

Since this part does not involve any non-standard assumptions (it does not involve the factor
loadings), the last equality follows using the same arguments as in the proof of Theorem 1 in Bai
and Ng|[2002] using Lemma ] and Assumption Details are not worth repeating. For the next

14



part:
1 & 1 R
?Zlftk:TZEHZFS]CFSIA/(%HQ
s=1
1 & 1 &
a2 S IRIE) (7 17l
s=1 s=1

|
[Ivel0,(1)]
)

by Assumption Finally, for /11 one can show in a similar manner that

1 lem 1w
o nlN 2
FO =5 s D Fuc AR
t=1 t=1 s=1
= Op(n™).

Consequently,

T

1 . .

- S 1Fw — Hi F|* < di3(Iu + Ly + 111,,)
t=1

< 0,072 (0,(n) + 0,(n%) + 0, )

_ 1—2ay
= O,(n ).
O
Proof of Lemma 3| First note that
4 HRB o PP 4 FFx
dy T da T dg T
- do FiFy g, FiFy .
F/F . A_2 2 A_2 2
I -1 T T
H — AA .DK — di do y
T .
Y20 dr FiFie
_d1 T dK T -

where dj, and dy, denote the kth entry on the diagonal of A’A and Dg respectively. Consider entry

Hy, at position (I, k). First note that Hy;, = %%ﬁk = (1+ Op(n—%ak))(l + Op(n%al_o‘k)) =
k

15



14+ Op(n2 20170k by Lemma Next, consider the case ay, > . By Lemma

d; F/F; _ _
Hlk—Tl L k—Op( al_ak)Op(n4al_§0‘k):Op(n4a1—§ak)
d, T
Finally, from Lemma 9}
(Fp— FHy)(Fy— FHy) _ FF,  F'F 292 L
= H,—H,; -2 H,=0 Ok 6
T 7 P oy = 2 Hy = Op(n 7). (6)
Further,
F]épk F'F FF F’Fl
H)\——H. —2—r H,=1 H2 —2 H 7
T T e 2 +; i Z " ™
_1+Hkk—2 - HkH;Hlk 2; - Hi (8)

Since Hyy = 14 O,(n2®12), it follows that 1 + H2, — Q%Hkk — 0, (nz*~). Combining
this with (6)-(8), we obtain

- . F}F, ,
Z ka — QZ ;1 ZHlk + Op<n§o‘17ak) = Op(nlfm’“)
14k 12k

- R,
Z (Hlk -2 T lHlk) = Op<n§0l1 ak) + Op(n172ak)

£k
r ~ o2 - 2

A\’ F'F F'EN\?d
> (—l) 4= —2<—k ’) = | = 0p(na21 =) 4 O, (n! )
I#k dr T r dy,

" d (F/E\? d T o
Z*( lTk) (% 9] = Oy (nder=r) 4 O, (n=20).
3 dk dk’

Split the sum above into three parts according to the relationship between «;, and «; and start with

the elements for which aj, > «;. Then,

d (FlE\? dy _ . )
- £ _9] = ap—ayg So1—Qg 1) = Sa1—0y
dk( T ) [dk } Op(n )Op(n )Op( ) Op(n ).

Next, consider elements in the sum for which o, = «;. Then,

d; F/Fk d . lor—oy _ lar—ay
c?k( T ) [dk 2] = Oy(n JO,(1) = Op(n )

16



Finally consider the remaining terms. First note that for the remaining sum the upper limit for the
entire sum still holds, as the terms in the first two cases are small enough. Further note that all
terms in this remaining sum are positive with probability 1. Thus, each term is bounded by its

overall sum and for all k£ such that o, < o

d; (F[Fk) d; 1o 19
— — — 2] = 0,(n2¥ %) + O, (n "), 9

Since the LHS in (9) is equal to H3 up to a negligible term, this establishes that H.;, = t; +
Op(ni‘“’%ak) + Op(n%*ak) in this last case, thus finishing the proof. O

Proof of Lemma 2] Revisit the decomposition from Lemma 9] It follows that

T T T
R (1 R 1 . 1 .
Ftk: - HI/th = dk ! (T ;—1 Fskelset + ? SE_I FskF;A/et + f SE_I FskelsAE)
= d! <th + Iy + I11y, )

Start with /;; and decompose as follows:

s=1
1 r 1
SfZ(Fsk_HkF)eet+ HkZFeet
1 & ] T
< > (Fa— HyF)leler — E(elen)] + - Hj, ; Fle\e; — E(ele))]
1 r 1 T
+ ;(Fsk ~ H{.F)E(c,e;) + 7 H. ; FLE(c.er).

