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Frictional Intermediation in Over-the-Counter Markets*

Julien HugomlierT Benjamin Lester? Pierre-Olivier Weill?

Abstract

We extend Duffie, Garleanu, and Pedersen’s (2005) search-theoretic model of over-the-counter
(OTC) asset markets, allowing for a decentralized inter-dealer market with arbitrary heterogene-
ity in dealers’ valuations or inventory costs. We develop a solution technique that makes
the model fully tractable and allows us to derive, in closed form, theoretical formulas for
key statistics analyzed in empirical studies of the intermediation process in OTC markets. A
calibration to the market for municipal securities reveals that the model can generate trading
patterns and prices that are quantitatively consistent with the data. We use the calibrated
model to compare the gains from trade that are realized in this frictional market with those
from a hypothetical, frictionless environment, and to distinguish between the quantitative
implications of various types of heterogeneity across dealers.
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1 Introduction

Recent empirical studies have uncovered detailed stylized facts about the intermediation
process in over-the-counter (OTC) markets.! Notably, assets tend to be reallocated from
one customer to another through a sequence or chain of dealers, and dealers are heteroge-
neous with respect to their typical positions in these chains, the frequency and direction
with which they trade, and the prices at which they transact. Moreover, the details of this
intermediation process—including the number and types of dealers that are involved
in chains—are related to important market outcomes, such as bid-ask spreads, trading
volume, and other measures of market quality or liquidity.> These observations pose a
clear challenge to benchmark search-theoretic models of OTC markets, such as Duffie,
Garleanu, and Pedersen (2005) and Lagos and Rocheteau (2009), in which dealers are
homogenous and the inter-dealer market is frictionless.

In this paper, we develop a search-theoretic framework that is capable of confronting
these facts, and yet tractable enough to provide clear insights into the underlying eco-
nomic forces, and into the aggregate implications for prices, allocation, and efficiency. As
in Duffie et al. (2005), we assume that there is a measure of customers who periodically
experience shocks that change their flow valuation for an asset, and that these customers
must search for a dealer with whom to trade. Our first key innovation is to model the
dealer sector as a decentralized market, where dealers periodically meet other dealers
who may be willing and able to trade. Our second key innovation is to allow for an
arbitrary, continuous distribution of dealers’ flow valuations (o1, equivalently, inventory
costs). Taken together, these assumptions generate intermediation chains of stochastic
lengths and imply that, as in the data, dealers will differ with respect to their typical
position within a chain, the frequency and direction with which they trade, and their

contribution to trading volume.

IExamples of assets that trade in OTC markets include corporate and municipal bonds, asset-backed
securities, foreign exchange swaps, and fed funds, to name a few. OTC markets were traditionally
opaque because trades are conducted via private, bilateral negotiations. In recent years, several regulatory
initiatives aimed at promoting transparency in certain prominent OTC markets have produced high quality,
transaction-level data. Examples include the Municipal Securities Rulemaking Board (MSRB) in the
municipal securities market, and the Trade Reporting and Compliance Engine (TRACE) in the markets
for corporate bonds and securitized assets.

2Gee, for example, Li and Schiirhoff (2014), Hollifield, Neklyudov, and Spatt (2014), and Di Maggio,
Kermani, and Song (2017), among others.



While these innovations clearly generate a richer model, they also introduce some
significant technical hurdles, as the reservation values of customers and dealers solve a
system of dynamic programming equations for which the relevant state variable is an
infinite-dimensional object: the joint distributions of flow valuations and asset holdings
across the populations of customers and dealers. However, despite this greater com-
plexity, we are able to establish key properties of equilibrium trading patterns, which
allows for a parsimonious characterization of the equilibrium distributions. As a result,
the model remains fully tractable, which offers three distinct advantages.

First, we can reduce the characterization of equilibrium to a fixed-point problem over a
two-dimensional endogenous variable, which can be used to derive other equilibrium ob-
jects in closed-form. This allows us to establish existence of an equilibrium, and provide
sufficient conditions for uniqueness. We also derive necessary and sufficient conditions
for dealers to actively intermediate trades between customers. These intuitive conditions
identify the role of preferences, meeting rates, and bargaining powers in explaining the
size of the dealer sector and, more generally, why the presence of intermediaries varies
across markets.

Second, we explicitly derive and analyze a number of model-implied statistics that
have direct counterparts in the empirical literature that studies the intermediation process
in OTC markets. These derivations include the average time-to-trade for customers and
(all types of) dealers; the distribution over the length of intermediation chains; the volume
of trade generated by customer-dealer and dealer-dealer trades; the concentration of
trading volume across dealers; and the relationship between intermediation chain length
and the bid-ask spread or “markup.” Using these derivations, we argue that the model is
qualitatively consistent with a number of stylized facts.

Third, exploiting our closed-form solutions, we calibrate the model in a simple, trans-
parent fashion. We focus on the market for municipal securities because it shares many
fundamental features with our model, and the available micro-data offers a detailed
description of the prevailing intermediation process. Our calibration exactly matches
key targets in the data—including turnover, the average inventory duration of dealers,
the average length of intermediation chains, and the average liquidity yield spread—and
reveals the relative importance of the arrival rates of preferences shocks, trading opportu-
nities between customers and dealers, and trading opportunities within the dealer sector.

It also generates predictions that are quite close to several non-targeted moments.



However, the quantitative analysis also reveals a tension in the model: it is difficult to
simultaneously match the level and the slope of the empirical relationship between chain
length and markups. More specifically, we find that generating the large level of markups
observed in the data requires endowing dealers with most of the bargaining power when
they trade with customers, which in turn makes it hard to match the steep, positive slope
of the relationship between chain length and markup. Our structural framework allows
us not only to explain this tension in a straightforward manner, but also to formulate a
natural extension of our model to resolve it.

Specifically, we consider an alternative formulation in which dealers do not differ in
their flow valuations, but in their ability to locate customers with high willingness to pay
for the asset. This extension preserves the key qualitative properties of our benchmark
model, but resolves the tension described above. It also illustrates that our solution
techniques extend to other forms of heterogeneity, and that exploring the quantitative
implications of our model can help to distinguish between these different forms of het-
erogeneity. Finally, we use the calibrated model to perform welfare analysis. We show
that, according to the extended model, the search market achieves about 98% of the total
frictionless gains from trade. Of these gains from trade, customers appropriate about 90

percent, and dealers about 10 percent.

Related literature

Our paper contributes to the literature that uses search models to study asset prices and
allocations in OTC markets. Early papers include Gehrig (1993), Spulber (1996), and Rust
and Hall (2003). Most recent papers build on the framework of Duffie et al. (2005).

One strand of the literature, such as Weill (2007), Lagos and Rocheteau (2009), Garleanu
(2009), Lagos, Rocheteau, and Weill (2011), Feldhiitter (2012), Pagnotta and Philippon
(2018), and Lester, Rocheteau, and Weill (2015), have studied semi-centralized markets, in
which customers search for an exogenously designated set of dealers who trade together
in a frictionless market. Unfortunately, while this assumption offers a certain amount
of tractability, it is clearly at odds with the empirical evidence about the intermediation
process that we seek to study. This is why, in the present paper, we assume that dealers

themselves trade in a purely decentralized market.



As is well-known, purely decentralized markets are harder to analyze because the
relevant state variable is a distribution. Early models in the literature have reduced the
dimensionality of this state variable by limiting heterogeneity in valuations to a two-
point distribution; see, e.g., Duffie, Garleanu, and Pedersen (2007), Vayanos and Wang
(2007), Vayanos and Weill (2008), Weill (2008), Afonso (2011), Gavazza (2011, 2016), Praz
(2013), and Trejos and Wright (2014). However, the restriction to two types prevents these
models from addressing many of the substantive issues analyzed in our paper, such as
the reallocation of assets through intermediation chains, the heterogenous roles played
by dealers along these chains, and the implications of this trading process for prices and
allocations. This is why, in the present paper, we assume arbitrary heterogeneity across
dealers’ flow valuations.

One earlier paper that studies a purely decentralized asset market with more than
two types of investors is Afonso and Lagos (2015). While several insights from Afonso
and Lagos feature prominently in our analysis, our work is quite different in a number
of important ways. First, we consider two classes of agents, customers and dealers, who
have access to different matching technologies. This adds realism but creates a two-way
feedback between trading decisions and distributions, making the characterization of
equilibrium more involved.> Second, while Afonso and Lagos establish many of their
results via numerical methods, we characterize the equilibrium in closed-form for an
arbitrary distribution of dealer types, allowing for a tractable analysis of intermediation
chains, heterogeneity across dealers, and markups. Lastly, Afonso and Lagos use their
framework to study inter-bank trading in the federal funds market, while we analyze the
market for municipal securities.

The present paper merges, replaces, and extends Hugonnier (2012), Lester and Weill
(2013), and Hugonnier et al. (2014), in which we developed the techniques to solve for
equilibrium in the search model of Duffie et al. (2005) with a continuum of types. Re-
lated contemporaneous work includes Neklyudov (2012), who considers a model with
two valuations but introduces heterogeneity in trading speed; the online Appendix of
Gavazza (2011), who proposes a model of purely decentralized trade with a continuum

of types, subject to search costs, and focuses on the case in which investors trade only once

3 Afonso and Lagos establish that agents find it optimal to trade according to a fixed, myopic rule. Hence,
distributions can be calculated in a first step, and do not feed back into trading decisions. This property
breaks down in the present model.



between preference shocks; and Cujean and Praz (2013), who study transparency in OTC
markets using a model with a continuum of types and unrestricted asset holdings, where
investors are imperfectly informed about the type of their trading partner. More recent
work includes Shen, Wei, and Yan (2015), who introduce search costs into our framework;
Uslii (2015), who studies heterogenous search intensity, preference shocks, and divisible
asset holdings; Sagi (2015), who calibrates a partial equilibrium model with heterogenous
types to explain commercial real estate returns; Farboodi, Jarosch, and Shimer (2016), who
consider the ex-ante choice of trading speed; Bethune, Sultanum, and Trachter (2016),
who introduce private information into our framework of; Farboodi, Jarosch, and Menzio
(2018), who consider heterogeneous bargaining power; Zhang (2018), who introduces
long-term relationships between customers and dealers; and Liu (2018), who studies the
ex-post privately and socially optimal choice of search effort.

Our paper is also related to the growing literature that studies equilibrium asset pric-
ing in exogenously specified trading networks. Recent work includes Gofman (2010),
Babus and Kondor (Forthcoming), Alvarez and Barlevy (2014), Chang and Zhang (2015),
and Malamud and Rostek (2017). Atkeson, Eisfeldt, and Weill (2015), Colliard and De-
mange (2014), Neklyudov and Sambalaibat (2017), and Colliard, Foucault, and Hoffmann
(2018) develop hybrid models, blending ingredients from the search and the network
literatures. In these models, intermediation chains arise somewhat mechanically; indeed,
when investors are exogenously separated by network links, the only feasible way to
reallocate assets to those who value them most is to use an intermediation chain. In our
dynamic search model, by contrast, both the existence of intermediation chains and the
distribution of chain lengths are equilibrium outcomes. In particular, even though all
contacts are random in our environment, the endogenous trading patterns are not—and
they are consistent with many observations from OTC markets.

Finally, phenomena akin to intermediation chains can also arise in centralized limit-
order book markets, as in Goettler, Parlour, and Rajan (2005), Goettler et al. (2009), Biais,
Hombert, and Weill (2014), and, notably, Weller (2014). In contrast with this literature,

our model is based on search and bargaining, and so is designed to apply to decentralized

4See Oberfield (2013) for another example of endogenous network formation through search. In a recent
paper, Glode and Opp (2016) also examine why intermediation chains are prevalent, but their focus is
different: they postulate that these chains moderate inefficiencies induced by asymmetric information.



security markets. This allows to confront, theoretically and quantitatively, evidence that
is specific to these types of asset markets.

The rest of the paper is organized as follows. Section 2 lays out the model. Section
3 derives an explicit characterization of equilibrium, establishes existence, and provides
conditions for both uniqueness and intermediation. Section 4 analyzes the intermediation

process theoretically, and Section 5 offers a calibration. All proofs are in the appendix.

2 The model

Agents, assets, and preferences. We consider a continuous-time economy populated by
two groups of agents: a continuum of dealers with mass m, and a continuum of customers,
with mass normalized to 1. Dealers and customers are risk-neutral, discount the future
at rate r > 0, and enjoy consuming a numéraire good with marginal utility normalized
to one. Agents can hold either zero or one unit of a durable asset with fixed supply s.
We assume that m < 1, so that the dealer sector is smaller than the customer sector. We
also assume that the asset supply satisfies m < s < 1, so that the customer sector is large
enough to absorb the total supply of assets, but the dealer sector is not.”

As in Duffie et al. (2005), customers receive a utility flow y € {y,, y,} per unit time
when they own the asset, with v, < y;,. The utility flows (or types) of customers change,
independently across the population of customers, at Poisson arrival times with intensity
v > 0. Conditional on a change, the customer’s new utility flow is set to y; € {ys, yn}
with probability 7; € (0,1), where 77, + 1), = 1.

Differently from Duffie et al. (2005), dealers in our model can hold inventory and are
heterogeneous with respect to the utility flow x € [x, x;] that they receive from holding
the asset.® We denote the cumulative distribution of utility flows in the cross-section of
dealers by F : [xy,x,] — [0,1]. We assume throughout that F(x) is continuous, and that
dealers have stable utility types, i.e., that they keep the same utility flow forever.

5This restriction simplifies some of our results because it implies that, in any equilibrium, dealers have
opportunities to trade with all customer types. However, importantly, all of our analysis goes through
essentially unchanged in the general case where the masses of agents and the asset supply are only assumed
to satisfy the weaker condition s < m + 1, which is necessary for market clearing.

®Naturally, this can be interpreted as an inventory cost when x < 0.
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FIGURE 1: Flows of agents and assets. In the picture, D2C is shorthand for dealer-to-

customer, C2D for customer-to-dealer, and D2D for dealer-to-dealer.

Matching and trade. There are two matching technologies that provide opportunities
for trade. First, each dealer contacts another randomly selected dealer with intensity A >
0. Second, each dealer contacts a randomly selected customer with intensity p > 0, which
implies that each customer is contacted by a randomly selected dealer with intensity pm.
We assume that customers cannot contact each other directly.”

When two agents are matched and there are gains from trade, they bargain over the
price of the asset. We take the outcome to be the generalized Nash bargaining solution. In
a dealer-to-dealer match, the bargaining power of a dealer with asset holding g € {0,1}
is 0, € (0,1) with 6y + 6; = 1. In a customer-to-dealer match, the bargaining power of the
dealer is denoted by 6 € (0,1).

Figure 1 illustrates the flows of assets (the dotted red and dash-dotted black lines) and
agents (the solid blue line) in the model. As is clear from the figure, all trades between
customers must be intermediated by dealers. However, whether or not dealers find it

optimal to intermediate is ultimately an equilibrium outcome.

"This assumption is made primarily for simplicity—one could extend the model to allow for customer-
to-customer trades—but it is also consistent with the observation that, in practice, there are very few direct
customer-to-customer trades in most OTC markets (see, for example, Table 5 in Atkeson, Eisfeldt, and Weill,
2013, for the Credit Default Swaps market ).



3 Steady-state equilibrium

In this section, we characterize the steady-state equilibria of our model. Doing so requires
analyzing a two-way feedback between reservation values and distributions: reserva-
tion values depend on distributions, since they determine future trading opportunities;
while distributions depend on reservation values, since they determine the trades that
agents find optimal to consummate. Though this feedback induces a potentially high-
dimensional fixed-point problem, we show that it can be summarized by a pair of en-
dogenous constants representing the measures of dealers who decide to not actively
intermediate. This insight paves the way for the proof of existence of an equilibrium,
and helps provide sufficient conditions for uniqueness. We then use our characterization
to provide necessary and sufficient conditions for active intermediation. These conditions
illustrate the manner in which dealers’ incentives to intermediate depend on preferences,

relative trading speed, and bargaining power.

3.1 Notation

To start, we introduce notation for reservation values and distributions. Because we focus
on the characterization of steady-state equilibria, we naturally omit all time indices for

simplicity of exposition.

