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Abstract

We develop a nonlinear state-space model that captures the joint dynamics of consumption,
dividend growth, and asset returns. Building on Bansal and Yaron (2004), our model consists of
an economy containing a common predictable component for consumption and dividend growth
and multiple stochastic volatility processes. The estimation is based on annual consumption
data from 1929 to 1959, monthly consumption data after 1959, and monthly asset return data
throughout. We maximize the span of the sample to recover the predictable component and
use high-frequency data, whenever available, to efficiently identify the volatility processes. Our
Bayesian estimation provides strong evidence for a small predictable component in consumption
growth (even if asset return data are omitted from the estimation). Three independent volatility
processes capture different frequency dynamics; our measurement error specification implies that
consumption is measured much more precisely at an annual than monthly frequency; and the

estimated model is able to capture key asset-pricing facts of the data.
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1 Introduction

Financial economists seek to understand the sources underlying risk and return in the economy. In
equilibrium models this endeavor hinges on the preference specification and the joint dynamics of
cash flows, which in an endowment economy correspond to consumption and dividends. There are
many equilibrium models that appeal to low-frequency components in these cash flows as well as
important time variation in the fundamentals (e.g., models of long-run risks (LRR) as in Bansal
and Yaron (2004), and models of rare disasters as in Barro (2009)). Identifying both of these
components is challenging. To measure the small persistent component in, say, consumption and
dividend growth one would want the longest span of data. On the other hand, to estimate the time
variation in second moments of cash flows one would ideally like to use high-frequency data. The
empirical analysis is constrained by the availability of consumption data. For the U.S., the longest
span of available data for consumption growth is at the annual frequency starting in 1929. The
highest-frequency consumption data is available at the monthly frequency from 1959. To exploit
all the available information in mixed-frequency data, this paper develops a Bayesian state-space
model that prominently features stochastic volatility and time-aggregates consumption whenever

it is observed only at a low frequency.

Our state-space model is designed to capture the joint dynamics of consumption, dividend growth,
and asset returns. Building on the work of Bansal and Yaron (2004), the core of our model con-
sists of an endowment economy that is, in part, driven by a common predictable component for
consumption and dividend growth. The economy delivers a stochastic discount factor that is used
to price equities and a risk-free asset. Our model distinguishes itself from the existing LRR litera-
ture in several important dimensions. First, our state-space representation contains measurement
equations that time-aggregate consumption to the observed frequency, yet allow us to maintain
the likelihood representation (see Bansal, Kiku, and Yaron (2012b) for a generalized methods-of-
moments (GMM) approach using time aggregation). Our measurement-error specification accounts
for different types of measurement errors at monthly and annual frequencies while respecting the

constraint that monthly growth rates have to be consistent with annual growth rates.

Second, we generalize the volatility dynamics of Bansal and Yaron (2004)’s model specification by
allowing for three separate volatility processes — one capturing long-run consumption innovations,
one capturing short-run consumption innovations, and a separate process for dividend dynamics.
We do so since our estimation procedure, which focuses on the joint distribution of consumption,
dividends, and asset prices, requires separate stochastic volatility processes to fit the data. Third,

we specify an additional process for variation in the time rate of preference (see Albuquerque,



Eichenbaum, and Rebelo (2012)), which generates risk-free rate variation that is independent of

cash flows and leads to an improved fit for the risk-free rate.

The estimation of the state-space model generates several important empirical findings. First,
we find strong evidence for a small predictable component in consumption growth. This evidence
consists of two parts. We begin by estimating the state-space model on cash flow growth data
only. Our carefully specified measurement-error model for cash flow data allows us to measure this
component which otherwise is difficult to detect. We then proceed by adding asset return data to
the estimation and, in line with the existing LRR literature, find even stronger evidence for this
predictable component. The Bayesian approach allows us to characterize the uncertainty about the
persistence of the conditional mean growth process. We find that in spite of using a prior with a
mean of 0.9 and a standard deviation of 0.5 our estimation yields a posterior distribution that is
tightly centered around 0.99. Second, our estimated measurement errors for consumption growth
are consistent with the common view (see Wilcox (1992)) that consumption growth is measured

more precisely at an annual rather than monthly frequency.

Third, all three stochastic volatility processes display significant time variation yet behave dis-
tinctly over time. The volatility processes partly capture heteroskedasticity of innovations, and
in part they break some of the tight links that the model imposes on the conditional mean dy-
namics of asset prices and cash flows. This feature significantly improves the model implications
for consumption and return predictability. As emphasized by the LRR literature, the volatility
processes have to be very persistent in order to have significant quantitative effects on asset prices.
An important feature of our estimation is that the likelihood focuses on conditional correlations
between the risk-free rate and consumption — a dimension often not directly targeted in the lit-
erature. We show that because consumption growth and its volatility determine the risk-free rate
dynamics, one requires another independent volatility process to account for the weak correlation
between consumption growth and the risk-free rate. In the generalized specification of the model
in which there are independent time rate of preference shocks, this correlation is further muted and

the model fit for the dynamics of the risk-free rate is improved.

Fourth, it is worth noting that the median posterior estimate for risk aversion is 10-11 while it
is around 1.5 for the intertemporal elasticity of substitution (IES). These estimates are consistent
with the parameters highlighted in the LRR literature (see Bansal and Yaron (2004), Bansal, Kiku,
and Yaron (2012a), and Bansal, Kiku, and Yaron (2012b)). Fifth, at the estimated preference
parameters and those characterizing the consumption and dividend dynamics, the model is able to
successfully generate many key asset-pricing moments. In particular, as in the data, the posterior

median for the equity premium generated by the model is 6.0%.



Our paper also contains a number of technical innovations. First, in the specification of our
state-space model we follow the stochastic volatility literature and assume that volatilities evolve
according to exponential Gaussian processes that guarantee nonnegativity. While the cash flows in
our state-space model evolve exogenously, the law of motion of the financial variables is determined
endogenously from the economic structure. In order to solve the model, we approximate the expo-
nential Gaussian volatility processes by linear Gaussian processes such that the standard analytical
solution techniques that have been widely used in the LRR literature can be applied. However, the
approximation of the exponential volatility process is used only to derive the coeflicients in the law

of motion of the asset prices.

Second, we use a Markov chain Monte Carlo (MCMC) algorithm to generate parameter draws
from the posterior distribution. This algorithm requires us to evaluate the likelihood function of our
state-space model with a nonlinear filter. Due to the high-dimensional state space that arises from
the mixed-frequency setting, this nonlinear filtering is a seemingly daunting task. We show how to
exploit the partially linear structure of the state-space model to derive a very efficient sequential

Monte Carlo (particle) filter.

Our paper is related to several strands of the literature. In terms of the LRR literature, our paper
is closely related to that of Bansal, Kiku, and Yaron (2012b) who utilize time aggregation and GMM
to estimate the LRR model (see also Bansal, Gallant, and Tauchen (2007) for an approach using
the efficient method of moments (EMM)). As noted above, our likelihood-based approach provides
evidence which is broadly consistent with the results highlighted in that paper and other calibrated
LRR models (see Bansal, Kiku, and Yaron (2012a)).

To implement Bayesian inference, we embed a particle-filter-based likelihood approximation into a
Metropolis-Hastings algorithm as in Fernandez-Villaverde and Rubio-Ramirez (2007) and Andrieu,
Doucet, and Holenstein (2010). Since our state-space system is linear conditional on the volatility
states, we can use Kalman-filter updating to integrate out a subset of the state variables. The
genesis of this idea appears in the auxiliary particle filter of Pitt and Shephard (1999) and Chen
and Liu (2000) and is recently discussed in Shephard (2013). Particle filter methods are also utilized
in Johannes, Lochstoer, and Mou (2013), who estimate an asset pricing model in which agents have
to learn about the parameters of the cash flow process from consumption growth data. While
Johannes, Lochstoer, and Mou (2013) examine the role of parameter uncertainty for asset prices,
which is ignored in our analysis, they use a more restrictive version of the cash flow process and do

not utilize mixed-frequency observations.

Our state-space setup makes it relatively straightforward to utilize data that are available at

different frequencies. The use of state-space systems to account for missing monthly observations



dates back to at least Harvey (1989) and has more recently been used in the context of dynamic
factor models (see, e.g., Mariano and Murasawa (2003) and Aruoba, Diebold, and Scotti (2009))
and VARs (see, e.g., Schorfheide and Song (2012)). Finally, there is a growing and voluminous
literature in macro and finance that highlights the importance of volatility for understanding the
macroeconomy and financial markets (see, e.g., Bloom (2009), Ferndndez-Villaverde and Rubio-
Ramirez (2011), Bansal, Kiku, and Yaron (2012a), and Bansal, Kiku, Shaliastovich, and Yaron
(2013)). Our volatility specification that accommodates three processes further contributes to

identifying the different uncertainty shocks in the economy.