For the first part:

T

H— > (Fa— HiF)leie, — E(elel)]|

s=1
1 T 1/2 1 T 1/2
% / 2 2
< (T 821 | Fsr — Hp F| ) ( 851 e.e; — E(ele)] ) . (10)

17



By Lemma |§| the first term is Op(n%_o‘k‘). For the second term inside the brackets of (10):

'ﬂ |

T )
Ze e — E(eles)] :TZ—e e, — E(ele,)]?.

Thisis O,(n) by Assumption and thus the first part of the decomposition of /; is Op(n%_o‘k )0,(v/n) =

O,(n*~**). For the second part in the decomposition of I;:

T

, 1 , , Lo—1q 1_a
H. 2= > Flelec = E(eer)] = [+ 0,(ni* 75%) + 0, (n3=)]0,(1)

s=1

= Op(1) + Op(n=73%) + Oy (n2~),
by Assumption Next consider the third part of y:

S mEr) (2

T
1 n /
TZ(Fskz — Hp Fy) E(ejer)| < (:7
n

et)Q)%

s=1
Lo -«

\/TO:D(n2 )0p(1) = Op(nl ),
by Lemma @ and Assumption E Finally, for the last part of I, +Hj, Zstl F,E(cle;) =
O,(1) + Op(nio“_%"k) + Op(n%_o‘k), since

T T

E|Y  F.E(ée)| <max|F] Y |E(ee)| < C

s=1 s=1

by Assumption [3(b)|and using the fact that max, || F|| < C. It follows that

Itk = Op(nl_ak).

Next, consider I 1:

T
1 A
-[]tk = T E FSk‘FS,Alet

s=1

:_Z sk — Hk F,A/€t+Hk ZFF/A/et

18



For the second part:

For the first part:

T 1 T R 2,4 T 1/2
||— > (Fa— Hy F)F/Ne| < (T D l(Fu - H;;.Fs)Hz) <T > ||F5,A/€t||2>
s=1 s=1 s=1
Further:
—Z |FNel? < [[NeP Z IFS[1* = Op(n™),
and by Lemma@ (AT (Fy, — Hy F))| )1/2 O, (nz =), Therefore:
1 T
Iy = = ; FyF!Ne,
1 T
— TZ ' — HL F)F/Ne, + H, — ZFF’A’et
s=1
< Op(n% b+ Op(nZ 7%0"“) + Op(n%Jr%o‘l’o‘k).
Finally, consider 11 l:
1 T
Iy = Z Fye  AF,
T
- _Z w— Hi F)e'AF, + H| — ZFse;AFt.
Start with the first term:
T 1 T R 12 /4 T 1/2
I 300 - HLR)EAR] < (331 = HEDF) (33 Z 1A 1
s=1 s=1
= 0,(n2 )0, (n3")0,(1) = Op(nzT2017%%),

19



For the second term:

501

ZF@AFt " nt T ZF@A

=m+0mﬂwww+0mr%mmﬁm%xuw
= 0,(n2*172) + 0, (n2*17%) + O, (n1°

Mw
1\)\»—-

using Assumption It follows that
[T = 0,(n2F3%17%) 4 0, (n7%73) + 0, (n2 =) 4 O, (n1®~273%)
= Op(n5+%a1_ak).
Combining these partial results we obtain that
By — HLF, =d, (I, + II, + II1,)
= 0,(n7%) (0,07 Oy) + Oy 44) 4 Oyt Hie—er) )
= 0,07)(0n'=) + O, (nte))

= Op(n'™2) + Oy(n=).

Lemma 10. Under Assumptions with F and H defined as in the previous lemmata:

F, — FH,)e
k k

- Op(nlfza’“).