Reservation values and transaction prices. Let V;(x) and W,(y) denote the maximum
attainable utility of a dealer of type x € [x/, x;] and of a customer of type y € {y,, yu},
respectively, with asset holding g € {0,1}. The reservation value of an agent is defined as

the difference between the value of owning and not owning an asset, i.e.,
AV (x) = Vi(x) — Vo(x)
for dealers, and

AW (y) = Wi(y) — Wo(y)



for customers. Given our assumed bargaining protocol and the existence of gains from

trade, the price at which a dealer of type x trades with a customer of type y is
(1-0)AV(x)+60AW(y). (1)
Likewise, a dealer owner of type x’ and a dealer non-owner of type x trade at price
BoAV (x") + 014V (x) (2)
provided that the dealer non-owner values the asset more.

Distributions of utility flows and asset holdings. Let ®,(x) denote the measure of
dealers with asset holding g € {0,1} and utility flow less than x € [x/, x|, and let pj,
denote the measure of customers with utility flow y; € {y,, y,} who hold g € {0,1} units
of the asset. These distributions will be endogenously determined in equilibrium, subject

to the following consistency conditions:

T = pjo + Mj1, j el h} 3)
mF(x) = ®p(x) + 1 (x), x € [xg, xp] (4)
s = ppr + i + D1 (xp). (5)

Equations (3) and (4) simply require that the joint distributions of types and asset holdings
in a steady-state equilibrium are consistent with the exogenously given cross-sectional
distributions of types in the populations of customers and dealers, respectively. Equation
(5) is a market-clearing condition which ensures that the total measure of investors who

own the asset is equal to the total supply of assets.

3.2 Characterizing reservation values given distributions

In this section we consider the first leg of the two-way feedback: the determination of
reservation values given distributions. Using the pricing equations (1) and (2), together

with standard dynamic programming arguments, the Hamilton-Jacobi-Bellman equation



that governs the optimal behavior of dealers can be written

' L]( ) . Z{Eh}pl’lj,l ’qe ((2q - 1) (AW(]/]') —A\/(x))) 3
JEW,
/xjh/\ 1 (( ] 1) (Ai (X/) — AV (x))) 1—11(,),

m
where a™ = max{a,0}. This dynamic programming equation is easily interpreted. For
example, a dealer of type x € [x/, x;] who owns g = 1 units of the asset enjoys the utility
flow x until one of two events occur. First, with intensity py o, the dealer owner contacts
a customer non-owner with utility flow y;. If there are gains from trade, then the dealer-
owner sells to the customer non-owner and receives a fraction 6 of the trade surplus,
AW(yj) — AV(x). Second, with intensity A, the dealer owner contacts another dealer,
who is a dealer non-owner of type x” with probability d®g(x")/m. If there are gains from
trade, then the dealer owner sells to the dealer non-owner and receives a fraction 6; of the
total trade surplus, AV (x") — AV (x).

Subtracting the equation with g = 0 from the equation with g = 1 reveals that the

reservation value of a dealer with type x satisfies

rAV(x) =x+p0 Y mio (AW (yj) — AV(x))Jr —p0 Y. uin (AV(x) — AW(yj))+

je{tn} jefen}
/
+ A0 /xh (AV(x) — AV (x))" Ao (x) (6)
Xy m
+d®q(x')

— A8 /xh (AV(x) — AV ()T 2L
Xy m
Notice that there are both positive and negative terms on the right-hand side of (6). This
is because the dealer’s reservation value takes into account two search options, with
opposing effects. On the one hand, a dealer who acquires an asset gains the option of
searching for another dealer or a customer who will pay even more for the asset, and this
option increases the dealer’s reservation value. On the other hand, a dealer who acquires
an asset foregoes the option of searching for a dealer or a customer who might sell at an

even lower price, and this decreases the dealer’s reservation value.

10



Similar steps show that the reservation value of a customer with utility type y <

{ye, yp} satisfies

rAW(y) =y+ ), 17 (AW(y) — AW (y))

je{tn}
+pm(1—0) [ (aV () - aw(y) " 1P ®
—pm(1-0) [ (aw(y) - av() BT,

There are two key differences between the reservation value of a dealer and that of a
customer, which are evident in equations (6) and (7) above. First, customers may switch
types, while dealers do not. Second, customers cannot trade directly with other customers
and, therefore, only have the option to search for dealers.

Our first result establishes fundamental properties of reservation values that hold

regardless of the joint distributions of types and asset holdings.

Proposition 1 There are unique functions AV : [xs,x3] — R and AW : {y,, yp} — R that
solve the system of reservation value equations given by (6) and (7). Furthermore, these functions

are uniformly bounded and strictly increasing.

Notice that the proposition above departs from the usual guess-and-verify approach by
proving properties of the reservation values without imposing a priori assumptions on
the direction of gains from trade. As a result, these are properties that must hold in any
equilibrium—an advantage that will allow us to derive robust properties of equilibrium

and establish conditions for uniqueness.

Implications for trading patterns. The monotonicity established in Proposition 1 has
two key implications for equilibrium trading patterns. First, in a meeting between a
dealer owner with utility flow x and a dealer non-owner with utility flow x’, there are
gains from trade if and only if x’ > x. Intuitively, since the two dealers face the same
distribution of future trading opportunities, the only relevant difference between them
is the different utility flows they enjoy from holding the asset. Therefore, in the dealer
sector, assets are traded along intermediation chains, from dealers with low utility flows to

dealers with higher utility flows. The second key implication of this monotonicity result

11



is that customers follow a reservation dealer policy: they sell to dealers with sufficiently

high utility flows, and purchase from dealers with sufficiently low utility flows.

3.3 Characterizing the distributions given reservation values

Next, we characterize equilibrium distributions given the trading patterns induced by
reservation values. We provide closed-form solutions for these distributions as functions
of just two endogenous constant, which parsimoniously parameterize the two-way feed-

back between distributions and reservation values.

Inflow-outflow equations. Given (3) and (4), it is sufficient to solve for two of the four
customer measures, say 1 and pjg, and one of the two distributions functions among
dealers, say ®;(x). Correspondingly, it is sufficient to state only three inflow-outflow

equations. Namely, the measures of customers must satisfy:

v (7ot — mnpen) = ppa®o ({AV (X)) > AW(y,)}) — ope®1 ({AV(X) < AW(y,)}), (8)
¥ (Tuiteo — Tptno) = Prno®1 ({AV(x') < AW(yn)}) — ppm®o ({AV (x') > AW (yi)}) ,(9)

where, e.g., {AV(x") > AW(yy)} denotes the set of x’ € [xy, x;] such that AV(x) >

AW (yy). Likewise, the distribution of types among dealer owners must satisfy

%‘1’1(95) (Do (x,) — Do (x)) = {2 }Pﬂjlcbo ({x' <x}pn{AV(x) > AW(y;)}) (10)
ic{tn
— Y opjo® ({x < x}n{Av(x) < AW(y)})
je{ln}

for all x € [x/,x;]. In both (8) and (9), the left-hand side represents the net inflow from
preferences shocks, while the right-hand side represents the net outflow from trading
with dealers, given that customers follow a reservation dealer policy. In (10), the left-hand
side represents the outflow from inter-dealer trades, given that dealers trade together
along intermediation chains. The right-hand side represents the net inflow from trading

with customers, given that customers follow a reservation dealer policy.?

8Note that inter-dealer trading generates no net inflow into the group of dealer owners with type less
than x. Indeed, a gross inflow arises when a dealer non-owner of type x’ < x meets a dealer-owner with an

12



A parsimonious parameterization. To parsimoniously summarize the dependence of

distributions on reservation values, we derive a key preliminary result.

Lemma 1 In any steady-state equilibrium we have

HnPo({AV(x') > AW (yn)}) = peo®1({AV(x') < AW(y,)}) =0

so that only two types of trades may occur between dealers and customers: dealer non-owners
may buy from customer owners with utility flow y,, and dealer owners may sell to customer non-

owners with utility flow y;,.

For intuition, suppose that some dealer non-owners are willing to buy from high-type
customers so that {AV(x") > AW(y;,)} # @. Since AW (y,) > AW (y,), the dealers in that
set are willing to buy from any customer they meet, but would sell to none. Hence, in a
steady state, these dealers must either all be owners, @y ({AV(x') > AW(y;,)}) = 0, or
have already run out of asset to purchase, yiy; = up; = 0. In both cases, although there
may be gains from trade, there are no meetings that result in trade.

Building on this insight, we define the measures of active dealers that engage in the

two types of trades identified by Lemma 1 as

mo = @ ({AV(¥) > AW(y)}), (11a)
m =& ({AV(K) < AW(,)}).- (11b)

Correspondingly, we define the complementary measures of dormant dealers who never
trade with customers as kg = ®(x;,) — mp and ky = D1 (xy,) — my.0 Using these objects,

the inflow-outflow equations can be re-written:

¥ (b — Tonper) = ppermo, (12a)
¥ (Tnteo — Toopno) = PHroMI, (12b)

%cbl(x) (mo + ko — o (x)) = pper (Po (x) — ko)™ — pppomin {my, @1 (x)}.  (120)

even lower type x” < x’ from whom he buys the asset. By trading, the previous owner leaves the set, but
the new owner enters the same set, thus resulting in zero net inflow.

In a steady-state equilibrium, the strict monotonicity of the reservation values implies that these
dormant dealers also do not trade with other dealers, and thus remain idle.
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This simplified system of equations reveals that we can use the measures of dormant
dealers, (ko, k1), to parameterize the two-way feedback between reservation values and
distributions. Namely, we construct an equilibrium in two steps. First, we solve for the
stationary distribution taking the measures of dormant dealers, (ko, k1), as given. Second,
we endogenously determine (ko, k1) by imposing that they correspond to the measure of

dealers who find it optimal to be dormant.

Closed-form solutions. We conclude this section by completing the first step of the
construction outlined in the previous paragraph: we provide the solution to the system
formed by equations (3), (4), (5), (11), and (12) as a function of a pair (ko, k1) that lies in
the feasible set

KE{kE]Ri: ko <1+m-—s, k1 <s, andk0+k1§m}.

To state the result, we first define the function

1 1
G(z) = —5 (mo —z+0 (pe + pno)) + \/‘7W1Z+ 1 (mo —z +0 (e + pino))>,

where the constant ¢ = pm /A measures the contact rate of customers relative to that of

dealers in the interdealer market.

Proposition 2 The measures of customers (Mg, He1, Pho, Pi1), the measures of active dealers
(mg, my), and the cumulative distributions of types among dealers (®Pg(x), ®1(x)) are continuous
functions of (x,k) € [xg, x| x K that, when ko + k1 > 0, are given by

Mo =m — (Wl1+k0+k1),
YR Tt

pmomy + y(emo + rpmy )’
YTTRTTeM

pmomy + y(rTemg + rumy )’

MHen = 70 — o =

Hno = 7Ty — Pp1 =

14



and

0, zfmF(x) - k() <0,
@1 (x) = mF(x) — Po(x) = § G(mF(x) — ko), if0 < mF(x) —ko < mg+mjy,
mF(x) — (mg + ko), otherwise,

where my is the unique solution to the market clearing condition

Y7ty (Mg — mo)
pomymg + y(7Tmy + 7pmg)

s=mq+ki+7mT,+

in the interval [0, m].

3.4 Equilibrium

We now exploit the results above to define an equilibrium. In particular, Proposition
2 establishes that any (ko, k1) € K induces joint distributions of utility flows and asset
holdings. Taking these distributions as given allows agents to compute their reservation
values, and these reservation values in turn determine with whom each agent trades—in
particular, the sets of dealers who find it optimal to be dormant, {AV (x") < AW(y,)} and
{AV(x") > AW(y;,)}. An equilibrium is reached if the measures of these sets coincide
with the measures of dormant dealers that we started with.

Formally, a pair (ko, k1) € K constitutes a steady state equilibrium if and only if it

satisfies the fixed point problem:

(ko k1) = (@o ({AV(X) < AW(yp)}), @1 ({AV(X) > AW(yn)})),

where reservation values are implicit functions of distributions, as described in Proposi-
tion 1, and distributions are implicit functions of (ko, k1), as described in Proposition 2. In
Appendix C, we show that the functions on the right are continuous in (ko, k1) and then

apply Brouwer’s fixed-point theorem to derive the following result.

Theorem 1 There exists a steady state equilibrium.

The existence of an equilibrium does not imply trade: In our model, whether or not

dealers find it optimal to engage in active intermediation is ultimately an equilibrium
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outcome. The following proposition fully characterizes the conditions under which at
least some dealers trade with customers.! To make the conditions easily interpretable, it
is helpful to define a customer’s autarky reservation value:

r 24

rAly) = vt o

(7teye + 7Tnyn) -

That is, A(y) is the reservation value of a customer of type y who never trades.

Proposition 3 All steady-state equilibria induce active intermediation if and only if the following

two conditions hold:

0 <rA(yn) — x¢ +p0my(s —m) (Ayn) — A(ye)), (13a)
0 < xy —rA(ye) + p071, (1 —5) (Ayn) — Alye)) - (13b)

Conditions (13a) and (13b) are obtained by considering all possible equilibria with no
trades between dealers and customers, and checking whether any dealer has incentive
to intermediate. For example, in the candidate no-trade equilibrium associated with
condition (13b), dealers do not hold any asset and do not purchase from customers.!!
We then consider the dealer with strongest incentive to intermediate: a dealer of type x;,
who purchases an asset from a customer owner of type y, and then re-sells at the first
opportunity to a customer non-owner of type y;,.

Naturally, this dealer has incentive to intermediate if the surplus created, shown on
the right-hand side of (13b), is positive. The first two terms reflect that a dealer of type
x;, has incentive to intermediate if his autarky (flow) value is sufficiently large relative to
that of customers. The last term shows that the dealer has incentive to intermediate if he
extracts sufficiently large rents. These rents increase in the speed with which it can re-
sell to high-type customer non-owners, p7,(1 — s); in his bargaining power, 6; and in the

gap between the autarky valuations of high- and low-type customers, A(y;) — A(y,). In

19Tn addition to shedding light on the dealers’ incentives to intermediate, this result strengthens Theorem
1, since one may be concerned that our application of Brouwer’s fixed-point theorem only picks up
equilibria without active intermediation, which are common in some search theoretic models.

HSince m < s < 1, it follows that, in any equilibrium, dealers have opportunities to trade with all types of
customers, owners or non-owners, high or low. Therefore, in any equilibrium with no trade between dealers
and customers, there cannot be any dealer with a reservation value such that AW (y,) < AV (x) < AW(yy,).
Otherwise, this dealer would trade when given the opportunity. Thus, either AV(x) < AW(y,) and no
dealer holds the asset, or AV (x) > AW(y;,) and all dealers hold the asset.
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particular, even if xj, is small, so that the dealer incurs large costs from holding an asset,
the dealer has incentive to intermediate if he meets customers sufficiently quickly and
can bargain sufficiently favorable prices. Intuitively, even if the purchase price is high
relative to the dealer’s own flow valuation, the sale price is even higher, which more than
compensates for the cost of holding the asset in inventory for a short time.

Finally, a natural question is whether the steady state equilibrium is unique. While
we are not able to answer this question in full generality, we provide easily interpretable

sufficient conditions in the proposition below.

Proposition 4 Let X = fx? x'dF (x) denote the average utility type of dealers. If the following

two conditions hold

0 < rA(yy) — xp — (om(1—0) — A6p) " (x, — %) /1, (14a)
0 < xp—rA(y) — (om(1—6) = A61)" (X — x/) /7, (14b)

then the steady state equilibrium is unique and such that kg = ky = 0. In this case, the reservation

values of dealers is given by

X dz
xo 1+ 00(pno + ) + 200P1(z) + 2601 (mpg — Po(z))

AV(x) = AV (xy) + (15)
where the reservation value of low type dealers AV (xy) and the reservation values of both types of

customers (AW (y,), AW (yy,)) solve a linear system stated in Appendix E.3.1.

Conditions (14a) and (14b) ensure that AW (y,) < AV(xy) < AV(xy) < AW(y;) re-
gardless of the distributions. Under these conditions, there are no dormant dealers and
the equilibrium trading patterns are independent of reservation values. Therefore, the
equilibrium distributions can be derived independently of the reservation values, which
clearly ensures the uniqueness of the steady state equilibrium.!? In addition, the propo-
sition reveals that, in this equilibrium, dealers’” reservation values admit a simple integral

representation, (15), which proves very useful to speed up numerical calculations.