The remainder of the paper is organized as follows. Section 2 introduces the model environment
and describes the model solution. Section 3 presents the empirical state-space model and describes
the estimation procedure. Section 4 discusses the empirical findings and Section 5 provides con-

cluding remarks.

2 The Long-Run Risks (LRR) Model

Our baseline LRR model is described in Section 2.1. The solution of the model is outlined in
Section 2.2. Section 2.3 presents a generalized version of the LRR with an exogenous shock to the

time rate of preference.

2.1 Model Statement

We consider an endowment economy with a representative agent that has Epstein and Zin (1989)
recursive preferences and maximizes her lifetime utility,

[

14 L 1] T
V= r%ax (1-6)C, 7% + (5(Et[VtHV]) 9

t

subject to budget constraint
Wit1 = (Wi — C)Re

, where W, is the wealth of the agent, R. ;41 is the return on all invested wealth,  is risk aversion,

0= ﬁ%}’w, and 1 is intertemporal elasticity of substitution.

Following Bansal and Yaron (2004),we decompose consumption growth, g.;+1, into a persistent
component, x;, and a transitory component, o ¢7.¢+1. The dynamics for the persistent conditional
mean follow an AR(1) with its own stochastic volatility process. Dividend streams have levered

exposures to both the persistent and transitory component in consumption which is captured by



the parameters ¢ and m, respectively. We allow 04:74:+1 to capture idiosyncratic movements in

dividend streams. Overall, the dynamics for the cash flows are

Jet+1 =  Hc +x: + Oc,tMc,t+1 (1)
T4l = PTy+ OptNrtt1
gdt+1 = Hd+ pxy + TOctNet+1 + OdeNd,t+1,

where the conditional volatilities evolve according to

oip = @ioexp(hig), hi1 = prhig+on/1 = pp wiyr, @ = {c,z,d} (2)

and the shocks are assumed to be
Nit+1, Wigr1 ~ N(0,1), i={c,z,d}.

Relative to Bansal and Yaron (2004), the volatility dynamics contain three separate volatility
processes. More importantly, the logarithm of the volatility process is assumed to be normal,

which ensures that the standard deviation of the shocks remains positive at every point in time.

2.2 Solution
The Euler equation for any asset r; ;41 takes the form

Ei[exp (mit1 +rig+1)] =1, (3)

where my 1 = 0log d — %gc7t+1 + (6 — 1)7c 441 is the log of the real stochastic discount factor (SDF),
and 741 is the log return on the consumption claim. We reserve r,, ;11 for the log market return
— the return on a claim to the dividend cash flows. Given the cash flow dynamics in (1) and
the Euler equation (3), we derive asset prices using the approximate analytical solution described
in Bansal, Kiku, and Yaron (2012a) which utilizes the Campbell and Shiller (1988a) log-linear

approximation for returns.

However, since the volatility processes in (2) do not follow normal distributions, an analytical
expression to (3) is infeasible. To accommodate an analytical solution, we utilize a linear approxi-

mation to (2) and express volatility in (4) as a process that follows Gaussian dynamics:

oty = (9i)? = 2(9i0)?his + O(B7,]),  hiwrr = pahis + on\/1 = Pf wirs

ot~ (0i0) (1= pn,) + pn 0y + (2(0i0) 0,4/ 1 — p} ) wi s
= (0i5)*(1 — ;) + ViO'iz,t + owwitt1, = {c,x,d}. (4)



The analytical solution afforded via this pseudo-volatility process is important since it facilitates

estimation (see details below).

The solution to the log price-consumption ratio follows, z; = Ag + A1x¢ + A27Cog7t + A27$a§,t. As
1

discussed in Bansal and Yaron (2004), A; = 177;1”,0, the elasticity of prices with respect to growth

prospects, will be positive whenever the IES, 1), is greater than 1. Further, the elasticity of z; with

a1 (lfl)Q Aq)2
respect to the two volatility processes o2, and o2 % T and %%
Kl (& x

118 respectively; both will

be negative — namely, prices will decline with uncertainty — whenever 6 is negative.

State prices in the economy are reflected in the innovations to the stochastic discount factor
(SDF),

M1 — By [myya] = AcOc.tNe,t+1 + AOrtNzi+1 T Aw, Ow, Wa t41 + A, O, We 41,
—_——
short-run consumption risk  long-run growth risk volatility risks
where the derivation and As are given in Appendix A. It is instructive to note that A\, = —y, A\, =
—(y—)m1
Lyl

i (and A, and A, ) is negative (positive) whenever preferences exhibit early resolution
of uncertainty v > 1/t¢. Furthermore the As (except \.) will be zero when preferences are time

separable, namely, when § = 1.

Risk premia are determined by the negative covariation between the innovations to returns and

the innovations to the SDF'. It follows that the risk premium for the market return, ry, 441, is

1

Ey(rmat1 —rfe) + §W7”t(7”m,t+1) = —covg(Miy1,Tm,t+1) (5)
2 2 2 2
= ﬂm,c)\co-(;,t + ﬁm,x)\:co'%t + /Bm,wz )\wz Owg + Bm,wc)\wC )\co'wcv
short-run risk  long-run growth risk volatility risks

where the (s are given in Appendix A and reflect the exposures of the market return to the
underlying consumption risks. Equation (5) highlights that the conditional equity premium can be
attributed to (i) short-run consumption growth, (ii) long-run growth, (iii) short-run and long-run

volatility risks.

A key variable for identifying the model parameters is the risk-free rate. Under the assumed

dynamics in (1), the risk-free rate is affine in the state variables and follows

2
x,t

rf+ = Bo + Bixy + B2,CU§¢ + Ba 0

where the Bs are derived in Appendix A. It is worth noting that B; = i > 0 and the risk-free rate

rises with good economic prospects, while under ¢ > 1, v > 1 and whenever preferences exhibit
(1=5)(—5)xT

Si—mp)? e negative so the

early resolution of uncertainty, Bo . = —%(% +v) and By, = —

risk-free rate declines with a rise in economic uncertainty.



2.3 Generalized Model

In this section we augment the baseline model, as highlighted in Albuquerque, Eichenbaum, and
Rebelo (2012), by allowing for a preference shock to the time rate of preference. Specifically, now
the utility function contains a time rate of preference shock, A, so the lifetime utility is

[

1—v 11—~

1 1
Ve =max | (1= 0)MC, T +8(E[V}71)7

t
The resulting SDF equals the SDF described in equation (5) plus the term 6x);, where z); =
At+1/A¢ is the growth rate of the preference shock, which is assumed to follow an AR(1) process
with persistence parameter p) (see Appendix A.5 for derivation of this augmented SDF). Since
Tyt is known at time ¢, the risk-free rate will incorporate its values and consequently allow this

generalized model to fit the risk-free rate dynamics better than the benchmark model.

3 State-Space Representation of the LRR Model

In order to conduct our empirical analysis, we cast the LRR model of Section 2 into state-space form.
The state-space representation consists of a measurement equation that expresses the observables
as a function of underlying state variables and a transition equation that describes the law of motion

of the state variables. The measurement equation takes the form
Yt+1 = At+1 (D + ZSH_l + ZUS;)JFI + E“ut+1), U1 ~~ ’LZdN(O, I) (6)

In our application, y;y1 consists of consumption growth, dividend growth, market returns, and the
risk-free rate. The vector s;11 stacks state variables that characterize the level of cash flows. The
vector sy, is a function of the log volatilities of cash flows, h; and h¢y1, in (2). Finally, usyq is a
vector of measurement errors and A; 11 is a selection matrix that accounts for deterministic changes
in the data availability. The solution of the LRR model sketched in Section 2.2 provides the link

between the state variables and the observables 1.

The state variables themselves follow vector autoregressive processes of the form
St+1 = (I)St + Ut+1(ht)7 ht—i—l = \I’ht + Ehwtﬂ, W41 iidN(O, I), (7)

where v41(+) is an innovation process with a variance that is a function of the log volatility process
h: and w1 is the innovation of the stochastic volatility process. Roughly speaking, the vector s;11
consists of the persistent cash flow component z; (see (1)) as well as x); in the generalized model

of Section 2.3. However, in order to express the observables ;11 as a linear function of s;y; and



to account for potentially missing observations, it is necessary to augment s;1 by lags of z; and
x) ¢ as well as the innovations for the cash flow process. Since the details are cumbersome and at

this stage non essential, a precise definition of s;;; is relegated to the appendix.

A novel feature of our empirical analysis is the mixed-frequency approach. While dividend growth,
equity return, and risk-free rate data are available at a monthly frequency from 1929 onwards,
consumption data prior to 1959 are not available at a monthly frequency. Moreover, post-1959
monthly consumption growth data are subject to sizeable measurement errors, which is why many
authors prefer to estimate consumption-based asset pricing models based on time-aggregated data.
Our state-space approach avoids the loss of information due to time aggregation, yet we can allow
for imprecisely measured consumption data at a monthly frequency. We discuss the measurement
equations for consumption in Section 3.1 and the other observables in Section 3.2. Section 3.3

describes the implementation of Bayesian inference.