T
Proof.
T
(Fk FH]C)IQZ 1 Z ~
= (Ftk —Hk Ft)etz
T T —
1 = 1 & 1 d
= ];1 (_2 Z Z Fskelsetetz + o) Z Z FsszA €€y + ﬁ Z Z sk€ AFthz)
t=1 s=1 t=1 s=1 t=1 s=1

= AI;I (Ik+ffk+lflk>

20



r /
Fsk‘eseteti

3~
]~
g

t=1 s=1

T
. 1
(Fy, — Hy Fy)e€leer; + Tz Z Z H, Fielees

ﬂ|||~
[M]=
]~

t=1 s=1 t=1 s=1
1 T T 1 T T
=73 Z Z(Fsk — H, F))|ele; —E(ees)]es + T Z Z H, Filele, — E(eler)|es
t=1 s=1 t=1 s=1
1 T T 1 T T
g D (B — HyF)E(cenen + 5 > > H FE(ceren
t=1 s=1 t=1 s=1
Consider these four terms in turn:
1 T T
2 Z Z sk — Hk’ F )[€;€t — E(e’set)]eti
s=1 t=1
1 d O / 2 % 1 d 1 d / / 2 %
< (X1 mnr) (73 (7 Do —Eceoren)’)
1 d - / 2 % 1 1 d 1 / ! %
< ﬁ(f Z | For — Hy, F|| ) (f ; (f ; _n[eset —E(e)er)]ew) )

< VN0, (n2=*)0,(1) = Oy(n' =),

where the boundedness of the last term follows from Assumption For the next term, ignoring

H, take expectations:

E {% ;T; 2 F,[e\e,— E(eset)]en} =E [% tzT; (% ZT; F,lele, ]E(eset)]> em}
< % éE (II% i Fileser — E(eger)] H2> % (E(en)?)?
) 0(1_ -

For the third term:

1 T T

= SN (Fu— H F)E(e,ey)en




using Lemma[4] Finally, ignoring H, take expectations of the last term:

-

1 T T 1 T T /e )
E{FZZFSEeet em}gfzz ]FH E nt>(E6?i)§:O(1),

t=1 s=1 t=1 s=1

since both the first and third term in the final sum is bounded and using Assumption[3(b)l Therefore
I = O,(n*%) 4+ 0, (ni®~2%) 4 O,(n2=) = O,(n'~**). Next consider I

T T
1 .
[Ik = ﬁ Z Z FSkF;Aleteti

t=1 s=1

T T
% Z Z o — H Fo)FNerey + % Z Z H, F,F!Neey.

t=1 s=1 t=1 s=1
Again consider both terms separately and start with the second:

n

1 T T 1 T 1 T
LSS H R FN e, = H (T 3 FF) LYY e
s=1 t=1 j=1

t=1 s=1
1 T 1 T n
= H]; (f Z Fst/> (T Z >\] €tjCti — etjem Z Z )\ E etjem )
s=1 t=1 j=1 t=1 j=1
T T n n /
1 C ele;
< Hj, (— > Fst') ( D leven — E(esen)] i E(- ))
T s=1 \/T\/ﬁ t=1 j=1 j=1 T
= [tk + Op(ni™73%) + O, (n2 )] [0,(1) + O(1)),

where the boundedness of the last term follows from Assumption Similarly for the first term:

N |=

1 & 3 /1
2
?Z sk_HkFH) (f

1 T
( Z Fs/Aleteti)2)

T 5 1
< (7 NS H;.an?) (7
O,( %

TZZA 1) )2

s=1 t=1 j=1

—_

using the same arguments as above. We conclude that 11, = O, (1) + O, (ni® ~2%) + O, (nz ).
Finally, using similar arguments as in the proof of /1, one can show that the same bounds apply
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to 111}, and it follows that

(ﬁk — FH.k)’ez .
T =

It (Ik + 1L+ ka)

= 0,07)(0,(n17) + 0,(1) + Oyt~ 1 O, ) )

= 0, (n'2%%).

]

Lemma 11. Under Assumptions|[I}{4] let = = n"g(n), T € [0.5, 1], such that (i) g(n) — oo and (ii)
g(n)/n€ — 0 for any € > 0 as n — oo. With slight abuse of notation, the estimated loadings A

are ordered such that, for each k, 5\11@ > 5\% > ... > S\nk . Then

(a) Ifa/k >max{1+T a1+47’} Zz 1)‘22k IZz 1)\le — O ( —al—lak)+0p(n172ak)

(5) o < max{ M7, 2450 15, 8~ L5, 0 = 0, (38555 ).

n7g(n)

Proof. By Theorem [3;
S\ik - )\Zk = Op(nialféak) + Op(n172ak).

Since

—zx ——zxngz(xa—xax
1

1=

this is just an average (squared) deviation and the result in part|(a) immediately follows.