1211 fact, it can be shown that the same conditions are also sufficient to ensure that all dealers choose to
actively intermediate in the non stationary case where the initial distributions of types and asset holdings
differ from their steady state counterpart.
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4 The intermediation process

Recent empirical studies—such as Li and Schiirhoff (2014), Hollifield et al. (2014), and
Di Maggio et al. (2017)—have documented a number of stylized facts about the intermedi-
ation process in OTC markets. For one, these studies report that it takes time for dealers to
sell assets that they hold in inventory, and that they often sell to other dealers rather than
customers, thereby creating intermediation chains. Moreover, these studies highlight that
dealers are heterogeneous with respect to the role that they play in these chains; they
tend to differ systematically with respect to their positions within a chain, the frequency
and direction with which they trade with other dealers, and hence their contribution to
overall trading volume. Finally, and most importantly, these studies document that the
details of the intermediation process are related to market outcomes, i.e., that they have
implications for prices, allocations, and efficiency.

Given our closed-form characterization of the equilibrium distributions and trading
patterns, we can derive by hand many of the objects of interest in the empirical literature.
This allows us to explore the qualitative relationships between these endogenous objects
within the context of our model, and to better understand how they are affected by the
preferences of market participants and the technologies that dictate the matching and
bargaining processes. In addition, the simple expressions we derive for these statistics
facilitate the calibration of structural parameters, as well as the quantitative evaluation of
our model, which we turn to in Section 5.

By definition, the characteristics and behavior of dormant dealers are not observable.
Therefore, any steady-state equilibrium with active intermediation and dormant dealers
is observationally equivalent to another in which all dealers are active. In particular,
if we trim out dormant dealers, adjust the contact rates p and A by the share of active
dealers, and remove the assets held by dormant dealers from the total supply, then the
full participation equilibrium of the modified environment delivers the same transactions,
trading probabilities, and prices as the original environment. Given this observation, for
the rest of the paper we will focus on exogenous parameters that are consistent with an
equilibrium in which all dealers are active (e.g., parameters satisfying the conditions of
Proposition 4). Importantly, while this restriction is innocuous for our analysis, it entails
a loss of generality for other interesting questions. For example, analyzing changes in

the size of the dealer sector would require studying regions of the parameter space with
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max{ko, k1} > 0, where the willingness of dealers to intermediate is sensitive to market

conditions.

4.1 The customer sector

We start by deriving the intensity with which customers trade, and the resulting volume.
Note that, since we are focusing on parameters such that kg = k; = 0, the measures of
customers (40, He1, Pro, Hp1) and the measures of active dealers (g, m1) do not depend
on the rate A at which dealers meet other dealers. Instead, they only depend on the arrival
rate of preference shocks (v and 71y,), the arrival rate p of meetings between customers
and dealers, the supply of assets s, and the size of the dealer sector m. This is because,
in an equilibrium without dormant dealers, low-type customer owners and high-type

customer non-owners trade with all dealers.

Trading intensities. A low-type customer owner sells to a dealer at rate pm, while a
high-type customer non-owner buys from a dealer at rate pm;. It follows immediately
that, conditional on not first changing types, the expected amount of time required for a
low type customer to sell is 1/ (pmg + y71y,), while the expected amount of time required

for a high type customer to buy the assetis 1/ (pmq + y71/).

Customer-to-dealer volume. The total volume traded between customers and dealers

is easy to calculate given our equilibrium characterization. It is simply given by

Volcp = o (nermo + pomi) = 2pppmo,

where the second equality follows from the fact that, in a steady-state equilibrium, the

inflow of assets into the dealer sector, py,1mp, must equal the outflow, pu,om;.

4.2 The dealer sector

Trading intensities. The rate at which a dealer buys or sells an asset depends on his

type x. In particular, a dealer non-owner buys at rate ppy; + Ag(x), where

Aolx) = A (q)l(x))

m
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denotes the rate at which the dealer buys from other dealers. Since ®;(x) is increasing
in x, dealers with lower valuations who are looking to buy an asset naturally meet fewer
dealers to trade with, and hence buy less frequently. Similarly, a dealer owner of type x

sells at rate pp0 + A1 (x), where

A(x) = A (mg——q)()(x)) (16)
m

denotes the rate at which the dealer sells to other dealers. Following the logic above,
dealers with higher valuations sell assets at a slower pace. This immediately implies that,
along an intermediation chain, assets are sold to other dealers more and more slowly,
which is qualitatively consistent with the evidence of Li and Schiirhoff (2014).

Below, we use these trading intensities, along with the equilibrium distributions de-
rived in Section 3.4, to compute a number of statistics about trading patterns. A key

parameter governing these statistics is the ratio

_ Amg/m
 PHRo

which measures the relative speed with which a dealer owner contacts counterparties

among other dealers and among customers.

Inventory duration. An important indicator of market liquidity is the average time it
takes a dealer owner to sell an asset or, equivalently, the average inventory duration in

the dealer sector.

Lemma 2 The average inventory duration is

Xy, 1 dCDl(X) a 1 ( B X )
/xé Ppno +A1(x)  my Pk 1 20+x) /)" (17)

Our formula for the average inventory duration explicitly accounts for two effects.

First, dealer owners are heterogenous: each type x has a different inventory duration,

m. Second, the distribution of their types, ®(x), is endogenous: dealers with high
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utility types and, thus, long inventory durations are over-represented among owners,
relative to the underlying distribution.'?

Equation (17) reveals that the average inventory duration is shorter than the average
time it takes to sell to customers, P?}_ho ; this is natural, since dealers sometimes re-sell to
other dealers before finding customers. Interestingly, average inventory duration does not
gotozeroas A — coand so x — co, which illustrates that the endogenous distribution can
be a crucial determinant of the average inventory duration.* Indeed, the distribution of
types among dealer owners, as measured by ®;(x) on the left-hand side of (17), becomes
nearly efficient as search frictions in the inter-dealer market vanish. As a result, even
though there are increasingly more meetings between dealer owners and non-owners,

more and more of these meetings have no gains from trade.®

Intermediation chains. As Figure 2 illustrates, an intermediation chain starts when an
asset is sold by a low-type customer owner to a dealer. We say that this dealer is the first
dealer in the chain, and denote its type by x(1). If the first dealer then meets a high-type
customer non-owner, then he sells and the chain stops. Otherwise, the first dealer sells the
asset to another dealer with a higher type, x(2), and the chain continues. In what follows,
we denote by n the random length of the chain—i.e., the number of dealers who facilitate
the transfer of the asset between a low-type customer owner and a high-type customer
non-owner—and by x(%) the type of the k" dealer in the chain, for k € {1,...,n}.

Given the type of the first dealer in the chain, the probability that the asset is sold to a

customer instead of a dealer is

n= x(l):x :ﬂ.
P ({n=1}{ H e

13Precisely, one can easily show that the likelihood ratio d®;(x)/dF(x) is increasing in x € [x;, x;,]. See,
for example, the calculations in Appendix D.4.

4Notice that for this comparative static we are varying A while holding (g, m1) and (yy, #£¢1) constant.
Therefore, we are implicitly assuming that the equilibrium values of these objects do not change with A,
which is indeed the case as long as all dealers remain active as we vary A. It is easy to see that this implicit
assumption holds if we choose parameters that satisfy the sufficient conditions of Proposition 4 for some A,
which then ensure that kg = ky = 0 forall A > A.

I5This implies that as A — oo the equilibrium in our environment does not converge to that of Duffie
et al. (2005), in which the inter-dealer market is frictionless and inventory duration is zero. This is because
in Duffie et al. (2005), a dealer who purchases an asset from a customer seller can immediately locate a
dealer who is in contact with a customer buyer. In the limit of our model, a dealer who purchases an asset
can almost immediately locate some other dealer, but the probability that this dealer is also in contact with
a customer buyer is equal to zero.
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FIGURE 2: [llustration of an intermediation chain of length n = 4.

If instead the asset is sold to another dealer, we can calculate the conditional distribution

of the type x(2) € (x, x;] of the next dealer in the chain:

n 2@ e gen] e — ) = M) dDy(x')
P({n>2}n{x® edr}|{ H P e e
o —dM(X)
 ppno + A (x) (18)

To understand the first equality in (18), note that the first term in the product is the
probability that the first dealer in the chain trades with another dealer, as opposed to a
customer, while the second term is the conditional probability of selling to a dealer of type
x’. To understand the second equality note that (16) implies —dA;(x") = AdPy(x')/m.
Proceeding recursively, we can calculate the counterpart of (18) for higher-order links in a
chain; that is, we can derive the distribution of the k™ dealer’s type in an intermediation

chain of length n > k conditional on the type of the first dealer.

Lemma 3 If the first dealer in a chain is of type x1) = x, the probability that the chain has length
greater than k > 2 and that the k' dealer in the chain is of type x' € (x, xy] is

(19)

{x(l) = x}) _ —d)tl(x’) A(x,x’)k_Z

n x®) ¢ dy’ =
P<{ >k ix e dxy puno + M (x) (k—2)! 7

where the function

+ M (x)
Alx,x) =1o <Pﬂho—>
(.2 & Ptno + A1 (x')

is decreasing in x € [xy, x| and increasing in x" € [x, xy,).
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Lemma 3 allows us to derive key statistics regarding the length of intermediation chains
and the successive dealer types along a chain. In particular, Bayes’ rule implies that the

unconditional distribution of the chain length is given by

P({n>k})— /x’“ P({x" € dx)) /xh P({n>kn{x® eax)

{x) = x})

Direct calculation of the double integral above leads to the following result.

Lemma 4 In equilibrium, the length of an intermediation chain follows a zero-truncated Poisson

distribution:

_ llog(1+ x)k

X i , k>1.

P({n=k})

In particular, the average chain length is given by E[n] = (1 + )1—() log(1+ x).

Lemma 4 reveals that the distribution of chain lengths only depends on x. Hence, if
dealers meet other dealer non-owners more quickly, relative to the rate at which they
meet high-type customer non-owners, then x increases and the distribution experiences

a first order stochastic dominant shift.

Volume. The volume generated by inter-dealer trades is equal to

Volpp = /:h A (mo——@)(x)) ddq(x).

’ m
With a carefully chosen change of variable, one can calculate this integral in closed form.
Lemma 5 The inter-dealer volume is
Volpp = ppmo (E[n] — 1),
where the average chain length is given in Lemma 4.

The lemma confirms an intuitive relationship between inter-dealer volume and average
chain length. For example, if there is on average two dealers per chain, then every C2D

transaction generates on average one D2D and exactly one D2C transaction, so that the
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D2D volume equals the C2D volume. The lemma also reveals that an increase in A, which
results in an increase in x, will increase the volume of inter-dealer trade.'®

Next, we turn to the distribution of volume within the dealer sector. To do so, we
define the fotal volume generated by a dealer of type x by

Volp (x) = (ppo + A1 (1)) oL (o, 4 Ag(x)) L2000 0)

mdF(x) mdF(x)’
i.e., the sum of the volume of sales (the first term) and the volume of purchases (the
second term) generated by a representative dealer of type x.!” The analysis of this object

leads to the following results.

Lemma 6 The trading volume generated by a dealer of type x, Volp(x), is increasing over [xy, %]

and decreasing over [X, x|, where

t=arg min |(ppe +Ao(x)) = (opno +21(x))]
xX€[xg,%p]
is the dealer type with most balanced buying and selling intensities. Moreover, £ = x, if and only

if 14+ x <my/my, and £ = xy, if and only if 1 + x < mgy/m;.

The lemma reveals that dealers with more balanced buying and selling intensities
account for more trading volume. In particular, in our model, high volume dealers are
not necessarily the dealers who buy or sell assets the fastest. For example, dealers with
valuation x, are quickest to sell (ppyg + A1(xp) is largest) but they sell rarely because, in
equilibrium, they typically don’t own an asset (d®1(xy)/dF(xy) is smallest). This creates
a strong composition effect in equation (20) and ultimately reduces the share of trading
volume generated by dealers with low utility types.'8

In empirical studies, trading volume correlates with other aspects of trading behavior.

For example, looking ahead to the next section, the results of Li and Schiirhoff (2014)

16In particular, if A — oo, the inter-dealer volume goes to infinity. Notice, however, that the speed of
convergence is relatively low: it is in order log(A) instead of A. The reason is that, as explained before, the
asset allocation becomes nearly efficient as interdealer contacts become instantaneous.

7Notice that the integral of Volp (x) against m dF(x) adds up to more than the aggregate trading volume
Volcp + Volpp because each inter-dealer trade is counted twice in the definition Volp(x) as it would in
practice if one were to measure the fraction of trades in which each dealer takes part.

18This effect, of course, depends on the constraint that dealers can only hold positions {0,1} or, more
generally, that their marginal value for the asset is strongly decreasing.
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suggest that dealers towards the end of intermediation chains account for a larger propor-
tion of trading volume. To make our model consistent with this observation, one should
pick parameters such that Volp (x) is monotonically increasing over [x, x;,]. According to
Lemma 6, this occurs if and only if my/my > 14 x , i.e., if and only if most dealers are
non-owners and A is not too large. Intuitively, in this case, all dealers sell faster than they
buy so that dealers with utility type x,—who are slowest to sell and fastest to buy—have

the most balanced trading intensities and the generate the most volume.

Markups. To conclude this section, we study the implications of our model for a com-
mon measure of market liquidity: the spread between the price that a dealer pays for an
asset and the price at which a (potentially different) dealer sells it to a customer. Following
Li and Schiirhoff (2014), we define the markup on an asset that was initially purchased
from a low-type customer by a dealer of type x(!) = x and eventually sold to a high type
customer by a dealer of type x™) = x’ > x by

AW (y,) + (1 —0)AV(X)

T AW (y)) + (1—0)AV(x) L

M (x,x")

In an environment with homogeneous dealers, the markup reflects the gains from trade
between customers with low and high valuations, along with the market (or bargaining)
power of the dealers. In our environment, there is an additional force contributing to the
markup because the valuation of the dealer who buys an asset is (at least weakly) smaller
than the valuation of the dealer who sells it. In any trade, the price is increasing in the
valuations of both the buyer and the seller. Hence, the markup increases as the spread
between the valuation of the initial dealer-buyer and the final dealer-seller widens.
Indeed, our model has precise predictions about the expected valuations of the dealers
who buy or sell an asset, and how these valuations depend on the length of intermedia-

tion chains. We formalize these predictions in the following lemma.
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Lemma 7 The distribution over the types of the first and last dealers in a chain, respectively,

conditional on the length of the chain are given by
A(x, xp) k
(1) < — —1_ ( 2\t
P({x _x}){n k}) 1 (A(xg,xh)) ,
n A(xp, x k

(Xg, xh)

The lemma reveals that an increase in the length of an intermediation chain, n, creates a
negative first-order stochastic dominance shift in the type of the first dealer, x(!), and a
positive shift in the type of the last dealer, x(™). An immediate consequence of Lemma 7 is
that the average valuation of the first dealer in a chain is decreasing in k, while the average
valuation of the last dealer is increasing in k. Hence, our model predicts that assets traded
through longer intermediation chains should be associated with lower bids and higher
asks, on average. This suggests that the markup should be larger in longer intermediation
chains. Unfortunately, this natural ordering is difficult to establish analytically because
the types of the dealers along the chain are statistically related. In particular, if the type
of the first dealer is larger, then that of the last dealer is also larger, and both move the bid

and the ask in the same direction.!?

5 Quantitative analysis

In this section, we use our model to conduct a quantitative analysis of an OTC market.
We focus on the market for municipal securities, as it shares many of the fundamen-
tal features of our model. Using data from this market, we exploit our equilibrium
characterization to calibrate the structural parameters of our model. This reveals the
relative importance of search frictions, market power, and heterogeneity in preferences

for explaining market outcomes, and offers the opportunity to conduct welfare analysis.

19Tn all of the numerical experiments we conducted and, in particular, for the calibrated set of parameters
in Section 5, the effect of the increased chain length dominates that of the direct statistical relation between
the utility types of the first and last dealers in the chain, so that the average markup indeed increases as a
function of the length of the intermediation chain.
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5.1 The municipal bond market

The market for municipal securities is an ideal laboratory for exploring our model quanti-
tatively. It is a large over-the-counter market where essentially all trade is intermediated
by dealers, who themselves trade in a frictional inter-dealer market. There are many
bonds (more than 1.5 million), many broker-dealers (more than 2,000), and the vast major-
ity of trades continue to be executed in a bilateral fashion, where quotes are requested one
at a time via telephone. As a result, the market is highly fragmented and search frictions
are commonly thought to be significant.?® Markups in the municipal bond market are
notoriously large, and are more likely explained by search frictions than by asymmetric
information.?! Lastly, since broker-dealers have been required to report their trades to the
Municipal Securities Rulemaking Board (MSRB), several empirical studies (most notably
Green et al., 2007; Li and Schiirhoff, 2014) have used proprietary, transaction-level data
to provide a highly detailed account of the intermediation process. We will rely on these

studies to calibrate our model.??