3.1 A Measurement Equation for Consumption

In our empirical analysis we use annual consumption growth rates prior to 1959 and monthly
consumption growth rates subsequently.! The measurement equation for consumption in our state-
space representation has to be general enough to capture two features: (i) the switch from annual to
monthly observations in 1959, and (ii) measurement errors that are potentially larger at a monthly
frequency than an annual frequency. To describe the measurement equation for consumption growth
data, we introduce some additional notation. We use the superscript o to distinguish observed con-
sumption and consumption growth, CY and g¢ 4, from model-implied consumption and consumption
growth, Cy and g.;. Moreover, we represent the monthly time subscript ¢ as t = 12(j — 1) + m,

where m = 1,...,12. Here j indexes the year and m the month within the year.

We define annual consumption as the sum of monthly consumption over the span of one year,

ie.
12
C(aj) = Z C112(]'71)+m'
m=1

Log-linearizing this relationship around a monthly value C, and defining lowercase ¢ as percentage

deviations from the log-linearization point, i.e., ¢ = log C'/C\, we obtain

1 12
) = 15 D C12(-1)me
m=1

In principle we could utilize the quarterly consumption growth data from 1947 to 1959, but we do not in this

version of the paper.



Thus, monthly consumption growth rates can be defined as

Get = Ct — Ct—1

and annual growth rates are given by

23
a o a 12 — |7 — 12
Ie,5) = “G) T CG-1) T > <12> Je12j—r+1- (8)

=1

We assume a multiplicative iid measurement-error model for the level of annual consumption,

which implies that, after taking log differences,

9e) = e T e (el = €fi-n)- 9)
Moreover, consistent with the practice of the Bureau of Economic Analysis, we assume that the
levels of monthly consumption are constructed by distributing annual consumption over the 12
months of a year. This distribution is based on an observed monthly proxy series z; that is assumed
to provide a noisy measure of monthly consumption. The monthly levels of consumption are
determined such that the growth rates of monthly consumption are proportional to the growth rates
of the proxy series and monthly consumption adds up to annual consumption. A measurement-error

model that is consistent with this assumption is the following:

92712(j—1)+1 = Ye12(j—1)+1 T Oe (612(j—1)+1 - 612(j—2)+12) (10)
L &2
—13 2 Oe(€r2-1)tm — €12(-2)4m) + 0¢ (€fj) = €(j 1))
m=1
Jor2(j—1)4m = YJea2(j—1)+m T oe(€12(j—1)+m — €12(—1)+m—1), M=2,...,12

The term €3(j_1)4+, can be interpreted as the error made by measuring the level of monthly con-
sumption through the monthly proxy variable, that is, in log deviations ¢13(;_1)4m = 212(j—1)4m +
€12(j—1)+m- The summation of monthly measurement errors in the second line of (10) ensures
that monthly consumption sums up to annual consumption. It can be verified that converting the
monthly consumption growth rates into annual consumption growth rates according to (8) averages

out the measurement errors and yields (9).

We operate under the assumption that the agents in the model observe consumption growth,
dividend growth, and asset returns in every period. As econometricians who are estimating the
model, we have to rely on the statistical agency to release the consumption growth data. While the
statistical agency may have access to the monthly proxy series z; in real time, it can only release

the monthly consumption series that is consistent with the annual observations on consumption



10

at the end of each year. Thus, for months m = 1,...,11 the vector yio(j_1)4.m in (6) does not
contain any observations on consumption growth. At the end of each year, in month m = 12, the
vector ¥ig(j—1)4+m contains the 12 monthly growth rates of year j and (10) provides the portion
of the measurement equation for the consumption data. The vector s; has to contain sufficiently
many lags of the model states as well as some lagged measurement errors such that it is possible to
write (10) as a linear function of s;. For the earlier part of the sample in which monthly consumption
growth observations are not available, (10) is replaced by (8) and (9). The matrix M; in (6) adapts
the system to the availability of consumption data and the changing dimension of the vector y;.

Further details are provided in the appendix.

3.2 Measurement Equations for Dividend Growth and Asset Returns

It is reasonable to believe that consumption measurement errors are large, but those for financial
variables (e.g., dividend streams, market returns, risk-free rates) are negligible. However, to be
chary, we introduce idiosyncratic components for dividend growth, market returns, and the risk-

free rate as well:

o d

9dt+1 = Gdt+1 T Oc€dt+1 (11)
o _ + Tm

Tmi+1 = Tmi+1 T Oc Erp i+l
o _ T

T4l = Thi41 + 0 Erpl.

In the subsequent empirical analysis we consider a version of the model in which only the risk-free
d

€

rate is measured with error, i.e., 0¢ = 0, g™ = 0, o/ > 0. We believe that aggregate dividend
growth and stock market data are cleanly measured and we do not want to deviate too much from

the original Bansal and Yaron (2004) framework.

3.3 Bayesian Inference

Equations (6) and (7) define a nonlinear state-space system in which the size of the vector of
observables 3y changes in a deterministic manner. The system matrices of the system are functions

for the parameter vector

6= (53 lb,% 12 Qb, PxsPdy Ty Wy J4d, T, O, U?? P> O, O':f,phc, Ohes Phes Ohg s Phys Uhd> . (12)

We will use a Bayesian approach to make inference about © and to study the implications of our

model. Bayesian inference requires the specification of a prior distribution p(©) and the evaluation



11

of the likelihood function p(Y|©). The posterior can be expressed as

p(Y[0)p(©)

pely) = P2k

(13)
We will use MCMC methods to generate a sequence of draws {@(5)}7;;"{” from the posterior distri-

bution.

To generate the draws from the posterior distribution, we need to be able to numerically evaluate
the prior density and the likelihood function p(Y|®). Since our state-space system is nonlinear, it is
not possible to evaluate the likelihood function using the Kalman filter. Instead, we use a sequential
Monte Carlo procedure also known as particle filter. The particle filter creates an approximation
p(Y']|©) of the likelihood function p(Y'|®©). It has been shown in Andrieu, Doucet, and Holenstein
(2010) that the use of p(Y|©) in MCMC algorithms can still deliver draws from the actual posterior

p(O]Y") because these approximation errors essentially average out as the Markov chain progresses.

Capturing the annual release schedule for the monthly consumption data described in Section 3.1
requires a high-dimensional state vector s;. This creates a computational challenge for the eval-
uation of the likelihood function because the accuracy of particle filter approximations tends to
decrease as the dimension of the latent state vector increases. In order to obtain a computation-
ally efficient filter, we exploit the fact that our state-space model is linear and Gaussian condi-
tional on the volatility states (h¢, hi—1). We use a swarm of particles to represent the distribu-
tion of (h¢, hi—1)|Y1+ and employ the Kalman filter to characterize the conditional distribution of
st|(h¢y hi—1,Y14). This idea has been used by Chen and Liu (2000) and more recently by Shephard
(2013). A full description of the particle filter is provided in the appendix. We embed the likelihood
approximation in a fairly standard random-walk Metropolis algorithm that is widely used in the
DSGE model literature; see for instance Del Negro and Schorfheide (2010).

4 Empirical Results

The data set used in the empirical analysis is described in Section 4.1. The subsequent analysis is
divided into two parts. In Section 4.2 we use consumption and dividend growth data to estimate
the persistent components in conditional mean and volatility dynamics of cash flows. In Section 4.3
we include the market return and risk-free rate data in the estimation and analyze the asset pricing

implications of our model.
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4.1 Data

We use the per capita series of real consumption expenditure on nondurables and services from the
NIPA tables available from the Bureau of Economic Analysis. Annual observations are available
from 1929 to 2011, quarterly from 1947:Q1 to 2011:Q4, and monthly from 1959:M1 to 2011:M12.
We also use monthly observations of returns, dividends, and prices of the CRSP value-weighted
portfolio of all stocks traded on the NYSE, AMEX, and NASDAQ. Price and dividend series are
constructed on the per share basis as in Campbell and Shiller (1988b) and Hodrick (1992). The
stock market data are converted to real using the consumer price index (CPI) from the Bureau
of Labor Statistics. Finally, the ex ante real risk-free rate is constructed as a fitted value from
a projection of the ex post real rate on the current nominal yield and inflation over the previous
year. To run the predictive regression, we use monthly observations on the three-month nominal
yield from the CRSP Fama Risk Free Rate tapes and CPI series. A more detailed explanation
of the data sources is provided in Appendix B. Growth rates of consumption and dividends are
constructed by taking the first difference of the corresponding log series. The time-series span of
the stock market data and the risk-free rate is from 1929:M1 to 2011:M12.