Next consider the case oy, < T:

_lek < Z)\m _ —wk(A A =0, (”ak>

and, similarly

_Z)\ ZAM_ n’ (X;X):Op("ak_T).

Combined they imply the stated bound on the difference.
Finally, consider the case max {3~ L 0‘1+4T} < a < 7. In those situations both bounds above
apply and imply convergence to zero. For aj > max{—" it O‘1+4T} the first bound is the tighter

one and thus applies. 0
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. . o Las— 1
Lemma 12. There exists a constant ¢ > 0 such that lim,, ., P(TY, /nit2W=3¢ < ¢) = 0 for

k=1,...,"nas

Proof. First note that

It follows that

. X'X [1C 22 u X'X (1A«
TY, = - ik ) > 2 32
O >
t n Zai=1"Vik ¢
X'X ) {1 X’X)} 7u b XX

- ﬁ%( T

> 1

For o, > 0, there exists a ¢; > 0 such that

X'X
lzmn_mOP <'¢k( T )/nak < Cl) =0

and thus
limy,_ oo P (Tgk/n(”%“)“k*%“ > c) =1.

Finally, if ay, = 0, since 1y,(225) > ¢y > 0 for k =7+ 1,..., [dn] this implies that there exists

a positive constant ¢y such that

9 _1

B.2 Proofs of Corollary 4 and Theorem {4|

Proof of Corollaryd, First consider k = 7 + 1,...,7,4,. Then, by Theorem U, (X;f') =

O,(1) and thus there exists a finite ¢; > 0, lim, oo P (d}k (XTX') > cl> = 0. Further, by

Assumption there exists a constant c¢o > 0, such that P (zﬁk* (XTX/) > 02> =1 for k* =
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r1+1,..., "maee. Then, for any finite c3 > 0,

o)
Pl 7
w(XX)

()
P

()

o(#)
v P (—

m(%)
of)
wkz—i-l(XTX/)

. XX’
< limp—ooP | Ur > cocslog(n) | = 0.

Uiy — oo > cslog(n)

= limy— oo > cslog(n)

¢k+1(X;(> < P(¢k+l(X7)-,(> <Cz>
Y41 <%) >c | P <¢k+1(X;() > CQ>:|

XX’
warl( T )ZCQ +0

> c3log(n)

= limy_oo P > c3log(n)

T

Next, consider k£ = 1,...,r; — 1. We already established that, for any finite ¢; > 0,
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It then immediately follows that there exists an & > 0 such that

()
limy, oo P | —————2—
w(F)
=liMpeo | P | ————
wk+1(XX’)

o)

r\ T

P

()
()
¢k+1(XXI)

XX’
S lzmn—)oop wr( ) > Q1hn> .

> hv/n

> hyv/n ¢k+1(X;() <qvn|P (WH(X;() < Q1\/ﬁ>

¢k+1(X;(/> >qv/n | P <¢T+1<X;(/> > ql\/ﬁ> }

> hy/n

> hy/n

= iMoo P

XX’
%H( - )qu\/H +0

T

But since there exists a finite ¢ > 0 with lim,, oo P | ¥r (XTX/) > qon | = 0, letting h = q2

xXx/
T

Vi (X%(l
establishes lim,, ,oP | ———4— > h+/n | = 0. Finally, consider k& = r;. By Assumption |5|
Yht1 < )

a > .5 and thus lim, . P | ¥y (XX') > q11/n | = 1 for any finite ¢; > 0. On the other hand,

Uy 41 (XX,) = O,(1) and thus there exists a g > 0, such that P <¢r1+1( ) > q2> = 0.
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Then, for any finite g3 > 0

¢ (XX’
1 T
limy o P | ——— > @3v/n

1/}7“1+1 (XTX/)
(%)
= liMp—oo {P _
1/)7‘14—1 (XTX,)

()

T1 T

Pl —— 7
2/}7'1+1 (XTX/)

(3]
wm—&-l (XTXI)

XX’
> llmn—)oop wrl( ) > (J2C]3\/ﬁ> =L

> Q3\/ﬁ

XX’ XX’
¢r1+1( R )<Q2 P<¢r1+1<—T ><C]2)
XX’ XX’
¢m+1( T )ZQQ P<¢r1+1( T )Z%)}

XX’

_|_

> q3v/n

> q3v/n

= iMoo P

T

Choosing q3 = q%, this completes the proof. [

A key step in the proof of Corollary 4] makes use of the following class of (infeasible) quantities
T . Foru € [0,2]:

AF'FN AF'FANN (1S A2 v
Tgk_wk( )Sﬁk—wk( )(—Z—Zk ) )
g A EraVFD ST

where, with some abuse of notation, the squared loadings A%, are sorted in decreasing order. We

obtain the following lemma.