5.2 Calibration

The calibration proceeds in two steps. First, we assign values to the parameters that
determine the allocation of assets across customers and dealers and, hence, the frequency
of trade and volume—what we call demographics. Given our closed-form characterization
of the equilibrium, this step is accomplished by hand: we simply use the equilibrium
conditions to back out the parameter values that correspond to the targets we choose
from the data. Second, we assign values to the parameters that determine prices and
markups. While this step resorts to numerical computations, the closed-form character-
ization continues to help: it speeds up the integration routines required to calculate the

cross-sectional moments that we target.

20 Another attractive feature of this market is that municipal bonds tend to trade in large blocks that are
often not split up as they are traded, thus making our assumption of {0,1} holdings more palatable.

ZIMost customers in the municipal bond market are buy-and-hold investors, as opposed to speculators,
and tend to trade for liquidity purposes. Moreover, as Li and Schiirhoff (2014) note, more than 75% of
bonds are rated AAA and the historical default rate is less than 0.1 % per year.

22While data about transaction prices is publicly available, the data identifying the dealers that participate
in each trade is proprietary. Most recently, Li and Schiirhoff gained access to this data and provide a fairly
comprehensive analysis. We will rely on several of their descriptive statistics, including the distribution of
intermediation chains and markups.
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Calibrating parameters to demographics. The set of parameters {s, m, p, A, 7y, 71, } com-
pletely determines the model’s demographics. As a first step, we identify a target for
the per capita supply of asset, s. In the model, agents hold and trade asset “blocks” of
identical size. To map the data to our model, then, we first normalize the total supply
of municipal securities in circulation, A, by the average size of a block, Q. We set Q =
$206,989, which is the average inter-dealer trade size of seasoned securities reported by
Green, Hollifield, and Schiirhoff (2006) for the 2000-2004 period.?® Focusing on the same
time period, we use data from the Flow of Funds to calculate the average par value of
municipal securities held directly or indirectly by households, or held by broker dealers,
which yields an estimate for A of just over $2.3 trillion.?* Finally, to express the number
of asset blocks in per capita terms, we need to estimate the number of customers, N.
We assume that half of the household population, as measured by the U.S. Census, is a
potential direct or indirect participant in the municipal bond market.”> This implies a
value of N = 54,187,500. Using these figures, we obtains = A/ (N x Q) = 0.2058.

Next, we set targets for the rates ppyg and Amg/m at which dealers contact customer-
buyers or potential dealer-buyers, respectively. To do so we rely on two moments re-
ported by Li and Schiirhoff (2014): the average inventory duration of dealers, 3.3 days,
and the average length of intermediation chains, 1.34. It is intuitive that these targets iden-
tify the contact intensities. On the one hand, the average inventory duration depends on
the total arrival rate of potential buyers, i.e., the sum of the two contact rates. On the other
hand, the average length of intermediation chains depends on the relative likelihood of

meeting a customer before a dealer, i.e., on the ratio of the two contact rates, x. Using the

ZDetermining the appropriate measure of Q is non-trivial for (at least) two reasons: the average trade
size of newly issued securities tends to be different than those of seasoned securities (i.e., more than 90
days after issuance); and the average size of prearranged trades tends to be different than trades in which
dealers hold the asset as inventory for some period of time. For these reasons, we choose to look at seasoned
securities that are traded between dealers.

24To estimate the supply, we follow the methodology of the U.S. Securities and Exchange Commission
(2012) and focus on the bonds that are either held by broker dealers, directly held by households, or
indirectly held by households (via mutual, money market, closed-end, or exchange traded funds). We
obtain the total from the Flow of Funds Account of the United States, Table L.211 and L.212 (see federalre-
serve.gov/releases/Z1). Importantly, starting with its 2011-Q3 release, the Flow of Funds adjusted up its
estimate of the bonds held by households by a factor of about two, from 2005 onwards. We make the same
adjustment for the 1998-2004 period.

PThis estimate of financial market participation is motivated by data from the Survey of Consumer
Finance (SCF). In particular, Bricker et al. (2017) show that, during the 2010-2016 period, about half of
U.S. households had direct or indirect holding of publicly traded stocks.
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closed-form characterizations of average inventory duration and average intermediation
chain length in Lemmas 2 and Lemma 4, we obtain pyuj;y = 58.89 and Amg/m = 50.75.

Our fourth target is the intensity with which customers meet dealer-buyers, pmy.
Unfortunately, since the MSRB only collects data from dealers, we do not have a direct
target from the municipal bond market. Existing studies of the corporate bond market—
which is widely considered to be more liquid than the municipal bond market—also lack
data to identify this parameter and have used a wide range of target values, from as little
as one business day to as many as ten.”® We choose a target of 5 business days, safely in
the middle of the range.

Our fifth target is a measure of turnover in the municipal bond market, calculated as
the total value of sales from dealers to customers divided by the total supply. Again, using
figures from Green, Hollifield, and Schiirhoff (2006) for the period 2000-2004 yields*”

D2CSales (3)  pppomy 0.411
AssetSupply ($) s

To complete the identification, we impose that 77;, = s, i.e., that the measure of high type
customers is equal to the asset supply. This choice has several desirable features. First, as
in several numerical examples in the literature (e.g., Duffie, Garleanu, and Pedersen, 2007;
Vayanos and Weill, 2008), it implies that high type customers are the marginal buyers in
the frictionless benchmark, so that illiquidity creates a price discount and not a premium.
Second, and as noted after Lemma 6, this choice implies that high-volume dealers are
located toward the end of intermediation chains, which is consistent with the empirical
tindings of Li and Schiirhoff (2014).

We prove in Appendix E.1 that this procedure uniquely identifies the six demographic
parameters {s,m,p, A, v, 71, }.28 The values we obtain are shown in Table 1. They imply,

in particular, that a customer switches from high to low valuation every two years, on

Z6Pagnotta and Philippon (2018) provide stylized facts about trading speed across many markets and
argue that a trading delay of about one day is reasonable for voice-based OTC trading in corporate bonds.
The numerical corporate bond example in Duffie, Garleanu, and Pedersen (2007) implies a trading delay
of about 2 days. However, Feldhiitter (2012) and He and Milbradt (2014) also study the corporate bond
market, with trading times calibrated to approximately two weeks.

27Green, Hollifield, and Schiirhoff (2006) calculate the total value of sales of seasoned securities from
dealers to customers over the period May 1, 2000 to January 10, 2004 to be $3.48 trillion.

Z8More precisely, the six targets described above define a system of six non-linear equations, which we
show has a unique solution. Note, however, that one still has to check that the implied parameter values
are admissible within the context of our model.
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Parameter Value

Supply per customer capita s 0.2058

Relative size of the dealer sector m  0.004166

Type switching intensity v  0.5267 (per year)
Probability of a switch to high mr,  0.2058

Intensity of customer-to-dealer contact pm 76.87 (per year)
Intensity of dealer-to-dealer contact A 78.04 (per year)

TABLE 1: Values of demographic parameters.

average; that customers contact dealers approximately every 3.25 days; and that dealers
contact other dealers approximately every 3.2 days.

Though we don’t observe arrival rates of meetings or preference shocks in the data, the
parameter values in Table 1 have implications for certain moments in the data that we do
observe, but that we did not directly target. For example, Figure 3 plots the chain length
distribution in the data and in our model. As one can see, the distributions have similar
shape—with most trades occurring through one dealer, and the frequency then declining
rapidly as the chain length increases—though the empirical distribution is slightly more
dispersed and more positively skewed than the model-implied distribution. The model
also has implications for the fraction of bonds held by dealers, which is reported in the
Flow of Funds. For the period 2000-2004, the data implies that broker-dealers held about
1% of the supply, which is a natural upper bound for 1 /s since broker-dealers may hold
bonds for reasons other than marketmaking. The calibrated model, in comparison, makes

the seemingly reasonable prediction that m /s = 0.71%.

Calibrating parameters to prices. The remaining parameters to calibrate are the bar-
gaining powers, 6 and 6p; the customer utility flows, {yy,y;}; the distribution of dealer
utility flows F(x) over the support [x, x;]; and the agents’ discount rate, 7.

To reduce the number of parameters to calibrate, we first impose a few a priori restric-
tions. First, in keeping with the existing literature, we set r = 5%. Second, we assume
symmetric bargaining power in inter-dealer trades, so that §p = 6; = 0.5. Third, we
normalize the utility flow of high type customers to y;, = r, so that the Walrasian asset

price is equal to one, and assume that the utility flow of low type customers is equal to
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FIGURE 3: The empirical (blue slanted lines) and the model-generated (solid red)

distribution over chain lengths.

the dealers” average valuation, so that y, = x. Lastly, we assume that the distribution of
dealers’ flow valuation is uniform.?’

After imposing these restrictions, there are three remaining parameters to calibrate:
the mean of the distribution of dealers’ valuations, x; the dispersion of dealers’ valuations,
xp — x¢; and the bargaining power of dealers when they trade with customers, 6. To
calibrate these parameters, we target the liquidity yield spread, the average markup, and
the sensitivity of the markup to chain length. Specifically, we target a liquidity yield
spread of 140bps, the average of the pre- and post-crisis measure documented in Ang,
Bhansali, and Xing (2014). In keeping with the empirical work cited above, we calculate

the liquidity yield spread as y;,/ P — r, where

FE/x:h dCDHﬁX) /xxh d¢;1E)XI) (QOAV(x)+91AV(x’))

2Robustness checks (not reported in this paper) suggest that these restrictions do not have much impact
on our main quantitative conclusions.
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is the model-implied average inter-dealer price.*® Next, we target an average markup
of 192bps, the estimate provided by Li and Schiirhoff (2014).>! Finally, we target the
relationship between the markup and the length of the intermediation chain: based on
the joint frequency distribution of markup and chain length in Table V of Li and Schiirhoff
(2014), we obtain that the beta of a regression of markup on chain length is about 23bps.>?
Note that, since we have characterized all the relevant distributions in closed form, the
model-implied counterparts of these three moments can be calculated very quickly via
numerical integration. See Appendix E.3 for details.

The liquidity yield spread and the average markup help identify the utility flow of low
type customers, y, = X, and the bargaining power, 6. This is not immediately obvious, as
one might expect that an increase in customers’ distress cost (a lower y,) or an increase in
dealers’ bargaining power (a higher ) would reduce measures of market liquidity, and
hence increase both the liquidity yield spread and the markup at the same time. What
delivers identification is the observation that the bargaining power has a greater impact
on the markup than on the yield spread. This is obvious in a simple example: if all dealers
have the same utility flow, and if the bargaining power is zero, then the markup is also
zero. Yet, the yield spread is positive because high-valuation customers who purchase the
asset have to be compensated for not being able to immediately re-sell when they switch
to a low flow valuation. While we are not able formally to establish this result, we can
check local identification numerically, as in Figure 4.3 The figure shows, as suggested by
our intuition, that the locus of pairs (6, y,) that match the target markup level is steeper
than the locus of pairs (6, y,) that match the observed yield spread.

Finally, to identify the dispersion in dealers’ utility flows, we attempt to match the
beta of markup with respect to chain length, of about 23bps. As noted earlier, as a
consequence of Lemma 7, we expect the model to produce a positive beta that increases
with the dispersion of dealers’ valuation. As an illustration, let us start with no dealer
heterogeneity (x;, = x;, = X) and set (6,y,) = (0.9728,0.3142y;,) so that the model

30Choosing yj, as the “cash flow” of our asset is a natural choice, as it implies that the liquidity yield
spread is equal to zero in a frictionless market, where P = v, /7.

31We use Tables III and XII to calculate this average markup for non-split trades.

32The empirical relationship between markup and chain length is highly non-linear. The advantage of
our beta measure is that it approximates the slope of this relationship for the most prevalent intermediation
chains, which (as we show in Figure 3) are relatively short.

33The result can be established formally in other cases, though: see, for example, Appendix E.2 for the
frictionless inter-dealer market of Duffie et al. (2005).
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FIGURE 4: The iso yield and iso markup schedules, assuming for simplicity that all

dealers have identical valuation.

exactly matches the target liquidity yield spread and the target markup. Starting with
this parameter configuration, we then progressively increase the dispersion of dealers’
flow valuation, keeping the mean the same, and re-optimizing only with respect to 6
to match the average markup (we find that the yield spread remains matched almost
exactly). The results, shown in Figure 5, confirm our intuition that the beta of markup
to chain length is positive and increasing in dispersion. However, the magnitude is very
small. Thus, dispersion in the utility flows of dealers fails to generate a quantitatively
and economically significant statistical relationship between the size of the markup and
the length of the intermediation chain.

The economic intuition behind this quantitative finding is clear. Given the demo-
graphic parameter values, generating the large average markup found in the data requires
endowing the dealers with almost all of the bargaining power. Recall that the spread

between the first and last price in a chain of length n can be written

0 [AW (y3) — AW (y0)] + (1 — ) [AV (x<n>> — AV (x<1>)] . (21)
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FIGURE 5: The beta of markup with respect to chain length as a function of the
dispersion in dealer’s flow valuation.

As 6 increases, this difference depends increasingly more on the customers’ reservation
values and less on the dealers’ reservation values. In particular, as 6 — 1 the equilibrium
converges to the so-called Diamond (1971) paradox and prices are independent of dealers’
valuations. Therefore, even though longer chains involve dealers with more dispersed
utility flows, the value of 0 required to generate a large average markup renders these
differences almost irrelevant, and markups are thus similar across intermediation chains
of different lengths.

5.3 An extended model

Equation (21) suggests that, to create a significant relationship between chain length and
markup, one needs a model in which higher type dealers are matched with customers
with higher utility flows. In this section, we show that this can be achieved within a
minimal extension of our benchmark model. Importantly, beyond improving the model’s
tit, this extension shows that our solution methods can be used to study alternative forms

of heterogeneity.
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An alternative assumption about heterogeneity. Suppose that high type customers are
heterogeneous in their valuations: when they switch from the low to the high type, their
utility flow is set to y;, + e, where the extra utility e € [ey, ¢;] is drawn from a cumulative
distribution function F(e) that is assumed to be continuous and strictly increasing. For
simplicity, we assume that all dealers have the same utility flow—say, y,—but that they
differ in their ability to locate customers with high willingness to pay for the asset. This hetero-
geneity could arise for a variety of reasons: some dealers could have a more extensive
client list, so that the maximum valuation among a sample of their customer-buyers is
higher, on average; or some dealers could simply have the technology to “cherry pick”
trades with customers that have higher valuations (say, because of lower trading latency).
Formally, denoting the type of a dealer by x € [x, x|, we assume that dealer owners
match assortatively with high-type customer non-owners.>*

We guess and verify that trading patterns are the same as in our benchmark model
and that there are no dormant dealers, i.e., that low valuation customers sell to the first
dealer they meet; high valuation customers always buy from dealers; and dealers trade
with each other along intermediation chains, with low x dealers selling to high x dealers.
Given these trading patterns, the distributions ®1(x) and ®((x) remain exactly the same
as before, and the distribution of extra valuation among high-type customer non-owners
is equal to F(e). Therefore, assortative matching between dealers and customers implies
that a dealer owner of type x € [xy, x| only meets high type customer non-owners with

extra valuation e = ¢(x), where the function €(x) solves

_ D)
mq )

F(e(x))

(22)

In Appendix E.3.2, we state the HJB equations for the reservation values of dealers and
customers, assuming the trading patterns described above, and confirm that the induced
reservation value of dealers and high-type customers is strictly increasing in type. We

then re-calibrate the model assuming that the distribution of extra utility flows is such that

34To provide microfoundations for this assumption, one can use the matching protocol in Board and
Meyer-Ter-Vehn (2015, p.502), where we let x € [x;, x;] denote the rank of a dealer in a line, and highly
ranked dealers pick their counterparty first.
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Parameter Symbol Main model Extended model

Supply per customer capita s 0.2058 0.2058
Relative size of the dealer sector m 0.004166 0.004166
Type switching intensity 0% 0.5267 0.5267
Probability of a switch to high Tty 0.2058 0.2058
Intensity of customer-to-dealer contact pm 76.87 76.87
Intensity of dealer-to-dealer contact A 78.04 78.04
Dealer bargaining power 0 0.971 0.9006
Utility flow of low type customers Ye 0.4570 vy, —0.009632 y;,
Upper bound of extra utility distribution ey N/A 0.0226

TABLE 2: Calibrated parameters in the main vs. the extended model.

e(x) = ep(x — x¢)/ (x5, — x¢), for some constant ej, to be determined, and we numerically

verify that our conjectured trading patterns are optimal.>®

Quantitative results. In our extended model, we now can obtain a perfect match of the
three calibration targets: the average level of markup, the liquidity yield spread, and the
beta of markup with respect to chain length.