Table 1 presents descriptive statistics for aggregate consumption growth, dividend growth, ag-
gregate stock market returns, the risk-free rate, and the log price-dividend ratio. The statistics are
computed for a sample of annual observations from 1930 to 2011, a sample of monthly observations
from 1929:M1 to 2011:M12, and a sample of monthly observations from 1959:M2 to 2011:M12.
Consumption data is only available for the shorter of the two monthly samples. For our subsequent
analysis, a few features of the data turn out to be important. First, the sample first autocorrela-
tion function of monthly and annual consumption have different signs. Second, consumption and
dividend growth are highly correlated at the low (annual) frequency but not at the high (monthly)
frequency. Third, the sample standard deviations for the long monthly sample starting in 1929:M1

are larger than the sample standard deviations for the post-1958 sample.

4.2 Estimation with Cash Flow Data Only

We begin by estimating the state-space model described in Section 3 based only on consumption
and dividend growth data, dropping market returns and the risk-free rate from the measurement
equation. We employ the mixed-frequency approach by utilizing annual consumption growth data
from 1929 to 1959 and monthly data from 1960:M1 to 2011:M12.

Prior Distribution. We begin with a brief discussion of the prior distribution for the parameters

of the cash flow process specified in (1) and (2). In general, our prior attempts to restrict parameter
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Table 1: Descriptive Statistics - Data Moments

Annual Frequency: 1930 to 2011

Ac  Ad Tm ry  pd
Mean 1.83 098 543 0.46 3.36
StdDev  2.19 11.24 19.98 2.78 0.43
AC1 048 0.21 0.01 0.72 0.90
AC2 0.18 -0.21 -0.16 040 0.81
AC3 -0.07 -0.15 0.01 031 0.75
Corr 1.00 056 0.12 -0.26 0.07

Monthly Frequency: 1929:M1 to 2011:M12
Ac Ad T'm Tf pd

Mean - 009 045 0.04 3.36
StdDev - 168 550 024 044
AC1 - 020 011 0.98 0.99

Monthly Frequency: 1959:M2 to 2011:M12

Ac Ad T'm Ty pd
Mean 0.16 0.11 043 0.10 3.57
StdDev  0.34 1.26 4.55 0.14 0.39
AC1 -0.16 -0.01 0.10 0.96 0.99
Corr 1.00 0.04 0.16 0.13 0.00

Notes: We report descriptive statistics for aggregate consumption growth (Ac), dividend growth (Ad), log returns
of the aggregate stock market (), the log risk-free rate (ry), and log price-dividend ratio (pd). It shows mean,
standard deviation, sample autocorrelations up to order three, and correlation with aggregate consumption growth.
Means and standard deviations are expressed in percentage terms.

values to economically plausible magnitudes. The judgment of what is economically plausible is,
of course, informed by some empirical observations, in the same way the choice of the model
specification is informed by empirical observations. Percentiles of marginal prior distributions are

reported in Table 2.

The prior 90% credible intervals for average annualized consumption and dividend growth range
from approximately + 7%. In view of the sample statistics reported in Table 1, this range is
fairly wide and agnostic. The prior distribution for the persistence of the predictable cash flow
growth component x; is a normal distribution centered at 0.9 with a standard deviation of 0.5,

truncated to the interval (—1,1). The corresponding 90% credible interval ranges from -0.1 to 0.97,
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encompassing values that imply ¢id cash flow growth dynamics as well as very persistent local levels.
The priors for ¢ and 7w, parameters that determine the comovement of cash flows, are centered at
zero and have large variances. & is, roughly speaking, the average standard deviation of the iid
component of consumption growth. At an annualized rate, our 90% credible interval ranges from
1.2% to 7.2%. For comparison, the sample standard deviation of annual consumption growth and

annualized monthly consumption growth are approximately 2% and 4%, respectively (see Table 1).

The parameters ¢g and ¢, capture the magnitude of innovations to dividend growth and the
persistent cash flow component relative to the magnitude of consumption growth innovations. The
prior for the former covers the interval 0.2 to 12, whereas the prior for the latter captures the
interval 0 to 0.11. Thus, a priori we expect dividends to be more volatile than consumption and
the persistent component of cash flow growth to be much smoother than the ¢id component. Our
prior interval for the persistence of the volatility processes ranges from -0.1 to 0.97 and the prior
for the standard deviation of the volatility process implies that the volatility may fluctuate either
relatively little, over the range of 0.67 to 1.5 times the average volatility, or substantially, over the

range of 0.1 to 7 times the average volatility.

Posterior Distribution. Percentiles of the posterior distribution are also reported in Table 2.
The most important result for the subsequent analysis of the asset pricing implications of the LRR
model is the large estimate of p, the autocorrelation coefficient of the persistent cash flow component
x¢. The posterior median of p is 0.97. Thus, according to our estimate, cash flow growth dynamics
are very different from iid dynamics; the half-life of the persistent component is about three years;
and the magnitude of the parameter estimate is quite close to the values used in the LRR literature
(see Bansal, Kiku, and Yaron (2012a)).

At first glance, the large estimate of p may appear inconsistent with the negative sample au-
tocorrelation of consumption growth and the near-zero autocorrelation of dividend growth at the
monthly frequency reported in the third panel of Table 1. However, these sample moments con-
found the persistence of the “true” cash flow processes and the dynamics of the measurement
errors. Our state-space framework is able to disentangle the various components of observed cash
flow growth, thereby detecting a highly persistent predictable component x; that is hidden under a
layer of measurement errors. Based on our measurement-error model, we can compute the fraction
of the variance of observed consumption growth that is due to measurement errors. In a constant-
volatility version of our state-space model, 46% of the observed consumption growth variation at
the monthly frequency is due to measurement errors. For annualized consumption growth data,

this fraction drops below 1%.

The estimation results also provide strong evidence for stochastic volatility. According to the
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Table 2: Posterior Estimates: Cashflows Only

Prior Posterior Prior Posterior
Distr. 5% 95% 5%  50%  95% Distr. 5% 95% 5% 50%  95%
Consumption Process Dividend Process

e N [-.006 .006] .0014 .0016 .0019 tna N [-.007 006} .0000 .0006 .0013
P NT [-0.08 0. 97] 0.95 097 0.98 0] N [[13.1 13.4] 2.04 211 220
vz G [ 0.00 111  0.17 020 0.22 N [-1.68 1.63] -0.18 0.03 0.14
o 1G [.001 006] .0021 .0024 .0026 va G [0.22 11.9] 492 530 5.78
pn., NT [0.08 0.97] .993 .995  .997 pn, NT [(0.08 0.97] 083 0.89 0.94
on, 1G [0.22 1. 03] 031 039 049 on, IG [0.22  1.03] 047 053 0.61
pn, NT [-0.08 0.97] .979 .992 998
on, IG [0.22 1.03] 0.23 043 1.07

Notes: We utilize the mixed-frequency approach in the estimation: For consumption we use annual data from 1929 to
1959 and monthly data from 1960:M1 to 2011:M12; we use monthly dividend growth data from 1929:M1 to 2011:M12.
For consumption we adopt the measurement error model of Section 3.1. We fix ¢, in (2) at p. = 1. N, NT, G,
and IG denote normal, truncated (outside of the interval (—1,1)) normal, gamma, and inverse gamma distributions,
respectively.

posteriors reported in Table 2, all o.; and o4; exhibit significant time variation. The posterior
medians of p;, and pp, are .995 and 0.89, respectively, and the unconditional volatility standard
deviations o3, and o, are 0.39 and 0.53, respectively. Also, the volatility of the growth prospect
component, o, ¢, shows clear evidence for time variation: the posterior medians of p;, and oy, are
0.992 and 0.43, respectively. It is evident that the estimation supports three independent volatility

processes for consumption growth and dividend growth.

Robustness. The evidence for a persistent component in consumption and dividend growth is
robust to the choice of estimation sample. We shift the beginning of our estimation sample from
1929:M1 to 1959:M1 and use only monthly data. Given that this shorter sample is dominated by
the Great Moderation and does not contain the fluctuations associated with the Great Depression,
this sample should be conservative in terms of providing evidence for predictable component and
aggregate stochastic volatility. Interestingly, we obtain similar estimates of p and find that changes
in the estimates of the other parameters are generally small. In all, this sample also provides strong

evidence for a predictable component as well as stochastic volatility in consumption and dividends.
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4.3 Estimation with Cash Flow and Asset Return Data

We now include data on market returns and the risk-free rate in the estimation of our state-space
model. Recall from Section 2 that we distinguish between a benchmark model and a generalized
model that allows for a shock to the time rate of preference. We will report estimates for both

specifications and discuss the role played by the preference shock in fitting our observations.