Lemma 13. Under Assumptions choose a threshold z = n"g(n),7 € [0,1], such that (i)
g(n) — oo and (ii) g(n)/n® — 0 for any € > 0 as n — oo. Then, for any given factor k < r, with
u € [0,2]:

(a) If oy > 7: T = nl-awontau
(b) If&k S T T?k = n(l"’_%u)ak‘*‘(%—ﬂug(n)fu.

Further, for k =r 4+ 1,... "pme: T = 0.
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Proof. Using Assumption [I|we can rewrite T%, as follows:

T:k_wk< T

AF'FNYN _, AF'FAN (1
Jsi-n () (5

= 4y, (N'A ZA —%U(%Z)\fk)

= 4 (NA) T ZA

First consider scenario [(a)} With «, > 7, the last part of (L) is simply an average of the square of
the z largest loadings. Combining Assumption with the fact that|\;z| < C' Vi, we immediately

1 1
have T¥, < n(l-aWarpsu

Next, for part let aj, < 7: There are only |Ag| < n® “large” loadings in the sum of

equation (T1J), and Assumption [2]implies that

—Z)\m— > N A= ZAMA

’LEAk

and it follows that T¥, = n(1—3Wakyzunt®h_ Z)u-
zk g(n)

1¢Ak

For k > r, \jx = 0 Vi, and this completes the proof.

Proof of Theorem 4| First note that:

ng_Tu - % 1/%

zk

Z/\

Because ab — c¢d = (a — ¢)d + (b — d)c + (a — ¢)(b — d) we may write

AF’ FN

= (

Te, — 1Y = n2" {1 + 1T+ III} :

where

~
Il

T T

= ((é ST - (% Z Ai)”)m
AF/FA’ 1_u> ( Z Y

117 = (wk(XTX)l_;u — i
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(¢k(XX)l—éu_¢k(AFFA 1—u) Z)\

)1_§u

2 >u
Vo i A

)ioa ZA }
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First consider the difference in I:

X'X |11, AF’FA’ 1,
() T ()
i AF/FA’ X'X AF'EA O\ 2 AF'FN -1,
e k[(%( T ) 0 (Gar) = e )) ~ (e ) }
AF'FA 1-5u AF'FA 11,
— n-3 [(wk( )—i—gwk) _wk( - )1 }

where ¢y, = Op(n_%o‘k) following the reasoning in the proof of Theorem (1} Using Newton’s

generalized binomial theorem:

AF'FA 1-gu AF'FN -1,
(wk( Tror )+%) = ( )

Tno
r'(2—321u)
N Fe-Tuew  AFFN 1w, AF'FA \1-1,
:Z w! djk( Trok ) €T/Jk_¢k( Tnok )

We can thus distinguish between two cases as follows:
For oy, > 7: I = nl—2%ex [Op(n_z k) 4+ op(n~ 2O‘k)]0p(1) = Op(n(%_%“)“k).
For oy < 7 [ = n(1=2W% [0, (n"2%) + 0,(n"2%)]0O, (ﬂ> = O, (naFawarTug(n)=u),

nTg(n)v

Next, consider the difference in /7. For[(a), with ay, > 7:

z

EY - G
RS
Z)\ + = ZA ) —(%ZA;)“
Z N Z(Afk — X3
+ Loy “_1 ZA Z(ka—Afk))2]+...,

7

where the third equality follows from the generalized binomial theorem for nonnegative exponents.
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Later terms will be dominated. Thus:

II = []—{u>0}[op(nia1*%ak> _i_O_p(nlank)]
+ 1o [0y (nF4 %) 4 O, (n?4%)]] O, (n1~30)
= 1{u>0}[0p(ni 1—3 ak)+0 ( 1- 2ak>]0p( u)ak)

Similarly, by Lemma 1] the same rate holds if max {17, 2447} < a,, < 7. On the other hand, if
ay < max {7, AHTY by Lemma..
Iy Iy L — 1 —~ 1
Syt () - (s