Table 2 compares the calibration of our benchmark model to that of the extended
model. The values of the demographic parameters remain the same, by construction, but
one sees that the calibrated values of the dealers’ bargaining power, 6, and the utility flow
of low type customers, y,, change significantly. Intuitively, while the marginal customer
is the same in the two calibrations, the average customer is very different. In the first
calibration, the average customer’s flow valuation is yj, while in the second calibration
itis y, + |, :Zh edF(e). In an OTC market, this difference matters a great deal for dealers,
because they are able to sell assets at infra-marginal prices. All else equal, this ability
increases all inter-dealer prices and, hence, reduces the model-implied liquidity yield
spread. Therefore, to match the large liquidity yield spread observed in the data, the
calibration requires customers’ low flow valuation, y,, to be much smaller. To keep
markups from rising too much in response to the decrease in y,, the calibration also

requires a smaller bargaining power for dealers.

%The condition that the conjectured trading patterns are optimal restricts the dispersion of extra valua-
tions, controlled by e¢;, to be sufficiently small. Indeed, if the dispersion of extra valuation is too large, then
dealers do not find it optimal to sell to low-e customers. Instead, they prefer to sell to those dealers who
can locate high-e customers, and our conjectured trading patterns are not optimal.

36



Extended model Data
Chain length Dealer rank in chain Dealer rank in chain

1 2 3 4 5 6 7 1 2 3 4 5 6 7
n=1 100 - . . . . - | 100
n=2 54 46 - . . . - | 43 57 -
n=3 46 10 4 . . . -1 29 23 48 -
n=4 42 8 8 42 - . - 122 21 19 39 - .
n=>5 39 6 6 6 41 - . 19 9 25 12 34 -
n==o6 37 5 5 5 5 43 . 17 8 13 24 8 3
n=7 3 5 5 5 5 5 4 17 6 12 14 12 8 31

TABLE 3: The distribution of markups within intermediation chains.

While our calibration targets the average markup in chains of different length, it does
not directly target the share of markups received by the different dealers in the chain.
Table 3 shows the predicted (left panel) and actual (right panel) split of markups as
reported by (Li and Schiirhoff, 2014, Table 7). The details of the numerical calculations
required to compute the average shares of markup are in Appendix E.4. The table reveals
that, in the extended model, the first and the last dealer appropriate the largest share of
the total markup, similar to what is observed in the data. The share appropriated by
intermediate dealers is, however, smaller than in the data.

We conclude this section with some welfare calculations that we report in Table 4. The
table reveals that, despite the search and bargaining frictions, the OTC market is quite
efficient, attaining about 98 percent of total gains from trade.?® Notice that this efficiency
measure is the same in both calibrations: indeed, since low type customers and dealers
have the same utility flow, this measure only depends on the fraction of mismatched
assets, that is, the fraction of assets in the hand of low type customers or dealers. Since the
distributions are the same in both calibrations, so is the fraction of mismatched assets and
our welfare measure. However, the two calibrations lead to very different conclusions
regarding the distributions of gains from trade.?” In the main model, dealers are inferred

to have a large bargaining power, and so appropriate about 30 percent of gains from

36The gains from trade in a given market are defined as the difference between the utilitarian welfare in
that market, and the utilitarian welfare in an autarchic economy without dealers.

37The gains from trade appropriated by customers is the average of their OTC reservation values, less
their autarchic reservation value. The gains from trade appropriated by dealers is simply the average of
their reservations values. The sum of the customer and dealer gains from trade is, by definition, equal to
the gains from trade created by the OTC market.
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Main model Extended model

Frac. of total gains from trade in OTC market ~ 98.0741% 98.0741%
Gains from trade appropriated by customers 70.52% 89.37%
Gains from trade appropriated by dealers 29.48% 10.63%

TABLE 4: Welfare analysis of the main vs. the extended model.

trade.® In the extended model, dealers are inferred to have a lower bargaining power,
and so appropriate only about 10 percent of gains from trade. This highlights the im-
portance of distinguishing between different forms of heterogeneity in making inferences

about dealers” market power.

6 Conclusion

In this paper, we generalize the benchmark search-theoretic model of OTC markets in
two ways: dealers trade together in a frictional inter-dealer market, and are arbitrarily
heterogenous in terms of their valuation or inventory cost. We show that this generaliza-
tion entails no loss of tractability and has substantial benefits. In particular, the model is
able to account, qualitatively and quantitatively, for the key stylized facts documented by
empirical studies of the intermediation process in OTC markets. Our methods generalize
to other forms of dealer heterogeneity. The model provide a natural structural framework
to study a number of other important issues such as the effect of trading speed on market
outcomes, the effects of regulation, and the effects of shocks to dealers’ participation in

decentralized markets.

3Notice that, while each individual dealer appropriates over 97 percent of the surplus in any bilateral
match, they collectively only appropriate 30 percent of the total gains from trade. This is because, in a
dynamic model, the surplus only represents a fraction of the gains from trade: it represents the benefit of
trading with the current counterparty, rather than searching and waiting for another one.
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A Appendix of Section 3.2

This section is devoted to the proof of Proposition 1. To facilitate the presentation, we start by
fixing some notation that will be used throughout the appendix. We denote by D. = {y,,y;,} the
set of customer types, by D; = [x, x;] the set of dealer types, and by D = [dy, J;,] a closed interval
that contains in its interior the types of all market participants. We extend all the distributions to

this interval by setting

/ch:/d}/lq:/dF:/dq)qZO, AND.=BND; =0,
A A B B

where

1q(9) = Loy e + Loy, g

denotes the cumulative distribution of utility types among customers who hold g units of the
asset, and F, = po + p1 denotes the cumulative distribution of utility types among the population
of customers. Finally, we label each agent by a pair (6,a) € D x {c,d} that records his current

utility type and whether he is a customer or a dealer. Accordingly, we let
AU((X, 5) = 1{tx:d}AV(6) + 1{a:c}AW(y)

denote the reservation value of an agent of type («,d). With these notations, we can re-state the

HJB equations (6) and (7) as the fixed-point problem:
rAU(a,d) = rR[AU|(w, ) (23)
with the operator defined by

R[AU](c, ) = 5+7/D (AU(c,8') — AU(c, 6)) dF.(8')

1

+ Y p(1-0)29—1) [ (20— 1)(AUM@S) — BU(c,0)) T dr4(8),
q=0

1

R[AU(d,6) = 6 + ZOpG(Zq —1) /D ((29 — 1)(AU(c,8') — AU(d, 6))) " dp1_4(8")
q:

+ dq)l—q(‘s/)

1
+ Aeq(zq—n/p((zq—1)(Au(d,5’)—Au(d,a))) e
q=0
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Remark A.1 Because we work with the extended set of utility types D, the fixed point equation
produces reservation values for some types that do not belong to the support of the underlying
distributions. This simplifies the presentation and is without loss of generality. Indeed, because a
customer can only meet dealers whose utility types lie in D, and a dealer can only meet customers
whose utility types lie in D,, we have that the reservation values of customers in D\D, and of
dealers in D\ D, have no impact on the reservation values of agents whose utility types belong to

the support of the corresponding distribution.

Our first result establishes a set of fundamental properties shared by all solutions to the fixed

point equation (23).

Lemma A.1 Assume that AU : {c,d} x D — R solves equation (23). Then the map 6 — AU(«,d) is

strictly increasing and satisfies

1 AU, &) — AU(x,5) 1 R
< <
r+a = 5 —0 i PR v Eted) o £ D @9
with the constant
a=max{A+p0,v+mp(1—0)}. (25)

In particular, for each given o € {c,d} the map 6 — AU(a,d) is absolutely continuous and, therefore,

uniformly bounded.

Proof of Lemma A.1. Assume that we have AU(«,d") < AU(«,d) for some a € {c,d} and &' > 4.
Using the assumption of the statement in conjunction with the fact that the evaluation R[AU](«, 6)

is non increasing in AU (&, §) we deduce that

rAU(a,6) = rR[AU](a,d) < 6 — &' +rR[AU](a, ")
=560 +rAU(a,d") < rAU(x,é")

which contradicts our assumption. To establish (24) let § < ¢’ be arbitrary. Since AU(a,d) <

AU(w, ") the same arguments as above imply that

r(AU(w,6") — AU(x,6)) = r (R[AU](a,6") — R[AU](w, 6))
<& =5 =1y (AU(w, 8') — AU(a, 6))
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and the upper bound follows. Now consider the lower bound. Combining the fundamental

theorem of calculus and the increase of the map § — AU(«, §) shows that we have

AU (a,6")

&—AU&J»*—Q—AUMJW+:/) 1(en)dz,

AU(a,0)

(Au(ﬂ(, 5/) _ x)+ _ (All(rx, 5) . x)-i— _ /AU(D(,&’) 1{x<z}dz
AU (a,6) -

for all x € R. Using these identities together with the definition of R and a change in the order of

integration we then obtain that
r(AU(a,8') — AU(a,9)) = r(R[AU](a, 5 — R[AU](a,6))

, 1 AU (a,0")
=061 [ L (7 p(1 = 0)@y(Agy )
g=0 &,

+ 10— (:191qq>q(Ad,q(Z)) + Peﬂq(Ac,q(Z))> } dz
> —6—a(AU(a, ") — AU(a,d)),
where we have set
Apg(z) ={x€D:(29-1)(z— AU(a,x)) >0},

and the last inequality follows from (25). This establishes the required lower bound and the
remaining claims now follow by observing that (24) implies that the map 6 — AU(«, J) is Lipschitz

continuous on the compact set D. n

Equipped with Lemma A.1, we are now ready to establish the existence and uniqueness of the

solution to the reservation value equation.

Lemma A.2 Equation (23) admits a unique solution AU : {c,d} x D — R.

Proof. By Assertion 2 of Lemma A.1 it suffices to show that equation (23) admits a unique bounded
solution. By definition, we have that f is a fixed point of the operator R if and only if it is a fixed

point of the operator

a r
r+af+r—|—a

Pf] = R[f]
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where a is as in the statement of A.1, and we will show that this operator is a contraction on the

space X of uniformly bounded functions from {c,d} x D into R. Since

0=(x—y)" —max{x,y} +y=(y—x)" +min{x,y} —y
for all (x,y) € R?, we have that

(r+a)P[f](a,0) — ¢

Loy (1= 0)f00) + 7 [ Fle,0)aE) 20
#p(1=0) () max{£(d,8), fc,0)}d@) + [ min{f(d, ), £(c,0)}dr(0) )|
ey | (0= 00) (0,0

40 (| max{£(c,6), £, 0))uo@) + [ min{f(d,0),£(c,0) (0 )

1200 4 g, / min{f(@,6), f(d,a)}”@;(‘sl)ﬂ

m

A (91 /D max{f(d,®), f(d,6)}

with the constants

a.=7v+mp(l—6)<aq,

ag=p0+A Y 01_g(Dy(6,)/m) < a.
q=0,1

It is now immediate to see to that the operator P maps X into itself, is monotone, and satisfies the

discounting condition

ae
r+a’

P[f +¢€](a,6) = P[f](a,6) + € >0.

Therefore, Blackwell’s sufficient conditions for a contraction hold and the statement now follows

from the contraction mapping theorem. n

Proof of Proposition 1. The result follows by combining Lemmas A.1 and A.2. [
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B Appendix of Section 3.3

This section collects all the proofs for Section 3.3 in the paper.

B.1 Proof of Lemma 1 and its converse

We first establish Lemma 1 and its converse.

Lemma B.1 A distribution (u, ®) is stationary if and only if it solves a constrained version of the system
of equations (3), (4), (5),(8), (9), and (10), in which we prohibit two types of trades: between low type

customer non owners and dealers, and between high type customer owners and dealers.

Notice that it is important to prove the converse as well, so as to establish that the original
system of steady state equations is equivalent to the constrained one. To prove this result, suppose
we have found a solution of the unconstrained system given by (3), (4), (5), (8), (9), and (10). If we

show that this solution satisfies

0= pp®1 ({AV(X') < AW(ye)}), (27)
0= @ ({AV(¥) > AW(yn)}), (28)

then it also solves the constrained system in which trades between low type customer non owners,
high type customer owners, and dealers are prohibited. Let us focus on (27), as the argument for
(28) is identical. If AV (x") > AW(y,) for all x" € [xy, x;], then &1 ({AV(x) < AW(y,)}) = 0 and
so the result is obvious. Otherwise, consider any x € [xy, x;,| such that AV(x) < AW(y;). Then,
AV (x) < AW(y;) as well. As a result, dealer owners with type less than x have no incentives to
buy from customers, and the first term on the right-hand side of (10) is zero. It follows that all the

other terms are also zero. In particular, we have that
pra® ({x' <2} N {AV(Y) S AW(y)}) =0,

and (27) obtains by evaluating the above equation at x = x;,.

Now conversely suppose we have found a solution of the constrained system. If we show that
this solution satisfies (27) and (28), then it must solves the unconstrained system. As before let us
focus on (27), as the argument for (28) is identical. If ®; ({AV (x') < AW(y,)}) = 0, then the result
follows. Otherwise, suppose there is some x € [x, x| such that AV (x) < AW(y,) and ®;(x) > 0.
Then, the set {x’ < x} N {AV(x") > AW(y,)} is empty. Therefore, on the right-hand side of (10),
we have that pppPo ({x' < x} N {AV(x") > AW(y,)}) = 0, and so all other terms must be zero as
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well, in particular
puno®1 ({x' <x}N{AV(x') < AW(yn)}) =0.

Since AV (x) < AW(yy), then AV (x) < AW(yp,),s0®P1 ({x' < x} N {AV(x') < AW(yp)}) = P1(x).
By our maintained assumption that ®;(x) > 0, we conclude that ;g = 0. Now, plugging that

tno = 0in the constrained version of (9) implies that 4y = 0.

B.2 Proof of Proposition 2

We fix some k = (ko, k1) € K, and we seek to find the solutions (m, u, ®) to the following system

of equations:

mo = ®o(xy,) — ko (29)
my = ®1(x,) — ki (30)
mo+ko+m +k=m (31)
Hno + M = Tty (32)
Heo + Mo = T (33)
Ppi+pe +my+k=s (34)
Y7o = YTTepno + OHROMI (35)
YT Mn = YTThie1 + PHe1Mo (36)
pup max {Po(x) — ko, 0} = pppo min {Pq(x), mq } + %Cbl(x) (mo + ko — Pp(x)) (37)
o (x) + Py (x) = mF(x). 8)

This is the same system as shown in the text, with the addition of (31). This equation is redundant
(it can be obtained by adding up (29), (30) and using (38) evaluated at x = x;) but will prove
convenient. This system has ten equations and eight unknowns, which suggests that one more
equation is redundant. Hence, our solution strategy below is to relax the system by dropping the
tirst two equations, (29) and (30), show that the relaxed system of eight equations (31) through
(38) has a unique solution, and verify that this solution satisfies the two dropped equations.