Prior Distribution. The prior distribution for the parameters associated with the exogenous
cash flow process are the same as the ones used in Section 4.2. Thus, we focus on the preference
parameters that affect the asset pricing implications of the model. Percentiles for the prior are
reported in the left-side columns of Table 3. The prior for the discount rate ¢ reflects beliefs about
the magnitude of the risk-free rate. For the asset pricing implications of our model, it is important
whether the IES is below or above 1. Thus, we choose a prior that covers the range from 0.3 to 3.5.
The 90% prior credible interval for the risk-aversion parameter v ranges from 3 to 15, encompassing
the values that are regarded as reasonable in the asset pricing literature. We also use the same prior
for the persistence and the innovation standard deviation of the preference shock as we did for the
cash flow parameters p and &. Finally, we assume that consumption growth is measured without
error at the annual frequency. We estimate measurement errors only for monthly consumption

growth rates and the risk-free rates, using the same prior distributions as for &.

Posterior Distribution. The remaining columns of Table 3 summarize the percentiles of the
posterior distribution for the parameters of the benchmark model and the generalized model. While
the estimated cash flow parameters are, by and large, similar to those reported in Table 2 when
asset prices are not utilized, a few noteworthy differences emerge. The estimate of p, the persistence
of the predictable cash flow component, increases from 0.97 to 0.99 to capture part of the equity
premium. The time variation in the volatility of the long-run risk innovation, o}, , also increases,
reflecting the information in asset prices about growth uncertainty. The estimate of ¢, drops
from 0.20 to 0.03, which reduces the model-implied predictability of asset returns and consumption
growth and brings it more in line with the data. Finally, the estimate of & increases by a factor of

2 to explain the highly volatile asset prices data.

Overall, the information from the market returns and risk-free rate reduces the posterior un-
certainty about the cash flow parameters and strengthens the evidence in favor of a time-varying
conditional mean of cash flow growth rates as well as time variation in the volatility components.
Table 3 also provides the estimated preference parameters. The IES is estimated above 1 with a
relatively tight credible band. Risk aversion is estimated at 11 for the benchmark model and 10

for the generalized model.



Table 3: Posterior Estimates

Benchmark Model

Generalized Model

Prior Posterior Posterior
Distr. 5% 95% 5% 50% 95% 5% 50% 95%
Preferences
1) B [[9951 .9999] .9992 .9996 .9998 .9990 .9992 .9996
i G [0.31 3.45] 1.62 1.70 1.75 1.33 1.36 1.44
¥ G [2.74 15.45] 10.14 10.84 11.37 9.88 9.97 10.32
P NT [-0.08 0.97] - - - .935 .936 .938
oy IG [.001 .006] - - - .0003 .0004 .0005
Consumption
e N [-.006 .006] - .0016 - - .0016 -
p NT [-0.08 0.97] .989 .993 994 990 .992 .994
o, G [0.00 0.11] 0.03 0.04 004 0.02 0.02 0.03
o IG [.001 .006] .004  .005 .006 .003 .004  .005
Phe NT [-0.08 0.97] 944 956 967  0.943 .946 .951
on. 1IG [0.22 1.03] 0.55 0.60 0.67 0.83 084 0.84
Phe NT [-0.08 0.97] 981 .990 993 .990 .992 .994
on, 1IG [0.22 1.03] 0.50 053 054 056 057 0.57
Dividend

wa N [-.007 .006] - .0010 - - .0010 -
1) N [-13.07 13.40] 3.01 320 345 3.09 311 3.13
T N [-1.68 1.63) 1.08 1.17  1.25 1.13 1.19 1.31
wqa G [0.22 11.90] 539 546 568 6.27 6.30 6.48
Phy NT [-0.08 0.97] .936 .940 947 939 .949 .952
on, 1IG [0.22 1.03) 0.44 045 046 0.56 057 0.57

17

Notes: The estimation results are based on annual consumption growth data from 1930 to 1960 and monthly con-
sumption growth data from 1960:M1 to 2011:M12. For the other three series we use monthly data from 1929:M1 to
2011:M12. We fix . = 0.0016, pq = 0.0010, and ¢, = 1 in the estimation. B, N, N7, G, and IG are beta, normal,

truncated (outside of the interval (—1,1)) normal, gamma, and inverse gamma distributions, respectively.

Matching First and Second Moments. Much of the asset pricing literature, e.g., Bansal, Gal-
lant, and Tauchen (2007), Bansal, Kiku, and Yaron (2012a), and Beeler and Campbell (2012), uses

unconditional moments to estimate model parameters and judge model fit. While these moments

implicitly enter the likelihood function of our state-space model, it is instructive to examine the

extent to which sample moments implied by the estimated state-space model mimic the sample
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moments computed from our actual data set. To do so, we conduct a posterior predictive check
(see, for instance, Geweke (2005) for a textbook treatment). We use previously generated draws
O6), s =1,..., ngm, from the posterior distribution of the model parameters p(O]Y) and simulate
for each ©) the benchmark and the generalized LLR models for 996 periods, which corresponds
to the number of monthly observations in our estimation sample.? This leads to ngj, simulated
trajectories, which we denote by Y(®). For each of these trajectories, we compute various sample
moments, such as means, standard deviations, cross correlations, and autocorrelations. Suppose
we denote such statistics generically by S (Y(s)). The simulations provide a characterization of the
posterior predictive distribution p(S(Y (*))|Y). Percentiles of this distribution for various sample
moments are reported in Table 4. The table also lists the same moments computed from U.S. data.
“Actual” sample moments that fall far into the tails of the posterior predictive distribution provide
evidence for model deficiencies. The moments reported in Table 4 are computed for year-on-year
cash flow growth rates. Market returns, the risk-free rate, and the price-dividend ratio are 12-month

averages.

We first focus on the results from the benchmark model. Except for the first-order autocorrelation
(AC1) of the risk-free rate 7y, all of the “actual” sample moments are within the 5th and the 95th
percentile of the corresponding posterior predictive distribution. The variance of the posterior
predictive distribution reflects the uncertainty about model parameters as well as the variability
of the sample moments. The 90% credible intervals for the consumption growth and risk-free rate
moments are much smaller than the intervals for the dividend growth and market-return moments,
indicating that much of the uncertainty in the posterior predictive moments is due to the variability
of the sample moments themselves. The high volatility of dividend growth and market returns

translates into a large variability of their sample moments.

More specifically, the benchmark model replicates well the first two moments of consumption
and dividend growth and their correlation. The benchmark model also generates a sizable equity
risk premium with a median value of 6%. The model’s return variability is about 20% with the
market return being not highly autocorrelated. As in the data, the model generates both a highly
variable and persistent price-dividend ratio. It is particularly noteworthy that the median and 95th
percentile of the price-dividend volatility distribution are significantly larger than in other LRR
calibrated models with Gaussian shocks. This feature owes in part to the fact that the models
contain three volatility components with underlying log-volatility dynamics, thus accommodating

some non-Gaussian features.

The sample moments implied by the generalized model are very similar to those of the benchmark

2To generate the simulated data, we also draw measurement errors.
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Table 4: Moments of Cash Flow Growth and Asset Prices

Data Benchmark Model Generalized Model
5% 50%  95% 5% 50%  95%

Mean (Ac) 1.83 091 1.89 279 088 193 2.86
StdDev (Ac) 219 165 219 299 152 222 349
AC1 (Ac) 048 0.09 032 056 0.08 033 0.57
Mean (Ad) 1.00 -2.55 1.02 4.61 -227 130 4.68
StdDev (Ad) 11.15 11.01 13.29 16.60 10.35 12.97 16.99
AC1 (Ad) 020 -0.19 0.03 023 -0.20 0.03 0.27
Corr (Ac,Ad) 055 0.12 032 051 013 034 0.56
Mean () 5.71 1.88 5.10 846 240 5.61 9.64
StdDev (ry,) 19.95 14.70 20.30 38.04 13.38 19.99 46.21
AC1 (ry,) -0.01 -0.28 -0.06 0.17 -0.28 -0.05 0.17
Corr (Ac¢,r,) 012 -0.03 0.18 039 -0.06 0.17 0.40
Mean (r¢) 0.44 -044 046 121 -0.39 0.67 1.49
StdDev (r¢) 288 247 287 345 126 196 4.29
AC1 (ry) 0.64 -0.13 0.07 030 0.13 043 0.66
Mean (pd) 336 290 324 341 272 315 333
StdDev (pd) 0.45 0.15 027 064 013 0.27 0.86
AC1 (pd) 086 050 074 087 047 0.74 0.89

Notes: We present descriptive statistics for aggregate consumption growth (Ac), dividends growth (Ad), log returns
of the aggregate stock market (r,,), the log risk-free rate (ry), and the log price-dividend ratio (pd). We report means
(Mean), standard deviations (StdDev), first-order sample autocorrelations (AC1), and correlations (Corr). Cash flow
growth rates are year-on-year (in percent); market returns, the risk-free rate, and the price-dividend ratio refer to
12-month averages (in percent).

model, except for the moments associated with the risk-free rate. Most notably, the benchmark
model generates a slightly negative autocorrelation of the risk-free rate, whereas the generalized
model with the preference shock is able to reproduce the strongly positive serial correlation in the

data.