1 uxE\ U
:Wl{u>0}[Op(n ) Op(n ]

= 1{u>0}0p(n(ak_7)ug(n) —u) )

which in turn implies that

n(ak—T)u
g(n)*

Using the derivations above, it is straightforward to see that /1] = O,(II).

n(l—l—%u)ak—Tu

19) (1-Fwary _ 14,
) p(n ) {>0}Op( g(n>u
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+4r
5 :

‘We therefore conclude that, for oy, > max{ 1+T T
Ty — Ty = v {[+[[+HI}
= pa" {Op(n(é“l’u)ak) + Lius0) (O (naer—2%)

+ Op(n”ak)]op(n(l;u)ak)]
= n%“ {Op(n(é_éwak) + 1pus0) [Op(min{n(l_%“)ak, n(l_%“)ak“‘ial—%ak})
+ Op(min{n(l_%“)ak, n(l_%u)ak+1—2ak}:|

=t 0,0 4) 4 Loy [Opfmin (1, o)

+ Op(min{1,n'7>*})] ]

=

B [op(néag T [opmimz%)@(n”aw]} |

For (c), with oy, < max{%, @47}

Y — TY = n® {I + 1T+ HI}

oo

(L4 luw)ag—Tu (141w, —Tu
n\2m2 n 2

+ 101 Op(——F—— ]

gy ) e O

n(l—i—%u)ozk—}-(%—T)u

- T oyt + 140,00

We conclude, combining the above with Lemma [[3] that
1. For ay, > maX{HT C”HT} T"k =TY% +0,(T%),
2. For 0 < oy < max{4T, @47} TY, = T4 + 110y Op (1Y) + 0p(TH),
3. Foray = Oand k > r: TY, = Op(n(%_T)“g(n)_”),

which finishes the proof.
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B.3 Arbitrage Pricing Theory

We assume that the n-vector of demeaned asset returns R; — E(R;) for a given ¢ follows a factor

structure with potentially local factors as in the previous sections:

Ri—ER)= N F + ¢ = N FK 4K (12)
(Ixr)(rx1)  (Ix1)  (IxK)(Kx1)

treating the factors as random and the errors as uncorrelated with the factors. Equation (12]) empha-
sizes again that, in the framework of this paper, we can always choose to move some of the weaker
factors into the error structure at the expense of more correlation in the error term. Denote the
return of a portfolio by R? = Zf w; R;, with Z:L w; = 1. We formalize the term “well-diversified”
by imposing a bound on the sup-norm of the weights: |w;| < W,, Vi. Following Green and Holli-
field [1992], we say that exact APT pricing holds if the mean returns are in the span of the factor
loadings and a constant vector:

K K
E(R;) = (1= A B(Rg) + Y An E(Ry),
k k
where the portfolios R;,k = 0,..., K" are “factor-mimicking” portfolios. Their construction

is detailed in the proof of Proposition (1| below, and conditions for their existence are given in
Huberman et al. [1987]. Similarly, we define exact APT to hold in the limit, if, as n increases,

there exist sequences of feasible factor-mimicking portfolios R:mﬂ such that for any fixed j

lim oo B(R;) = [(1 =Y M) E(Ryp) + ) A E(R;,)] = 0.

Finally denote by 1, the return on the global minimum variance portfolio when there are n as-
sets and assume that the mean-variance frontier does not become vertical in the limit, such that
there remains a meaningful trade-off between mean and VarianceE] We then obtain the following

proposition:

Proposition 1. Consider the sequence of efficient (minimum variance) portfolios for some mean

return [t # limy,_sooVp. If
(i) W, = o(n%), v > 1 for every such porifolio, and

(ii) lim, o (max; > 1 [Cov(e;, e5)|) = O(v/n),

'Rz, will be the minimum-variance portfolio with zero loadings
’This is the equivalent of the “absence of arbitrage” assumption in the Hilbert space setting of (Chamberlain and
Rothschild|[[1983].
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then exact APT pricing holds in the limit with respect to the strongest K factors, where K is defined
such that o, > vfork =1,2,..., K and oy, < v fork > K + 1.