Notice as well that the system given by (31) through (38) is block diagonal. The first six
equations, (31) through (36), only involve m and y, the measures of active dealers and customers.
The distributions across dealers, ®, only appear in the last two equations, (37) and (38). Thus, we
solve the system in two steps: we first solve for (m, u) using (31) through (36), and then for ®
using (37) and (38).
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B.2.1 Solving for (m, ;1) given k

In this subsection, we fix an arbitrary k = (ko, k1) € K and use the first six equations, (31) through
(36), to solve for (m, j). To construct this solution, we distinguish two cases.
Assume first that k is such that ko + k; = m. Since (mp, m;) must be nonnegative, it follows

from (31) that my = m; = 0, and it is then easy to verify that the solution for y is

Heo = 700 — o1 = 700(s — k1), (39a)
Hho = Ty — P = (1 +m —s — ko). (39b)

Assume next that kg 4+ k1 < m. Substituting 9 = 7y — p1, from (33), into (35) and multiplying
both sides of the equation by 1, we obtain that

YT T My = YT o1 Mo + YT PRpoMo + PHRoMoM; . (40)

On the other hand, subtracting (36) from (37) and using (32) and (33), we obtain that

PHRoM1 = PHe1Mo. (41)

Substituting (41) into (40) and solving for 1y, we obtain the formula for ;0 shown in Proposition
2. In doing so, we are using that ko + k; < m which, together with (31), implies that either m; > 0
or mp > 0, and ensures that the denominator is not zero. If my > 0, then the formula for y/; in
Proposition 2 follows from the just derived formula for yjo and from (41). If my = 0, then the just-
derived formula for yuj implies that y;,0 = 0, (35) implies that y»y = 0 and so from (33) iy = 71y,
meaning that the formula for i/, in Proposition 2 holds as well. Now, substituting these formulas
into (34), and using (31), we obtain the following equation for m;:
yroprty (2my + ki + ko — m)

°= + 715, + mq + k. 42
Yrrumy + vty (m — ko — k1 — my) + pmy (m — ko — k1 — my) h 1+ k1 (42)

The derivative of the right-hand side with respect to m; is

yrprty, (pm3 + y(m —ko — k1) + p(m — ko — k1 — mq)?)

1+ > 1,

(pml(m — ko — k1 — ml) + 'Y(?Tg(m — ko — ki1 — m1) + ﬂhml))z

hence the right-hand side of (42) is strictly increasing in m;. Moreover at m; = 0, the right-hand
side is k1 < s by definition of the set K, while at m; = m — ko — ky itisequalto 1 +m — ko > s

by definition of the set K. Therefore, it follows from the intermediate value theorem that this
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equation has a unique solution, and it is now straightforward to verify that this construction leads
to a solution of (31) through (36).
To complete the proof, it remains to establish continuity (which is not completely obvious at

points such that ko + ky = m where my = m; = 0). To do so, rewrite (31)-(38) as

0= f(;l/l, my, mllk)

for some function f : [0,1]* x [0,m]?> x K — R®. Fix an arbitrary k € K, consider a sequence
(k")%>_; C K converging to k € K and denote by (1", m, m)""_, such that the associated sequence
of measures of customers and active dealers. Since solutions are uniformly bounded, we can
extract a subsequence (u*, mf, m})>_, converging to some (y,mo,mi). Now, since f is clearly
jointly continuous we obtain that

0 = lim f (u*, mgy,my, k%) = f (u,mo, my, k).

n—r00

But we have already shown that the system (31)-(38) has a unique solution. This means that all
subsequences have the same limit, equal to the unique solution of the system given k. Therefore,

the original sequence converge to that limit as well, and continuity is established.

B.2.2 Solving for ® given k

We now turn to the last two equations, (37) and (38), given the tuple (m, u) solving the first six
equations (31) through (36). As stated in the main body of the text, we substitute (38) into (37),
and we obtain that for each each x € [xy, x;,] the measure ¢ = ®;(x) of dealer owners with utility

type below x solves
A . .
0= po (mo + ko + ¢ — mF(x)) + pppo min {p, mq } + pppy min {¢p — mF(x) + ko,0}.  (43)

Existence. It is straightforward to check that the solution reported in Proposition 2 indeed

solves equation (43).

Uniqueness. Suppose first that yy; = 0. In this case, it follows from (36) that yj; = 0, and from
(32) and (33) that ug = 7, and pyy = my. Since upom; = ppmp, we thus obtain that m; = 0.
The market clearing equation (34) then implies that k1 = s, and (31) implies that mo + ko = m —s.
Using these results and plugging (38) into (37), we obtain that

P (x) (m—s—mF(x)+P1(x)) =0.
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for each x € [x, x]. Using the fact that ®; (x) is increasing (because it is a cumulative distribution
function), continuous (because it is absolutely continuous with respect to F(x)), and such that
@ (x),) = s we then deduce that the unique solution is ®;(x) = (s — m(1 — F(x)))™.

Assume next that the given masses of dormant dealers are such that yy; > 0. In this case, we

rewrite equation (43) as

A .
0= E(P (¢ — mF(x) + mo + ko) + ppnomy + pppo min {¢ — m11,0}

+ ope1 (¢ — mF(x) + ko) + ppier min {—¢ + mF(x) — ko, 0} .

Using pupomi = ppe1mo and factoring terms, we obtain the equivalent equation:

0= (50-+omn ) (9 = () + 0+ o) o

+ pppo min {¢p — m1,0} + pprpy min {—¢ +mF(x) — ko, 0} .

Since jt1 > 0 we have that the right hand side is strictly negative for 0 < ¢ < (mF(x) —mg— ko)™,
and it follows that any solution must lie above that threshold. Now, the derivative of the right

hand side of (44) with respect to ¢ is greater than:

A A
%4’ +ppn + - (¢ — mF(x) 4 mo +ko) — ppie1,

where we took derivative of the first term and we used the fact that the derivatives of the second
term and third terms are, respectively, greater than zero and —py ;. Clearly, this lower bound is
strictly positive for all ¢ > (mF(x) — my — ko)*. Therefore, the right hand side of (44) is strictly
increasing in ¢, and the existence of a unique solution now follows from an application of the

intermediate value theorem.

B.2.3 Verifying that the dropped equations hold

We need to verify that the two equations we dropped at the beginning of this construction, (29) and
(30), hold. Given (31) and (38) evaluated at xy, this is equivalent to verifying that (30) holds, that
is, my + k1 = ®1(xy). If kg = m, then my + k; = 0, and it thus follows from (39) and the formula of
Proposition 2 that ®;(x;) = 0. Otherwise, it follows from (31) that mg + ko + k1 < mF(xy,) = xy,

and from the formula of Proposition 2 that ®1(x) = m — ko — my = my + kj.
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C Appendix of Section 3.4

This section gathers the proofs of Theorem 1, Proposition 3, and Proposition 4.

C.1 Proof of Theorem 1

Before embarking on the proof, we start by establishing the joint continuity of the reservation
values with respect to utility types and the masses of dormant dealers. The reservation value of

an agent of type (&, d) who faces the distributions induced by a given k € K solves
AUk(uc,é) = Rk[AUk](Dé,(S), (45)

where the operator Ry is defined as in (23) but with the distributions y,(4, k) and ®,(4, k) induced
by k instead of the generic ones. From the results of Lemmas A.1 and A.2, we have that this fixed
point equation admits a unique solution for each k € K, that this solution is strictly increasing in

utility type, and that it satisfies the sector condition (24).

Lemma C.1 The map (6,k) — AUy (w, ) is continuous on D x K for each « € {c,d}.

Proof. Let Ay C X denote the set of functions f : {c,d} x D — R that are non decreasing in
utility type and such that
6 =6

sup (f(a,0") — f(a,0)) < — 5 < €D (46)
ac{cd}

Because the unique solution to (45) satisfies (24), we have that AU € X, and continuity in 6 € D
for each fixed k € K follows immediately. To prove continuity in k we argue as follows. Consider
the operator defined by

o

Plfl(w,6) = ——

Relf)(2,6) + —— f(wa),

with a as in (25) and observe that f = Ry[f] if and only if f = P[f]. The same arguments as in the
proof of Lemma A.2 show that for each k € K, the operator Py satisfies Blackwell’s conditions for
a contraction on X with modulus Hia Since &y + R4 C AX), the only thing required to conclude
that the same properties also hold on the closed subset &) is to show that P, maps &} into itself.
Fix an arbitrary f € X). From (26), we have that the evaluation (v + a) P[f](«, ) — J is increasing

in f(«, ), and since the latter is increasing in § we have that Py[f](a, ) inherits this property. On
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the other hand, using (26) and the assumed increase of f € &) in conjunction with the fact that
(max, min){a,b} — (max, min){a,c} <b—c, forb > ¢

we deduce that

(r+a) (Pelf1(a,0") — Pc[f](a,6)) — (6" =)
< ey (=) (f(c,0") = f(c,0)) + 1paegya (f(d,0") — f(d,0)) < (a/r) (6" =)

forall 6 < &', and it follows Py[f] satisfies (46). Next, we claim that the map k — P;[f] is continuous

from K into X’ for any given function f € Aj. Indeed, using (26) and
1 1
0=mF(6) = )_ @q(6,k) = mF.(6) — )_ 1q(6,k), (6,k) € D x K, (47)
q=0 q=0

we deduce that for any (8,k k') € D x K?, we have

Polf)(a,6) = Bilf) (@) us)
=100 P 1 (0,0) — fe,0)] (0 (8, ) — dn (8, 8)
+1{ad}f/ 1f(c,8") = f(d,6)| (dpua (&', k) — 1 (8',K'))

/ max{f(d, &), f(d,8)} (A1 (8, k) — ddy (5, K'))

+ 1{”‘:d} (r —|— a)

14 d}i / min{f(d,&"), £(d,8)} (A®1 (8, k) — d: (&, k).

If f € &), then (46) and the fact that the composition of Lipschitz functions is itself Lipschitz imply
that, for every fixed & € D, there are functions (471»,5)?:1 such that

sup |¢is(8")] < 1/r (49)
JeD

and

5}1

1(6,8) = |f(d,8) - fe0) = 016,60 ~ [ pra)i
2(6,8) = |f(e8) = f(d,0)] = 2(6,60) ~ [ pas()
93(6,8") = (6 max —6ymin) {f(d, "), f(d,6)} = q3(3,6;,) — /;h $3,6(x)dx
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for all &' € D. Substituting these identities into (48) and changing the order of integration shows
that, for any (4,k, k') € D x K?, we have

Pe[f)(a,6) — Pe[f](a, )

1-6
= l{azc}p(r T ) {41 ((5,(5;1)Aq>1<5h,k,k,) — /D(Pl,(;(X)ACDl(X,k,k/)dx}

9 "
+ 1{a:d}rﬁ_7a {q2(5/ On) A1 (On, k, k') — /D P2,5(x) A (x, k, k/)dx}
A
—|—1{a_d}rn(r+a){6]3(5,5;,)Aq)1(5h,k,k,) - /D¢3,5(x)Aq)1(x,k,k’)dx},
where
(A‘Ml,Aq)l)(é,k,k/) = (yl (5,’() — y1(5,k,),q31(5,k) — @1(5,k’))

denotes the changes in the distributions when moving from k’ to k. It now follows from (49) and
the boundedness of f € &) that

sup| (P~ Po) [f](e,6)] < B (sup A3, )|+ mae 11 (K) ~ i (K) r) (50)

(a,6) seD

for some B > 0. Since the functions (1 (k)) ;7: , are continuous on K, the second term on the right
hand side converges to zero when k' — k. On the other hand, because the function ®;(4,k) is
continuous on D x K and this set is compact, we have that it is uniformly continuous on that set.

Therefore, for every € > 0 there exists f > 0 such that
1(6,k) — (8", K")|| < p=|®1(6,k) — ®1(¢, k)| <e.

Observing that |k — k’| < B if and only if ||(6,k) — (6,k")|| < B, we conclude that for every € > 0
there exists > 0 such that

|k —k'| < B = sup |AD;1(6,k, k)| = sup |D1(6,k) — D1(5,K')| < e.
0eD 0eD

This in turn implies that the first term on right hand side of (50) tends to zero whenever k' — k

and continuity follows. Combining the above results shows that P[k, f] = P[f] is continuous in
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k € K for each given f € &j and such that

a

sup [(P[k, f] = P[k, g]) (a,0) < sup [(f —8) («,6)].

(a,0) P (ws)
Therefore, it follows from Lemma E3 that k — AU is continuous from K into X. This in turn
implies that AU (a,d) is equicontinuous in k, and the required joint continuity on D x K now

follows from the result of Lemma F.2. [
Proof of Theorem 1. To establish the result it suffices to prove that the function

q)()({x S Dd : Auk(d,x) < Auk(C,yg)},k)

<I>1({x €Dy Auk(d, x) > Auk(c,yh)},k)

A(K) = Ao(k)
Aq(k)

admits a fixed point in K. This will follow from Brouwer’s fixed point theorem once we show that

A(k) is continuous and maps K into itself. The latter property follows by noting that

Ao(k) + Aq (k) < i ®,(D,k) = m,
q=0

Al(k) S q)l(D,k) S yl(D,k) +q)1(D,k) =S,
and
14+m—s—Ag(k) >m—Aog(k) >m—Dy(D, k) =P1(D,k) >0

as a result of (47) and the fact that s € (m,1). To establish the former property, consider the pair of

functions defined by
fi(6,k) = AUk(d, 8) — min { AU(d, xp,), max { AUk(d, x), AUk(c,yj) } }, forj e {¢,n}

By Lemmas A.1 and C.1, we know that these functions are continuous in (4, k) as well as strictly

increasing in J and that they satisfy (72) with ¢ = r%ﬂ and C = 1. Therefore, it follows from

Lemma F4 and the increase of reservation values that

{x € Dy : AU(d, x) < AUk(c,ye)} = {x € Da: fo(x, k) < 0} =[xy, 6,(k)]
{x € Dy: AUk(d, x) > Auk(C,yh)} = {x € Dy :fh(x,k) > O} = [(5h(k),xh]
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for some continuous functions é; : K — Dy, and this in turn implies that

A(K) = Do (¢ (k), k)
ki +my — @1 (0,(k), k)

Since the functions my, 6;(k), and ®;(J, k) are all continuous, this identity implies that the function

A(k) is continuous and the proof is complete. |

C.2 Proof of Proposition 3

We start by stating a formal definition of a steady state equilibrium without trade.

Definition 1 A no-trade equilibrium is a steady state equilibrium such that p1(6) = u1(6p)Fe(9) for all
utility types 6 € D and

| (V) = 8V () do () (x) =0, G1a)
oo (V) AW () o ()di () =0, 51b)
o AW() = AVE) i )do(x) = 0, (510

where the sets S 4 and S, denote the supports of the measures induced by the equilibrium distributions of

types and asset holdings among customers and dealers.

Our first observation is that, in a no trade equilibrium, the allocation of the assets among

dealers is efficient given the available supply.

Lemma C.2 In a no trade equilibrium we have that (xo, x1) € Sz X Sy implies xo < x1. In particular,

S0 = [x¢, x| and S;1 = [x*, xy,] for some x* € D,.

Proof. Assume toward a contradiction that the claim does not hold. Then it follows from (51a)
that we have AV (xy) — AV (x1) < 0 for some xg > x;, which contradicts the strict increase of the
reservation value function. This in turn implies that Sd,q = [gq,ﬁq] for some ag < g, and the result

now follows since S;0 U Sz1 = [xy, xp]. [ |

After these preliminary results, we are now ready to embark on the proof of Proposition 3. Rather
than proving the result as stated in the text, we will establish its contrapositive, namely that the
validity of either condition (13a) or condition (13b) is necessary and sufficient for the existence of

a no-trade equilibrium.
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Proof of necessity. Assume that the distributions (y, ®) and the reservation values (AV,AW)
form a no trade equilibrium. Then 1 (8) = u1(6y,)Fe(9), and we claim that y1(J),) € (0,1). Indeed,
if p1(6y) = 0 then all assets would be held in the dealer sector, which is not compatible with
market clearing since s > m. Similarly, if y1(J,) = 1, then all customers hold the asset, which is
again inconsistent with market clearing since s < 1 by assumption.

Given that y(6,) € (0,1), we have S;; = {y,, 1}, and it thus follows from (51b), (51c), and

the strict increase of the reservation value function that
AV(.X‘()) < AW(yg) < AW(yh) < AV(xl), (xg, X1> S Sd,O X Sd,l-

Letting x, converge to the threshold x* of Lemma C.2 and using the continuity of reservation
values shows that the sets S;p and S, ; cannot both be nonempty. Assume first that S, = @ so
that all dealers hold the asset. Since y1(6;,) > 0 this implies that

0= Py() = P1(5) — mF(9),

0= po(6) — (1-+m = $)F(8) = pr () — (5 — m)F(9).

Therefore, it follows from (51a), (51b), and (51c) that the reservation values satisfy
AV (xg) = AW (yn) (52)

and solve the system given by

AW(Y) =y+7 [ (AW~ AW@)AEW), 53)

(AV(x) — AV())E() — 0 (s —m) [ (AV(x) = AW(y)E (1159

rAV(x) = x — AQO/
D

X¢

A direct calculation shows that the unique solution to (53) is

= (1) () .

where E.[] denotes an average with respect to the cross-sectional distribution of customer types.