Risk-Free Rate Dynamics. Our estimated state-space model can be used to decompose the
observed risk-free rate into the “true” risk-free rate and a component that is due to measurement

errors. Figure 1 overlays the actual risk rate and the smoothed “true” or model-implied risk-free
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Figure 1: Model-Implied Risk-Free Rate
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Notes: Blue lines depict the actual risk-free rate, and black lines depict the smoothed, model-implied risk-free rate
without measurement errors.

rate. It is clear from the top panel of the figure that the model has difficulties generating the high
volatility of the risk-free rate in the pre-1960 sample, the 1980s, and the period since 2002. The
benchmark model attributes these fluctuations to measurement errors. Recall that the risk-free
rate series is constructed by subtracting random-walk inflation forecasts from a nominal interest
rate series, which makes the presence of measurement errors plausible. In particular, our nominal
interest rate series includes several periods with negative nominal yields in the period from 1938
to 1941. The pre-1960 sample also contains periods with artificially large inflation rates, which are
partly due to price adjustments following price controls after World War II. Overall, the estimated
benchmark model implies that about 70-80% of the fluctuations in the risk-free rate are due to

measurement errors.

The generalized model with the preference shock )\; is able to track the risk-free rate much
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Figure 2: Smoothed Mean States

Tt
0.01F
0.005|~ , ‘ ‘ '
i I N . ~mp el "’ il 'aﬂ\lllllﬂm m‘llu
o] Pl o VYT #'— NG AN "-'-vwv ‘..'
\_MV A sl \ M Il “
0,005~ L &
Y
S
-0.017; 1 ! ! \ \ I 1 1
1930 1940 1950 1960 1970 1980 1990 2000 2010

| [ [ |
1930 1940 1950 1960 1970 1980 1990 2000 2010

Notes: Black lines represent posterior medians of smoothed states and gray-shaded areas correspond to 90% credible
intervals. In the top panel we overlay the smoothed state x: obtained from the estimation without asset prices (red
dashed line) and monthly consumption growth data (blue solid line). In the bottom panel we overlay a standardized
version of the risk-free rate (blue solid line). Shaded bars indicate NBER recession dates.

better than the benchmark model. By construction, A; generates additional fluctuations in the
model-implied expected stochastic discount factor and hence the model-implied risk-free rate. The
likelihood-based estimation procedure reverses this logic. Persistent movements in the observed
risk-free rate suggest that A\; fluctuated substantially between 1929 and 2011. The fraction of the
fluctuations attributed to measurement errors is now much smaller. In fact, the bottom panel of
Figure 1 illustrates that the difference between the observed series and the smoothed, model-implied
series is now very small. This is consistent with the predictive checks reported in Table 4. Since
the generalized model is more successful at tracking the observed risk-free rate, we focus on the

model specification with preference shock in the remainder of this section unless otherwise noted.?

Smoothed Mean and Volatility States. Figure 2 depicts smoothed estimates of the predictable
component x; and the preference shock process ) ;. Since the estimate of x; is, to a large extent,
determined by the time path of consumption, the 90% credible bands are much wider prior to 1960,
when only annual consumption growth data were used in the estimation. Post 1959, x; tends to

fall in recessions (indicated by the shaded bars in Figure 2), but periods of falling z; also occur

3An alternative way to interpret the preference shocks is that the model requires correlated measurement errors

to capture the time series dynamics of the real risk-free rate.
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Figure 3: Smoothed Volatility States
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Notes: Black lines represent posterior medians of smoothed states and gray-shaded areas correspond to 90% credible
intervals. Shaded bars indicate NBER recession dates.

during expansions. We overlay the smoothed estimate of x; obtained from the estimation without
asset price data (see Section 4.2). It is very important to note that the two estimates are similar,
which highlights that x; is, in fact, detectable based on cash flow data only. We also depict the
monthly consumption growth data post 1959, which confirms that x; indeed captures low-frequency
movements in consumption growth. A visual comparison of the smoothed x); process with the
standardized risk-free rate in the bottom panel of Figure 2 confirms that the preference shock in

the generalized model mainly helps track the observed risk-free rate.

The smoothed volatility processes are plotted in Figure 3. Recall that our model has three
independent volatility processes, h¢¢, hqt, and h; ¢, associated with the innovations to consumption
growth, dividend growth, and the predictable component, respectively. The most notable feature of
e is that it captures a drop in consumption growth volatility that occurred between 1950 and 1965.
In magnitude, this drop in volatility is much larger than a subsequent decrease around 1984, the
year typically associated with the Great Moderation. The stochastic volatility process for dividend

growth shows a drop around 1955, but it also features an increase in volatility starting in 2000,
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which is not apparent in h.;. Overall, the smoothed hg; seems to exhibit more medium- and high-
frequency movements than h.;. Finally, the volatility of the persistent component, h; ¢, exhibits

substantial fluctuations over our sample period, and it tends to peak during NBER recessions.

Determinants of Asset Price Fluctuations. After a visual inspection of the latent mean and
volatility processes in Figures 2 and 3, we now examine their implications for asset prices. In
equilibrium, the market returns, the risk-free rate, and the price-dividend ratios are functions of
the mean and volatility states. Figure 4 depicts the contribution of various risk factors: namely,
the variation in growth prospects, x, the preference shock, x ¢, and the conditional variability of
growth prospects, o, , to asset price volatility. Given the posterior estimates of our state-space
model, we can compute smoothed estimates of the latent asset price volatilities at every point
in time. Moreover, we can also generate counterfactual volatilities by shutting down z;, x, or
oxt. The ratio of the counterfactual and the actual volatilities measures the contribution of the
non-omitted risk factors. If we subtract this ratio from 1, we obtain the relative contribution of

the omitted risk factor, which is shown in Figure 4.

While the preference shocks are important for the risk-free rate, they contribute very little to
the variance of the price-dividend ratio and the market return. The figure shows that most of the
variability of the price-dividend ratio is, in equal parts, due to the variation in z; and o,;. As
Appendix A shows, the risk premium on the market return is barely affected by the preference
shocks and consequently its variation is almost entirely attributable to the time variation in the
stochastic volatility ait and the growth prospect ;. The remaining risk factors ait and ‘73,75 have

negligible effects (less than 1% on average) on asset price volatilities.

Predictability. One aspect of the data that is often discussed in the context of asset pricing models
— and in particular, in the context of models featuring long-run risks — is the low predictability
of future consumption growth by the current price-dividend ratio. Another key issue in the asset
pricing literature is return predictability by the price-dividend ratio (e.g., Hodrick (1992)). We
address these two issues in Figure 5 where we regress cumulative consumption growth and multi-

period excess returns on the current price-dividend ratio using OLS:

H
Z Aciyp = a+ Ppdy +residy g
h=1

H
Z(Tm,t+h - ?”f,t+h_1) = «+ Bpd; + residyp.
h=1

The results are presented as posterior predictive checks, similar to those in Table 4, but now depicted
graphically. The statistics S(Y) considered are the R? values obtained from the two regressions.

The top and bottom ends of the boxes correspond to the 5th and 95th percentiles, respectively, of
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Figure 4: Variance Decomposition for Market Returns and Risk-Free Rate
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rate that is due to ¢, x +, and Ui,t, respectively. We do not present the graphs for Uf,t, Jit since their time-varying

shares are less than 1% on average. See the main text for computational details.

the posterior distribution, and the horizontal bars signify the medians. Finally, the small squares

correspond to statistics computed from “actual” U.S. data.

The left panel of Figure 5 documents the predictability of consumption growth. While the model’s
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Figure 5: Univariate Predictability Checks
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Notes: Black boxes indicate regression R? values from actual data. Figure also depicts medians (red lines) and 90%
credible intervals (top and bottom lines of boxes) of distribution of R? values obtained with model-generated data.

Figure 6: VAR Predictability Checks
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Notes: Black boxes indicate VAR R? values from actual data. The figure also depicts medians (red lines) and 90%
credible intervals (top and bottom lines of boxes) of distribution of R? values obtained with model-generated data.

median R? value is somewhat larger (red lines) than the corresponding data estimate, the model’s
finite sample R? distribution for consumption growth encompasses the low data estimate. In terms
of return predictability, depicted in the right panel of Figure 5, the model’s median R? for the
five-year horizon R? is large at 15%, with a 95 percentile value of 47% that clearly contains the
data estimate. These model-implied R?s are larger than what is typically found in models with
long-run risks (e.g., Bansal, Kiku, and Yaron (2012a)) — a feature attributable to the presence of

the three exponential volatility processes that allow this model specification for an improved fit.
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Figure 7: Correlation between Market Return and Growth Rates of Fundamentals
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Notes: Black boxes indicate sample correlations of actual data. The figure also depicts medians (red lines) and 90%
credible intervals (top and bottom lines of boxes) of distribution of sample correlations obtained with model-generated
data.