Proof. The proof largely follows the proof of Theorem 3 in Green and Hollifield| [1992]. Define

the set of demeaned portfolios
En={R'—E(R"):R" =) wRi,» w; =1}
i=1 i=1

and construct the factor-mimicking portfolios by projecting the zero vector and the strongest A
factors £k = 1, ..., K onto =, such that:

F = Ry — E(Ry) + &k,

where E(§,,R;) = 0 for j = 1,...,n. For asset j, consider the combination of K factor-

mimicking portfolios with the same factor risk:

K K
RE = (1= Nu)Ri+ > \inliy.
k k
Let

K K
Hnj = Rj - an

K
=R;—E(R) +E(R)) — (1= _ N Ry — Z)\JkR
k
K K K
= Y AP+ el = (1= Al [Rig — E(Rig)l = D NulRiy, — E(R;)
k k k
K
=+ (1= A€+ Z Aok + €5, (13)
k k

with
K

o =E(Ry) — [ (1= Y N E(Rig) + > A E(Ry)
k k

Recalling that WW,, denotes the sup-norm on the asset weights w;, we can invoke the following result
by |Green and Hollifield [[1992].

Theorem (Theorem 1 of Green and Hollifield [1992]). The efficient portfolio with mean 11 # v is
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well diversified (i.e. |w;| < W, Vi) if and only if the return, R*, on every portfolio with weights

that sum to one, satisfies

W

E(7) ~ E(R)| <| =

Z!Cov (R*,Ry)|,

=1

and the payoff, 11*, on every hedge position with weights that sum to zero, satisfies

[E(IT)| <

W
Tn

Z‘C’ov 1", R;)|,

where 7, is uniformly bounded away from zero by the assumption of no asymptotic arbitrage.

Therefore, if the efficient frontier contains a well-diversified portfolio, this implies that

g ‘Cov i B
1=

‘]E

because 117 is the return on a hedge position with weights summing to zero. By , Cov(TIE. R;) =

TLj7

Cov(ef*, ef) and thus:
W,
BT < |2 Z\comeff,ef)\

— ? Z’Cov (FN\; + e, FY\, +6])|

< Wa (Z Z /\lk)\]k+Z‘Cov e, €;) )
Tn i=1 k=K+1
Wn T n n

=|— < Z /\ngAik-FZ}OOU(%GM)
R ot i=1 i=1

= % < Z Ajk Z)\m—i—Z)\m +Z|C’0v ez,e]
n k=K+1 €A 1Ay

— Wa ( Z Ajk [O( ) + O(yv/n +Z|C’ov ez,e]
Tn k_K+1

<[/ (3 o6 +om+o<f>)
n k=K+1

<| 22| (ot + ot + ovi) )
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We therefore conclude that

K K

Lo |E(R) — | (1= M) E(Rio) + > Aiw E(Ry)

- umnsw)E(HnKj)

= limp, 0o W, 0 (max(n®<+',\/n) =0,

whenever W,, = o <min(n‘°”< +1,n*%)>. This completes the proof. O

Proposition [I] states that exact APT holds in the limit if the efficient portfolios are well diversi-
fied. Further, the number of factors that are priced depends directly on the degree of diversification
of the portfolios on the efficient frontier. The better diversified these portfolios are (the smaller
W,,), the smaller the number of factors that have a non-zero factor premium.

In particular, with W,, = 0(\/%;), which yields diversification in the sense of (Chamberlain and
Rothschild [[1983] and Chamberlain [[1983]], Proposition establishes that exact APT pricing holds
in the limit with respect to the r; factors affecting proportionally more than /n of the assets
(factors with oy, > .5).

Proposition[I]holds under more general conditions than the approximate factor model of (Cham-
berlain and Rothschild|[[1983]]. We do not require all eigenvalues of the error covariance matrix to
be bounded, but explicitly allow for additional, weaker factors. Instead of ruling out the existence

of such weaker factors, Proposition |1 establishes that they will not be priced.

B.4 Aggregate Fluctuations in the Economy

Firm ¢ produces a quantity S;; of the consumption good. Firm-level growth rates have a factor
structure as follows:
ASitv1 Sigt1— Si

S, = S, L= AiFip1 + 03841, (14)

where 0; < oo is firm ¢’s volatility, and the ¢; ;. are uncorrelated random variables with mean zero
and unit variance. Thus, firms’ growth rates may be correlated through the presence of the first
component. However, we do not impose the factors to be pervasive and likely \;x, = 0 for most
firm-factor combinations. Intuitively, these factors can correspond to economy-wide shocks but

also industry shocks, including shocks that affect as few as two firms. Thus (I4) is quite general.
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In this stylized model, GDP growth is given by:

AY, St
Hl = Z AS; 141 = Z P\ Fip1 +€igt1]

= Z ”)\ iFiy + Z —51 441

It follows that the variance of GDP growth at time (¢ + 1) conditional on time ¢ information is

equal to

n SZ n Sz
Vart Z )\ Ft+1 + Z —Ez A1 = VCLTt Z 7t>\iFt+1 + VCL’I} Z ?tELtJrl
X t t

i=1 1=1
= Var, Z th)\szktJrl +Z< ) o7
=1

For ease of notation, consider firms of equal size (S;; = %) and normalize the factors such that
Var(Fy) = 1. Further assume that, for a given k, the factor loadings are 1 on a subset of size

| Ai| < n® and zero everywhere elseﬂ Then:

2
Vart(A};jl>=Z Z% “‘;%0—?

k=1 1€EA
- 200, —2 1
= P4 O,(-). (15)
n
Absent any factors (r = 0), clearly ogpp = Vart(M‘Z“) = f’ and 1diosyncratic fluctuations

disappear in the aggregate at rate \/n. Next, consider an economy with r shocks, where r; is the
number of factors with oy, > .5:

AY, & :
Var, ( Yzfﬂ) - anak—z i Z n2ok=2 4 g
t n

k=1 k=r1+1

1 1
E 20, —2
k=1

Equation li establishes that the important shocks are those with o, > % and that the standard
rate of convergence breaks down whenever shocks exist that affect more than /n firms.

3Defining the loadings instead in a more general way as in Assurnption does not alter any conclusions.
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This is in line with the granularity conditions derived in |Gabaix| [2011], who considers hetero-
geneous firm sizes that may grow with n. Intuitively, with the growth rate of the economy given by
the sum of both the idiosyncratic and factor shocks in our context, we can think of the sector shocks
as additional but larger firms. Then the economy consists of n + r components (with r << n).
Proposition 2 in |Gabaix| [2011] establishes that ocgpp < \/iﬁ only if the largest firm has a relative
weight of at most W,, = O(\/Lﬁ) This corresponds exactly to the limit on sector size stated above.

The key implication for the purposes of this paper is that, in order to understand the origins
of fluctuations, the important shocks are precisely those that affect proportionally more than /n

firms.
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C Additional Results for Empirical Application
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Online Appendix Figure 6: Absolute value of 25 largest loadings for factors 2-7. Each line corresponds to
the largest 25 loadings (in absolute value) for a specific factor. Solid lines correspond to the “local” factors
3,5, and 6.

Factor 3 Factor 5 Factor 6
PPI: Int. Material: Supplies & Components Nonfarm: Unit Nonlabor Payments tb6m-tb3m
PPI: Industrial Commodities Nonfarm: Unit Labor Cost GS1-Tb3m
PPI: Finished Consumer Goods Nonfarm: Real Compensation Per Hour GS10-Th3m
PPI: Crude Petroleum Defl by PCE(LFE) BS: Real Compensation Per Hour S&P’S STOCK PRICE INDEX
Gasoline and other energy goods PPI: Finished Consumer Foods DOW JONES IA
BS: Real Compensation Per Hour Food & beverages for off-premises consump ~ Consumer Loans, All Commercial Banks
Nonfarm: Real Compensation Per Hour Nonfarm: Output Per Hour of All Persons BAA-GS10 Spread
BS: Implicit Price Deflator PPI: Finished Consumer Goods

ISM Manufacturing: Prices Paid Index

Online Appendix Table 2: Variables corresponding to largest loadings for factors 3, 5 and 6, the most local
factors. Red coloring indicates a negative loading, while black indicates a positive loading. For factor 3,
we note that six of the nine variables, printed in bold, represent price indices as classified in the handbook
chapter of [Stock and Watson| [2016]. Additionally the fourth entry, while classified as an “Oil market
variable,” also represents a price index. The remaining two variables are both classified as “Productivity
and Earnings” and it is worth noting that they have the opposite sign. Next, of the five series classified as
“Productivity and Earnings” in the data, all five of these are associated with factor 5, emphasized in bold.
The remaining three entries are all price indices. The 6th factor is highly concentrated on spreads and stock
market indicators (again emphasized in bold). In fact, this factor is associated with a negative return on the
stock market and an increase in the interest rate spread. The 6th factor could thus be interpreted as indicating
a flight from stocks into safe assets, such as bonds.
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