Substituting this solution into (54) and evaluating at the point x, then gives

(r4+p00(s—m))AV(xy) = x4+ pb (s — m) E.[A(y)],
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and the necessity of (13a) now follows from (52). Assume next that S;; = @ so that all the assets

are in the hands of customers. In this case we necessarily have that

0 = D1 (8) = Do (3) — mE(8),
0= jo(6) — (1 - 8)E:(8) = 1 (6) — sE(d).

Therefore, it follows from (51a), (51b), and (51c) that the reservation values satisfy
AV (xp) < AW(yr) (55)

and solve the system given by (53) and

Xn
rAV (x) = x+/\91/ }

X

(AV(x) = AV()AE() +p0 (L=3) [ (AW(Y) = AV (x)dE ().

Proceeding as in the previous case shows that the unique solution to this system of equations
satisfies both AW(y) = A(y) and

(r+ 08 (1— 5)) AV (x4) = 3+ 8 (1 — 5) Ec[A(y)]
so that the necessity of (13b) now follows from (55). |

Proof of sufficiency. Assume first that (13a) is satisfied and consider the candidate equilibrium

distributions given by

#1(6) = Fe(d) — po(9) = (s — m)F(9),
®1(6) = mF(8) — ®o(8) = mE(6).

The reservation values induced by these distributions are defined as the unique solution to

rAW(y) =y (56)
+ [ 7(AWE) = SWW)AE(Y) —pm(1—0) [ (AV(x) — AW () dE(x)
FAV(x) = x — Afy / YAV (x) = AV(X)) HE(x) (57)

—p0 (s —m) [ (AV(x) = AW()) aE(y) +p0 (L+m —3) [ (AW (y) = BV (x)*dE(y).
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To prove the sufficiency of (13a), we have to show that the unique solutions to these equations are

such that (52) holds. Consider the simplified system given by

M) =y+7 [ (W) = W)W

r0(x) = x =20 [ (V(x) = V()" dE(x) =00 (s = m) | (V(x) = W(y))dFe(y).

X¢

The same arguments as in the proof of Lemma A.1 show that this system admits a unique solution
and that this solution is strictly increasing in utility type. The solution to the first equation is easily
seen to be W(y) = A(y). Substituting this solution into the second equation and evaluating the

resulting expression at the point x = x;, then shows that

X+ p6 (s — m) Ec[A(y)]
r+p0 (s —m) '

<>

(x¢) =

Using this expression in conjunction with (13a) and the fact that the solution is strictly increasing

in utility type then shows that we have

A

V(x) > V(x) = W(y), xeD.

This in turn implies that the functions (V(x), W(y)) solve (56)(57) and (52) now follows from the
above inequality and the uniqueness of the solution to the reservation value equation. The proof

of the sufficiency of (13b) is similar. We omit the details. |

C.3 Proof of Proposition 4

Assume towards a contradiction that AW (y,) > AV(x;), even though the stated conditions hold.
Together with (6) and (7) this implies that

0>r(AV(x) —AW(y)) =A—B
with the nonnegative constants

A=z 20 | avE) - avix))taes),

+0(1=0) [ (W (y) = AV(8) dr(6) +p0 [ (AW(E) = 8V (x1)) ()
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and

AB
B =y +ym(AW() — W() + =0 [ (AV(x) AV (x) a1 (8),
00 [ (8V(x) = W) (0 +p(1=6) [ (AV(D) = AW (y,)) " d@o(8).
The assumed inequality and the results of Lemma A.1 then show that we have

Az 20 [ (aV(E) - AV i),

B <rA(y,) + mp(1—0) /D(AV((S/) B AV(xﬁ))dq);(y),

and therefore

0> r(AV(x;) — AW(yy))

> x; —rA(ys) — (mp(1—0) — Ab1) /D(AV(é’) - AV@@)M

> = rAly) ~ (mp(1 -0~ pen)* [ (£50) S0

> 3y = rA(y) - (mp(1 - 0) — o)~ (£,

where the third and fourth inequalities follow, respectively, from (24) and (4). Under the stated

conditions, the rightmost term is nonnegative and the required contradiction follows. The proof

of the upper inequality AV (x;,) < AW(y;) is similar and thus omitted. The expressions for the

reservation of dealers follows from the calculations reported in Appendix E.3.1, and the linear

system verified by (AV (x;), AW (y,), AW(y;,)) is given by (69).

D Appendix of Section 4

This section gathers the proofs of the results in Section 4. As stated in the text, all the calculations

below assume that the exogenous parameters of the model are consistent with an equilibrium in

which kg = k1 = 0.
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D.1 Proof of Lemma 2

The inflow-outflow equation for the distribution of dealer owner types is:

P Po(x) = pppo®1(x) + %®1(x) (mo — Do(x)) .

Solving for ®(x) as a function of ®;(x) and using that the fact that p,gm; = prg1mg in equilibrium,

we obtain:
mo—Po(x)  pppo (M1 — P1(x)) /m

m C ppn FAD(x)/m )

and it follows that

A
pHno + A1(x) = ppno + p (mo — Po(x))

A(ml—cbl(x))/m) — 0 Pupn + Amy/m
pper + APy (x)/m " ot + ADy (x)/m’

= PHno (1 +

Substituting back in the integral we find that the average inventory duration in the dealer sector

is given by

1 /xh (pym —i—/\d>1(x)/m) ddq(x)
PHRO ppe + Ami/m my

Xy

Since the utility types of dealers have a continuous distribution, we can make the change of

variable z = ®1(x)/mj. This gives

1 Y ppn+Amy/m xz 1 [ /1+4zx
7/ dz = / dZ,
PHno Jo ppa + Amy/m prno Jo \ 1+ x

where the equality follows from the fact that x = )‘;”ﬁ'/o = A’;Z;W/l ™ and computing the integral

delivers the desired formula.

D.2 Proof of Lemma 3

To complete the proof we need to show that

{x1) = x}) A (X) Ax,x!)R?

dfi(x) =P ({n >k} 0 {x® € dx'} " oo+ M(x) (k—2)!
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forall xy < x < x’ < x; and k > 2. We have already shown that result holds for k = 2. Now
proceeding by induction, let us assume that it holds for some k > 2. Using this assumption, we

compute that

/

A () = /x ({n>k+1}m{x<k+l> > k)0 (¥ = 2}) dfi2)

_ / (z) ddy(x') —dA(z)  A(x,z)F2
OHho + M(z) mo — Po(z) ppno + A (x) (k—2)!

_—le(x)/"'a (A(x,z)k—1> () Al )R
Como+ () Je k=) po+ M(x) (k=1)E

where the first equality follows by conditioning on {x¥) = z} and using the observation that
(xU ))]?“’:1 is a Markov chain; the second equality follows from the induction hypothesis; and the
remaining equalities follow by observing that we have d®(x") / (mp — Po(x)) = —dA1(x")/A1(z),
0:A(x,z) = —dA1(2)/ (ppno + M(z)), and A(x, x) = 0.

D.3 Proof of Lemma 4

Combining (19) with the result of Lemma 3 and changing the order of integrations shows that the

required probability is given by

h dCDO M A(x, )2 —dA(x)
>
Flin=hk) = / / (k=2)!' pppo + M(x)

n d/\1 o A(x, x") k 2 da ()

- Jx, /\mo/m (k—=2)! pppo + A1(x)
o dAq(x") /x' A(x, x’ )k 2 dMh(x) e dA (X)) Alxy, x')k=1
Uy Amg/m Sy, (K=2)! pupo+A1(x) Sy Amg/m (k—1)!

Now, making the change of variables z = A;(x") we find that

P((n>kp) =" +X><Fk<0>r;(g§<log<1 +0))

where I'y(z) is the incomplete Gamma function and the desired result follows from standard

properties of the zero-truncated Poisson distribution.
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D.4 Proof of Lemma5

Substituting (58) into the integral shows that the interdealer trading volume is given by

_ puno (m1 — ®1(x)) /m
= ()

Using the same change of variable as in the proof of Lemma 2, we then obtain that:

Ldz(1-2z)
1+zx

4

Volpp = pﬂhoml?(/o

and direct integration leads to the formula in the statement.

D.5 Proof of Lemma6

An alternative formula for Volp(x). Since ®y(x) = mF(x) — ®;(x), we can restate the inflow

outflow equation for the cumulative distribution of dealer owner types as:

1 @) (i + ppna-+ 1y (o~ mF(x)) ) = ppamF(x) = .

A direct application of the implicit function theorem then shows that

ddy(x) ot + 2P (x)

mdF(x)  p(uer + o) + y®1(x) + 5 (o — @o(x))’

and, therefore

d®o(x) _,  dPi(x) _ P + 3 (mo — Po(x))

m dF (x) mdE(x) — p(pa + o) + 5;@1(x) + 5 (mo — Po(x))

Substituting these expressions into the definition of Volp(x), we obtain

_ 2n(x)nolx)
VOID (x) = " (X) T 110(X) ’ (59)

where the functions

A
no(x) = pper + acbl(x),

1 (x) = ppno + % (my — Po(x))
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represent the dealer’s total buying and selling intensities.

The derivative of Volp(x). Differentiating (59) and using the fact that

a’?q(x) 1 A 77q(x)
amF() ~ 2 et + )

we obtain
dVolp(x) A 11(x)170(x)

wdF(x)  m (11 (x) —10(x)) (@) + 10

Since 771 (x) is strictly decreasing and #o(x) is strictly increasing, it follows that Volp(x) has a

unique maximum over [xg, X;]. This maximum is at x, if 71 (x;) < 70(x,), which is equivalent to
mq
Pino +Amo/m < ppp = - - < 1+x,
0

where the equivalence follows from dividing both sides by pujo and using that u,mo = ppem;.

Likewise, the maximum of is at xy, if #1(x;) > #0(xy,), which is equivalent to:

/\m1 my
> — = —2>1 .
PHro = PR + - —__— + X

In between, the maximum is interior and solves 771 (x) = #o(x).

D.6 Proof of Lemma 7

Using Lemma 3 and the fact that

ddPo(x) dAq(x)
my  Amg/m’

P <{x(1) € dx}) =

we deduce that the joint distribution of the chain length and the types of the first and last dealer

in the chain is

k—2
= 1 (n) AR PHno —dA(x")  A(x,x') % —dAq(x)
P ({n K} {xW edx}n{x™ €dx }) St + M) o £ () (k=201 Amo/m "
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for all x < x" and k > 2. Integrating both sides of this equality with respect to x € [xy, x'] shows
that the joint distribution of the chain length and the type of the last dealer in the chain is

—dA(x") Y —dA(x)  A(x, x)E?
P ({n=k}n{x® cdx}) = LH R
(tn =k G ) =+ a0 e i+ M) k2
_ P —dA(X) /xl ) <A(X,X')k_1>
Amg/m pppo + A1(x') U (k—1)!
_ PHw M) Axg, X))
Amg/m pppe + A (x')  (k—1)!
PHO 4 (A(xtzle)k)

= Amg/m ¥ k!

X¢

When k = 1, we have that

—d(x)  pp Pin
= (1) / = 1 Y = 0 / / /
P <{n e e dx }> Amg/m ppyo + A (x7) Amo/max (Axe, ) d,

so that the same formula holds as for k > 2 also holds for k = 1. Now recall from Lemma 4 that

the distribution of the chain length is given by

A(xg, xp)k
P<{“:k}):m€;;h/0m (x;;!xh)

Using this expression together with Bayes’ rule then gives

P ({n —kyn{x® e dx/}) . <A(x€, ) >k,

P ({1 edr} P({n =K} NOED

{n=k}) =

and the desired result now follows by integrating with respect to x’. Next consider the distribution
of the type of the first dealer conditional on the chain length. Starting from the same formula as
before we find that

P ({n =k n{x®e dx}) - / "p ({n — kN {x® eddyn{xV e dx})

- o i)y (M)
Amo/m pupo + A1(x) Jx U (k—1)!

(
_ et —dM(x) ALyx) T o o (A )
Amg/m pppo + A1(x)  (k—1)! Amg/m k! '
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and one easily verify by direct calculations that the same formula also holds for k = 1. Dividing
by P({n = k}) as before, we obtain:

P ({x(l) € dx}‘ {n= k}> = —0x <m>k

and the desired result now follows by integrating with respect to x.

E Appendix of Section 5

E.1 Proof that {s,m,p, A, 7y, 7} are uniquely identified

In this section, we formally state the system of equations that we use to identify the demographic

parameters {s,m, p, A, 7, 7, } and establish that this system admits a unique solution.

E.1.1 The system of equations

First equation. The firstequation is for the supply s. As explained in the text, we set the average
trade size to Q = $206, 989, estimate the retail investors’ base to N = 54,187,500, and calculate
that the relevant measure of municipal bonds supply is A = $2,308, 598, 605, 189. This leads to

= —— = 0.2058. 60
TTNXQ (€0)
Second and third equation. To derive the second and the third equation, we first obtain an
empirical estimate of the parameter x = (%) / (ptno)- Li and Schiirhoff (2014) measure that the
average chain length is 1.34. On the other hand, Lemma 4 implies that the model-implied average

chain length is:

<1 + )1C> log (14 x) = 1.34.

It is straightforward to verify that the left-hand side is strictly increasing in yx, that it goes to 1 when
X — 0, and it goes to infinity when x goes to infinity. Hence, the equation has a unique solution
which is easily calculated numerically to be x = 0.8737. Next, we use the average inventory

duration, which Li and Schiirhoff (2014) measure to be equal D = 3.3 days. Assuming 250 trading
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days per year, this gives D = 0.0132 years. The equation is thus

1 X )
00132 = — (1 — —"F—F—— ).
PHRO ( 2(1+x)

Using our estimate for x, we obtain our second identification equation:
puno = 58.09. (61)

Using the definition of ), we obtain our third identification equation:

Ao _ g6 75, (62)
m

Fourth equation. The fourth equation is obtained by imposing that it takes on average 5 days

for a customer to sell an asset to a dealer:

Fifth equation. The fifth equation is for turnover, which we estimate to be

PHRoM

= 0.411. (64)

Sixth equation. The sixth and last equation imposes that the mass of high-valuation investor

is equal to the asset supply:

T, = s. (65)

E.1.2 The solution to the system of equation

Evidently, equations (60) and (61) directly pin down values for s and 7t;,. To identify the other
parameters, we combine the identification equations (60) through (65) with the equations for a
steady state distribution, stated in Section 3.3.

Consider first the market-clearing condition, py; + pj1 + mp = s. Since the distribution of
preference types is stationary, we have that yj; = 7, — ppo. Since the inflow and outflow of
assets in the dealer sector are equal, we have that ppom; = ppmg. Using that the measures
of active dealers add up to the total measure of dealers, we have m; +my = m. Substituting

these relationships in the market clearing condition, and using the identification equation (65), we
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obtain:

Vhozmomgmem—mo:O<:>%(Zmo—m)er—mO:O-
This implies that:

@:ﬁzwsm

mo 142800 T

where we used identification equation (61) and (63) to calculate the ratio %Ig = 1.1619. Combining

mo/m = 0.6504 with equation (62), we obtain:
A =78.03.
Next, we combine equations (60), (61) and (64), to obtain that:

mp = 0.411 x sL = 0.0015.
PHRO

This estimate of ;7 with our estimate of m/m, and keeping in mind that my 4 m; = m, we obtain:

mq

= ——— = 0.0042.
1—moy/m

Combining mg = m — m; = 0.0027 with equation (63), we obtain
p = 18,440.

The last parameter is the rate oy at which customers are subject to preference shock. We obtain the

value of this parameter by using the inflow-outflow equation for 9. This gives

PURoM 1M
T, TTemy — Mo (7T + 7T

which is readily calculated as y = 0.5267 given that we now have found estimates for all the terms
on the right-hand side.

E.2 Identification of (6,y,) in Duffie et al. (2005)

In this section we briefly discuss how markup and distress cost can be separately identified in

the model of Duffie, Garleanu, and Pedersen (2005). To do so we consider the same preference
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structure as in our main model but assume for simplicity that dealers have identical utility flow
x = y,. Differently from the main model, we assume that the inter-dealer market is frictionless:
When contacted by a high type customer non-owner a dealer can immediately locate an asset to
purchase in the inter-dealer market and when contacted by a low type customer owner a dealer
can immedjiately sell the asset in the inter-dealer market.