It is well known that, in the data, the price-dividend ratio is very persistent, a feature that
can render the aforementioned regressions spurious (see Hodrick (1992) and Stambaugh (1999)).
In the model, and possibly in the data, the price-dividend ratio reflects multiple state variables.
Consequently, a VAR-based predictive regression may offer a more robust characterization. As in
Bansal, Kiku, and Yaron (2012a), Figure 6 displays the predictability of consumption growth and
the market excess returns based on a first-order VAR that includes consumption growth, the price-
dividend ratio, the real risk-free rate, and the market excess return. The first thing to note is that,
with multiple predictive variables, consumption growth is highly predictable. The VAR provides
quite a different view on consumption predictability relative to the case of using the price-dividend
ratio as a univariate regressor. In particular, now consumption growth predictability at the one-
year horizon is very large with an R? of about 55% (see also Bansal, Kiku, Shaliastovich, and Yaron
(2013)). While the predictability diminishes over time, it is still nontrivial with an R? of 14% at
the 10-year horizon. It is important to note that the model-based VAR yields very comparable
results (and in fact yields a median R? for the one-year horizon that is somewhat lower than its
data estimate). On the other hand, since long-horizon return predictability is highly influenced
by the price-dividend ratio, the VAR-based implications for excess return predictability do not
change much relative to the univariate estimates. Nonetheless, the model performs well along this
dimension and its generated VAR-based R?s are closer to their VAR data estimates, relative to the

R?s based on univariate price-dividend regressor.

One additional feature in which the generalized model performance is improved relative to the
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Table 5: ¢ (IES) from Instrumental Variables Estimation

Specification Data Generalized Model
5%  50%  95%

Ac onto 7 -0.30 -0.45 0.56 1.50
rr onto Ac -0.90 -5.53 1.26 6.80

Notes: The first row provides finite sample values of the 1 from the regression Ac;+1 = constant + 7y ;41 +residey1,
while the second row provides the v values from the regression r¢ ;1 = constant+ lAcH_l +residi+1. The instruments
are lagged (two years) consumption growth, log price-dividend ratio, market return, and risk-free rate. The “true” ¥
value in the model is 1.36 from Table 3. Regressions are implemented at an annual frequency.

benchmark model is the correlation between long-horizon return and long-horizon dividend and
consumption growth. Figure 7 presents these correlations in the data and the model. In the model,
the 10-year consumption growth and 10-year return have a correlation of 0.3, but with enormous
standard deviations that encompass -0.3 to 0.7, which contain the data estimate. The analogous
correlations for dividend growth are 0 to 0.9 with the data at 0.5 close to the model median estimate.
In the benchmark model, without the x) process, this last correlation will be quite a bit larger for

all percentiles and would be a challenging dimension for the model.

It is well understood that whether the IES parameter is above or below 1 plays a significant role
in the asset pricing implication of the model. One common approach for estimating the IES has
been to regress the growth rate of consumption on the risk-free rate (e.g., Hall (1988)). Bansal
and Yaron (2004) and Bansal, Kiku, and Yaron (2012a) show that this regression is misspecified
in the presence of stochastic volatility and leads to downward-biased estimates of the IES. Given
that our estimation formally ascribes measurement errors to both consumption and the risk-free
rate, we revisit the implication of this regression for inference on the IES. For completeness, we
also run the reverse equation of regressing the risk-free rate on consumption growth. We use the
two-year lagged consumption growth, log price-dividend ratio, market return, and risk-free rate
as instrumental variables. As shown in Table 5, in both regression approaches the data based
estimates are in fact negative, but lie well within the very wide 90% model-based credible band,
even though in all model simulations the IES was set to its median estimate of 1.36. In totality,
this evidence shows that, with the estimated levels of measurement errors, it is very difficult to

precisely estimate the IES via this regression approach.
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5 Conclusion

We developed a nonlinear state-space model to capture the joint dynamics of consumption, divi-
dend growth, and asset returns. Building on Bansal and Yaron (2004), our model consists of an
economy containing a common predictable component for consumption and dividend growth and
multiple stochastic volatility processes. To maximize the economic span of the data for recovering
the predictable components and maximizing the frequency of data for efficiently identifying the
volatility processes, we use mixed-frequency data. Our econometric framework is general enough
to encompass other asset pricing models that can be written as state-space models that are linear
conditional on the volatility states. A careful modeling of measurement errors in consumption
growth reveals that the predictable cash flow component can be identified from consumption and
dividend growth data only. The additional inclusion of asset prices sharpens the inference. The
inclusion of two additional volatility processes improves the model fit considerably. The preference
shock included in the generalized version of our model mostly captures the dynamics of the risk-free
rate, but has little effect on market returns and price-dividend ratios. Overall, the estimated model

is able to capture key asset-pricing facts of the data.
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Appendix

A Solving the Long-Run Risks Model

This section provides solutions for the consumption and dividend claims for the endowment process:

e+l = fhe+ Tt + OctNet+1 (A1)
9dt+1 = Md+ OTy + TOcNet+1 + OdiNd,i+1
Ti+1 = PTy+ OptNri+1
Tat+l = PATAt T OANAt+1
2 Y _\2 2
Octyl = (1 = ve)(peo)” + VeOg + Ow We,t+1
2 _\2 2
Ogt+1 — (1 = vz)(p0)” + VeOg 4+ Ow, W 41
2 _\2 2
01 = (1=va)(0d0)” +vaogy + ow,Wd,t+1

Mit+1: MAt+1, Wigr1 ~ N(0,1), @€ {c,z,d}.

The Euler equation for the economy is

Ei[exp (M1 +rip41)] =1, i € {c,m}, (A.2)
where )
myy1 = 0logd + 0xy 111 — ch,tJrl +(0—1)re g (A.3)

is the log of the real stochastic discount factor (SDF), r¢+41 is the log return on the consumption
claim, and ry, 441 is the log market return. (A.3) is derived in Section A.5 below. Returns are given

by the approximation of Campbell and Shiller (1988a):

Tet+l = Ko+ K12t41 — 2t + Gept+1 (A.4)

Tmit+l = Kom + KlmZmt+l — Zmt T 9dt+1-

The risk premium on any asset is
1
Ei(riper = rp2) + GVar(riger) = —Covy(misr, rigrr)- (A.5)

In Section A.1 we solve for the law of motion for the return on the consumption claim, r.;y1. In
Section A.2 we solve for the law of motion for the market return, r,, 1. The risk-free rate is
derived in Section A.3. All three solutions depend on linearization parameters that are derived in

Section A.4. Finally, as mentioned above, the SDF is derived in Section A.5.
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A.1 Consumption Claim

In order to derive the dynamics of asset prices, we rely on approximate analytical solutions. Specif-

ically, we conjecture that the price-consumption ratio follows
2t = Ao + All't + AL)\.”L‘)\J + AQ,CO'Zt =+ AQ#EO-;,t (AG)

and solve for A’s using (A.1), (A.2), (A.4), and (A.6).
From (A.1), (A.4), and (A.6)

Tety1 = {lio + Ao(k1 — 1) + pe + K1 A2.(1 — Vm)(gom&)2 + r1Az (1 — I/C)(gocﬁ)Z} (A.7)
1
+ al‘t + A1,/\(/‘flp>\ - 1)»”3)\,1& + Ao o (K1vy — 1)0325715 + Az c(K1ve — 1)02,t

+  OctNei+1 + K1 A102 iNe 41 + K1ALNOADN 141 + K1 A2 200w, We t41 + K1A2 0w, We t41
and from (A.1), (A.2), (A.4), and (A.6)

mir1 = (0—1) {K,O + Ap(k1 — 1) + K1 Az (1 — VI)(cpxﬁ)2 + k1Ag (1 — VC)(apc&)z} (A.8)
1
— p+0logd — s +paeas + (0 — DAz (kive — 1)os , + (0 — 1) Age(rive — 1o,
— YOeuNetr1 + (0 — 1)k1A100 iMe i1 + {(0 — 1)r1 A1 )y + 0} oann 41

+ (9 - 1)/{1A2,xawzwx,t+1 + (0 - 1)/{1A2,cawcwc,t+l-

The solutions for A’s that describe the dynamics of the price-consumption ratio are determined

from
1
Ey Imyg1 + 1] + §Va7't [Mig1 +Teq1] =0

and they are

1-1 9 (11 Ar)2 9(1— 12
A 141 2
P A O 1k VW A (A.9)
1 —rip 1 — k1p) 1 — ki 1—riv,
1 2
and Ay = ’410::?0, where