Finally, as in Duffie, Garleanu, and Pedersen (2005), we impose the restriction 7r;, > s which

implies that, in a frictionless market, high type customers are marginal.

Reservation values, and prices. We first state standard results about equilibrium. These
results are easily derived, based for example on the calculations of Duffie, Garleanu, and Pedersen
(2005), or Lagos and Rocheteau (2007). First, the reservation value of high type customers can be

written:

AW (yn) = yn — Y7T%,

where

L= AW(y,) — AW(y,) = r—|—’)’zflp_my(£1 —0) >0

is the trade surplus between a high and a low-type customer. Second, given our maintained

assumption that 7r;, > s, the inter-dealer price is
P = AW(y).
Third, the ask and the bid prices are:

A = 6AW(y;) + (1 —60)P = 0AW (yy,),
B =0AW(y,) + (1—6)P = 0AW (ys) + (1 — 0) AW ().

Yield spread and markup. Based on the above we obtain the following expressions for the
yield spread and the markup. First, using that P = AW(y;,) and substituting in the formula for

the reservation value of high type customers we find the yield spread s = y;, /P — r satisfies:
—— = Y. (66)

Since X is decreasing in y, and increasing in 0, this equation defines an upward-slopping locus

of pairs (6,yy) that are consistent with the same spread level. By an application of the implicit
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function theorem, the slope of this locus is

[y, (o=
d0 ayg ’
Using the above expressions for the bid and the ask price shows that the markup M = A/B —1

satisfies

(67)

My,
1+M = <1’9+’Y7T(

Z.
)

This time, the equation defines an upward slopping locus of pairs (6, y,) that consistent with the

same markup level, and the slope of this locus is given by:

r¥ ox ox
- <r9+7ﬂeli/fM i 39> / (33/4) '
Keeping in mind that 0X/00 > 0 and 0%./dy, < 0, one clearly sees that the iso-markup schedule
has a larger slope than the iso-yield schedule. The intuition is that the yield spread depends
on (0,y,) only through the surplus: this is because the yield spread capitalizes the loss that an
investor experiences when switching to low. The markup, on the other hand, depends on (6, y,)
through both the surplus ¥ and through the bargaining power 6. For example, the markup can
be very small because of small bargaining power, even if the surplus is large. This means that
bargaining power has a stronger impact on the markup than on the yield spread, leading to the
identification result.
Finally, taking the ratio of (67) and (66) we obtain that

- M

S 1+M s
where M is the markup, s is the yield spread, and -7, is approximately equal to turnover. Beside
providing a simple formula for bargaining power as a function of observables, this formula also

shows that, according to the model, the yield spread cannot be too small relative to the markup

because otherwise the bargaining power of dealers would exceed one.
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E.3 Computations
E.3.1 Reservation values in the main model

In this section we explain how to efficiently calculate the equilibrium reservation values of all

market participants under the assumption that
AW(ye) < AV (x) < AV(x;) < AW (). (68)

This assumption is straightforward to verify numerically once reservation values have been cal-
culated, and holds in all of our calibrated examples. Assuming (68) we have that the reservation

value of customers solve:

X

PAW(ye) = v+ 770 (AW () = AW (y0) +p(1=6) [ (AV(') = AW (y0)) dbo(x),

Xy
Xn

FAW () = i+ 77 (AW(e) = AW (y3)) = p(1 = 0) [ (AW () = AV () deby (x).

X¢

On the other hand, the reservation value function of dealers solves:

rAV(x) = x + ppnod (AW (yy) — AV (x)) — ppnf (AV (x) — AW(ye))

d®y(x')

A, (x')
S .

m

+ Abq /xxh (AV(X/) — AV(x)) — Aby /;: (AV(X) — AV(X/))

Since the distributions are continuous this equation implies that the reservation value function of

dealers is absolutely continuous with a derivative given by

1

AVI(x) = o(x) = 7+ 00 (o + per) + 25 (61 (mo — Po(x)) + 0pP1(x))

The derivative has a natural economic interpretation. Indeed, the quantity o(x) dx represents the
“local surplus”, that is, the total gains from trades between a dealer of type x and a dealer of
type x + dx. Computationally, calculating the derivative turns out to be very convenient because
it can be computed before the reservation values, given only the knowledge of the distributions.

Moreover, the fundamental theorem of calculus implies that
X
AV (x) = AV (x;) + / o(x")dx'.
xg

This observation considerably simplifies the computations: Instead of calculating the entire func-

tion it is sufficient to calculate AV (x,) first, and then obtain the reservation values of all other
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dealers by direct integration. Precisely, substituting the integral equation above for AV (x) into
the HJB equations shows that the reservation values AW (y,), AW(y;,) and AV (x;) solve the linear

system given by

AW (ye) = yo + v (AW (yn) — AW (yr)) (69a)

Xh

+omo(1—0) (AV (xe) = AW(y) +p(1=0) [ (10— @o(x) o ()i’

rAW (yn) = yn + 7t (AW (ye) — AW (y)) (69b)

Xn

+pmy(1—0) (AV (x;) — AW (yp)) + p(1 —0) / (m1 — @1(x")) o(x")dx’

Xy

rAV (xp) = x¢ + ppnob (AW (y,) — AV (x¢)) (69¢)

~ o (AV () ~ aW(y)) + 2 [ (M0 ) e,

where, e.g., the last equation is derived by noting that

/

[ @V —av ) S < [ </ U(Z)d2> o

l 4 4

and changing the order of integration.

E.3.2 Reservation values in the extended model

Let us index each high type customer by the utility type x € [x, x;,] of the dealers it matches with.
Hence, a high type customer who matches with dealers of type x derives the flow utility y;, + €(x)
whenever he holds the asset. Let us assume that as in the main model the reservation value of

dealers is strictly increasing and such that
AW(yg) < AV(Xg) < AV(Xh) < AW(yh,x).

This assumption is straightforward to verify numerically once reservation values have been cal-
culated, and implies that the trading pattern of our model with ky = k; = 0 remains optimal.
As a result, the equilibrium distributions solve the exact same equations as before. Only the HJB
equations for the reservation values change. Specifically, the reservation value of a high type

customer who matches with dealers of type x solves

FAW (33, %) = i+ €(x) + 771 (AW (ye) — AW (1 %)) — pims (1 — 6) (AW (3, x) — AV (x)).
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This equation differs from its counterpart in the main model in two ways. First, the utility flow
is different, reflecting heterogeneity among high type customers. Second, the last term is differ-
ent, reflecting the fact that the type-x customers only match with dealers of type x. Next, the

reservation value of low-valuation customer solves:

Xh

FAW () = yo + p(1 — ) / (AV(x') — AW (yy)) ddo(x)

Xy

[ (AW, 1) — BW(0)) € (dF (e(2)).

4

This equation differs from its counterpart in the main model in only one way. The second term is

different because, upon switching to the high type, customers draw their extra utility at random

according to the distribution F(e). After making the change of variable e = &(x), one obtains
. . . X

that the average reservation value of high type customers is equal to fx; AW (yy, x)dF (e(x)) €' (x),

which explains the formula for the second term on the right-hand side of the equation. Finally, the

reservation value function of dealers solves:

rAV(x) = ye + ppnob (AW (yn, x) — AV(x)) — ppen0 (AV (x) — AW(y())

+ A6, /xxh (AV(x') — AV(x)) cMD;)n(x’)

dq)l (X/)

_Aeo/;(Av(x)—AV(x’)) p—

where we assumed as in the text that the utility flow of a dealer is the same as that of a low type
customer (this can be relaxed, for example by assuming that the utility flow is an increasing and
differentiable function of the dealer’s type, x). Following the same logic as in Section E.3.1 we

have that the derivatives

oy(x) = %AV(x),
d

aAW(yhl X),

Uw(x) =

satisfy the linear system given by

P ¢ pmi (1~ 0)ov (x)
r+ymy+pm(1—0)  r+ym+pm(1—06)
O_V(x) P,uhOQU'W(x)

N r+ pyhOG + ,0]/!519 + % (91 (m() — ®Q(X)) + 90@1 (x)) )

Solving this system provides formulas for o (x) and oy (x) that only depend on the equilibrium

distributions, and combining these formulas with the fundamental theorem of calculus finally
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shows that AV (x;), AW (y,), and AW (y,, x;) solve the linear system given by

rAW (yn, x¢) = yn + e(xg) + 710 (AW (ye) — AW (Y, x¢))
+pomi(1—0) (AV(xg) — AW (yn, x¢))

AW (ye) = yo + vt (AW (Y, x0) — AW (y,)) + v, /

Xy

" ow (x) (1 - <I>1(x)> dx

mq

+pmo(1= ) (AV (xe) — AW(ye)) +p(1 = 0) [ oy (x) (mo — Bo(x)) d

rAV (x¢) = yo + ppno8 (AW (yn, x0) — AV (x())

— o0 (AV(ye) — AW(x)) + A6y / o (x) (”W‘W> i

Xy m

where, in the second equation, we used the assortative matching condition (22).

E.4 Distribution of markups

Definitions. Let x() < x(® < ... < x( denote the utility types of successive dealers in an
intermediation chain of length n = k and denote by PU) denote the price at which the j* dealer

resells the asset. With this notation, the bid and ask prices correspond to j = 0 and j = k:

PO = Bid = 0AW(y,) + (1 — )AV (x(1>) ,
P® = Ask = OAW (yh,x(k)> +(1-0)AV (x(k>) ,

while the successive inter-dealer prices correspond to j € {1,2,...,k—1}:
PO = oAV (x1)) + 618V (xU*1).

The total markup along the intermediation chain is then defined as:

k 0 k
M = P()?O)P() =V MmO
P i
where
‘ pU) — pG-1)
() =
M= —5—

is the markup of the j dealer in the chain.

70



The calculation. To reproduce the model-implied equivalent of Table 7 in Li and Schiirhoff

(2014) we need to calculate the ratio

1
E[M|{n =k}

iE [A40>\{n_::k}}, (70)

of the expected markup of dealer j conditional on chain length to the expected total markup. This
can be a complicated multidimensional integral if we integrate against the joint distribution of all
types in the chain, conditional on n = k. However, the calculation can be simplified because we

have closed form solution for all the relevant marginal distributions. Specifically, since

pU-1
{n:kﬂ_E[IW)

and the prices are convex combinations of reservation values, we have that the elementary integral

pU)

E[M0|{n=k| - E pO)

{n:k}] .

needed to compute (70) is given by

E[ AV (x00)

OAW (yo) + (1 —0)AV (x(D)

{n k}] .

This observation reduces the calculations to that of a several double integrals against the joint

distribution of x(") and x()) conditional on n = k that we compute next.

The joint distribution of x(!) and x'/) conditional onn = k. The result of Lemma 3 implies

that we have

(e = ) = Pl _—dN() Alnr)
ouno + A1(xX") pppo + A1 (x)  (k—2)!
__ PHw 5 <A(x,x’)k—1)
pppo + A (x) "\ (k—=1)1 )7

P ({n =k} n{x® € dx'}

for all x < x" and integrating with respect to x" € [x, x;] shows that

P <{n =k} {x(l) = x}) — PHRO Alx, xh)"—l.

" oo+ A(x) (k—1)! (71)
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With this in mind, we fix arbitrary 2 < j < k and calculate that

P({n:k}m{x@edx]-}]{x<l>:x1})

P( n=k}n{x" €dx;}n{n >]-}‘ () = xl})

({x de]}ﬂ{n>]}’{x —xl})

({n_k}|{x edx;}N{n>j}n{x0 —xl})

(tn=k—j+ 1} {xV e dn}) x P (20 = x} 0 {n > 3] () = m})

_ O A(xj,xh)k_j —dA1(xj)  A(xq,x;) 72
PHno + A (x;)  (k—j)! pHno + A (x1)  (j—2)!

=P
x P
=P

where the first equality follows from the fact that j < k; the second equality follows from Bayes’
rule; the third equality follows from the fact that (x() );";1 is a Markov chain; and the last equality
follows from (71) and Lemma 3. Dividing both sides of this expression (71) then gives

P <{x(j) € dxj}‘ {n=k}nN {x(l) — xl})
_ —dA(x;)  Alxj, XK AQx, x5y (k—1)!
oo +M(xj) (k=i (G—=2)' Alxg,x,)1

and it now follows from Lemma 7 and Bayes’ rule that the relevant joint distribution for all the

markup calculations is explicitly given by

P({xM edn}n{xVe dxj}j {n=k})
=P ({x(l) € dxl}‘ {n = k}) P ({x(j) € dx]-}‘ (n=kn{xM = x1}>

B k! _d)\l(xl) A(Xl,x]‘)j*Z —d)\l(x]‘) A(x]', xh)k’f
Al x)E \ ppo +A(x1) (G- 2)! PHno +M(xj) (k=7 )

F Auxiliary results

This section gathers technical results that were used in the proofs of our main results.

Lemma F1 Assume that the operator T : X — X satisfies Blackwell’s conditions and let a € R be given.
Then a(G — T[G]) > 0 implies that a(G — G*) > 0 where G* is the unique fixed point of T in X.

Proof. Iterating the given condition shows that a(G — T"[G]) > 0 for all n > 1 and the result now

follows from the assumption that T is a contraction. n
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Lemma F2 Assume that the function f : D x K — R is continuous in 6 for each fixed k € K and

equicontinuous in k. Then it is jointly continuous in (3, k).

Proof. Fix a point (dp, ko) € D x K and let € > 0. Since f (4, k) is continuous in J for each fixed k,

there exists a constant & > 0 such that
|(5 — 50| <N = ’f((s,ko) —f((So,k())‘ < e/2.

On the other hand, because f(J,k) is equicontinuous in k we know that there exists a constant
B > 0 such that

|k —ko| < p=sup|f(d,k)— f(J,ko)| <e€/2
6eD

and the desired result now follows by combining the two estimates. n

Lemma F3 Assume that the operator O : K x Xy — AXp is continuous in k € K for each fixed f € Xy
and such that

sup |(O[k, f] — O[k,g]) (a,6)| < Bsup|(f —g) (&,8)],  (f.8) € &G,
(a,0,k) (a,0)

for some B < 1. Then for each k € K there exists a unique fi € Xy such that fy = OlKk, f] and the
mapping k — fx is continuous from K into X

Proof. Fix a point k € K and let € > 0 be arbitrary. Using the assumed continuity of the operator
O we can pick a constant ¢ > 0 such that

k—K| <= ?ugl (Olk, fil = OIK, fil) (,0)| < (1 - B)e

where B < 1 is the constant given in the statement. Combining this with the triangle inequality
then shows that

sup | (fi — fir) (&, 0)| = sup | (O[k, fi] — OIK’, fi]) (,5)]|

(a,0) (a,0)
< sup| (O[k, fi] — O[K, fi]) («,9)| + sup | (OK, fi] — O[K’, fir]) (,9)]
(,0) (,0)
<(1-pe+ /3?11}; | (fe = fio) (&, 0)]
w,0
for all |k — k'| < ¢ and the desired result follows. [
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Lemma F4 Assume that f : D x K — R is continuous and such that

FEK) —FOK _

55 <C, (k,8,8') € K x D?, (72)

c<

for some constants 0 < ¢ < C. Then there exists a unique § : K — R such that f($(k), k) = 0 for all

k € K and this function is continuous.

Proof. Consider the family of functions (0 )rcx defined by
0 (6) =6 — f(d,k)/C.

As is easily seen we have that ¢(k) € R solves f(§(k), k) = 0 if and only if it is a fixed point of 0.
Therefore, the first part will follow if we show that 0y (J) is a contraction for each fixed k € K. To
this end it suffices to observe that we have

() —(8) _ | f(8"k) = f(4,k)
5 =0 C(0' —9)

and therefore

Uk(élé)/ - Zk(é) ‘ _ ‘1 B f(5’éizgl—_f5()5,k) ‘ < (1 B é) <1

as a result of (72). Let now C(K) denote the set of continuous functions on K and consider the

operator defined by
L[G](k) = G(k) — f(G(k),k)/C.

Since f (4, k) is by assumption continuous we have that X maps C(K) into itself. On the other hand,

using (72) in conjunction with the same arguments as in the first part of the proof we deduce that

sup [Z[G](K) — Z[H] (k)| < (1 - &) sup|G(k) — H(K)
keK keK

and it follows that ¥ admits a unique fixed point G € C(K). Since this fixed point satisfies
f(G(k),k) = 0 for all k € K it now follows from the uniqueness established in the first part
that the function ¢(k) = G(k) is continuous. [
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