1
Ay = logd + ko + p(l — J) + k1 A22(1 = v2)(926)? + K1 A2c(1 — ve) (9cF)?
0
A = 2 {(mAL)\ +1)%03 + (/ilAQ,ZO'wx)Z + (/ilAZ,chC)Q} .
For convenience, (A.8) can be rewritten as

M1 — Exfmep1] = AeOctNett1 + AaOa iz t+1 + AOANN 141 T Ay Owy Wa t41 + A, O, We t41-
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Note that As represent the market price of risk for each source of risk. To be specific,

1, k1 0 — K1pa
Ae = — Ao = —(y—— , A =—, A.10
‘ M de=lr 1/1)1—f<61p YT 1=k (4.10)
N 51— i)/ﬂ( M 0Pl -gm
we 2(1 — K1) 1—rip’ 7 " 2(1 — k1ve)
Similarly, rewrite (A.7) as
Tet+1 — Ey [rc7t+1] = _/Bc,co'c,tnc,t-i-l - /Bc,xgx,tnx,t—i-l - /Bc,)\o')\n)\,H-I - Bc,wm Ow, Wy t+1 — Bc,wcgwcwc,t-i-l

where
ﬁc,c = -1, /Bc,x = _ﬂlAl’ ﬁc)\ = _ﬁlAl,Ay Bc,wgc = _KflAQ,xa /Bc,wC = _’€1A2,c- (All)
The risk premium for the consumption claim is
1
Ei(reis1 —7rpe) + iVaTt(Tc,tH) = —Covi(miy1,Ters1) (A.12)
= /8071.)\230_371: + /BC,C)\CO-g7t + BC7AA)\O—§\ + Bc,wl Aw,r 0—12111 + Bc7wcAwCO-12UC.
A.2 DMarket Return
Similarly, using the conjectured solution to the price-dividend ratio
Zm,t = AO,m + Al,m$t + Al,)\,mx)\,t + A2,z,mU§;,t + A2,c,mUZt + A2,d,mac21,t (A'l?’)
the market return can be expressed as

"mit+1 = KOom + AO,m(ﬁl,m - 1) + g + Hl,mAZ;L’,m(l - Vm)(‘Pm&)Z (A14>
K1m Az em(1 = ve)(0e0)? + 51m Az, am(1 = va)(9ad)” + {6+ Avm(k1mp — 1)} 2
(K1,mPx — 1)A1,A,m$/\,t + Az pm(K1mVe — 1)‘7925,1& + Az em(F1mVe — 1)02,75

2
Az am(K1,mVa — 1)0g s + TOcame i1 + OdiNd i+t + F1mALmOz N t+1 + K1m AL xmOAIA 141

+ + 4+

’{fl,mAZ,x,mo'wmwx,t—i-l + Kfl,mAQ,c,mO-wcwc,t—i-l + ’il,mAQ,d,mo'wdwd,t—l—l-
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Given the solution for A’s, A,,’s can be derived as follows:

A(l)sﬁl 4 A2nd

0,m 1— Kim ( )
o
A = v
1,m 1— KLmp
PA
A = R,
1,A\,m 1 KLmPa
A _ 3 {0 —1)r1A; + K1mALm} 4 (0 — 1) (kive — 1) Az,
2, xm 11— KV
1 2
A =)+ (0 —1)(k1ve — 1) A
v 1- R1mVe
1
A - 2
2d;m 1 — KimVd’

where

A(l]i’;1 = flogdo+ (0 —1) {FLO + Ap(k1 — 1) + K1 Az (1 — Vx)(cpgﬁ)z + k1A (1 — l/c)(cpcﬁ)2}
— YAt Kom + pd+ F1mA2em (1= v2)(920)° + F1m Az em (1 — ve) (9c0)?
+ Kul,mAZd,m(l - I/d)(()pd&)2

1 21 2
A%% = 5 (Kl,mAQ,x,mo'wz + (9 - 1)/€1A2,x0wz> + 5 (Kl,mAQ,c,mo'wc + (0 - 1)/{1142,00'100)
1 2 2
+ 3 (m,mAg,d,mde) +3 (m,mAL/\,mUA + (0 — D)r1Arpox + 9(7)\) -
Rewrite market-return equation (A.14) as
T'm,t+1 — E, [Tm,t—i—l] = _/Bm,cac,tnc,t+1 - /Bm,xaz,tnx,t+1 - /Bm,)\o')\n)\,t—l-l - Bm,wzngwx,t—&—l - ﬂm,wcawcwc,t—i—la
where
ﬁm,c = -7, Bm,x - _K/].,T)’LA].,WH Bm,)\ = _Kfl,mAl,)\,ma (A16)
/Bm,ww = _Rl,mAQ,w,Tm ﬁm,wc = _Rl,mAQ,c,m-
The risk premium for the dividend claim is
1
Ei(rmis1 —7fe) + iVart(Tth) = —Cov(Mis1,Tm,t+1) (A.17)

2 2 2 2 2
= Bm,x)\zo'g;,t + ﬁm,c)\ca'qt + Bm,)\)\AO'A + ﬁm,wz )\wgc Owy + Bm,wc)\wco'wc-
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A.3 Risk-Free Rate

The model-driven equation for the risk-free rate is
1
Tfﬂg = —Et [mt+1] — Evan [mH_l] (A18)

6 1
= —0 10g(5 — Et [xk,t—i-l] + aEt [gc7t+1] + (1 - Q)Et [Tc,t—i—l] - ivart [mt_H] .

Subtract (1 — 0)rs, from both sides and divide by 6,

1-6 1
( 9 )Et [Pegt1 — Te] — 25097t [mey1]  (AL19)

1 1
rfe = —logd — By [T e41] + EEt [Gep11] +

From (A.1) and (A.8)

2 2
rre = Bo+ Bixy + Biawat + Boaogy + B2 cogy,

where
1 (1= 5y = )R 1y—1
Bi=—, By,=- By, = , e=——(L— A2
1= P px, D2, 21— rip)? 2, 2( " +7) (A.20)
and
By = —910g5 — (9 — 1) {Ho + (Hl — 1)A0 + K]lAQ’;L-(l — I/x)((pxa‘)g + /€1A2,c(1 — yc)(gocﬁ)Q}
1 1 1
+ = 5 {0 = DrrAzeon,} — 5 {0 = Dmidzeon}* — 5 {((0 = DmALy +0)°03

A.4 Linearization Parameters

For any asset, the linearization parameters are determined endogenously by the following system

of equations:

Zi = Aoi(z)+ Z Anij(z) x (p;0)?

jelex,d}
B exp(Zz;)
Ky = ————/—~
1+ exp(Zz;)
koi = log(1+exp(Z;)) — K1,iZ.

The solution is determined numerically by iteration until reaching a fixed point of Zz;.
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A.5 Deriving the Intertemporal Marginal Rate of Substitution (MRS)

We consider a representative-agent endowment economy modified to allow for time-preference
shocks. The representative agent has Epstein and Zin (1989) recursive preferences and maximizes
her lifetime utility

6

1-v

Vt:mdax ( 5)/\150 0 +5(Et[vt+_17])%
t

subject to budget constraint
Wig1 = (Wi — Cy)Re 141,

where W; is the wealth of the agent, R, ;1 is the return on all invested wealth,  is risk aversion, 0 =
17

1- 1/¢’

off current versus future utility and is referred to as the tlme—preference shock (see Albuquerque,

Eichenbaum, and Rebelo (2012)).

>\t+1

and v is intertemporal elasticity of substitution. The ratio determines how agents trade

First conjecture a solution for V; = ¢.W;. The value function is homogenous of degree 1 in wealth;

it can now be written as

6

= 11175
¢tWt = II]CE}X ( 5)/\tC 9 + 5(Et[(¢t+1Wt+1) *’Y])g (A21)
subject to
Wig1 = (W — Cy)Re 41

Epstein and Zin (1989) show that the above dynamic program has a maximum.

Using the dynamics of the wealth equation, we substitute Wi into (A.21) to derive

0
1—v

1—y 1
gbtWt == mcax |:(1 — 6))\tC’t 0 + 5(Wt Ct) (Et[(¢t+ch t+1) V]) 0 . (A22)
At the optimum, C; = b;W;, where b; is the consumption-wealth ratio. Using (A.22) and shifting

the exponent on the braces to the left-hand side, and dividing by W3, yields

1—y
1—

@qufwn(§96’+%}—5g (Bl Rorsn) 1) (A.23)

or simply

S

6,7 = (1— b7 +5(1—by) T (Bel(bes1Rersr) ™)) 7. (A.24)

The first-order condition with respect to the consumption choice yields

(L=, T = 61— b) T Eel(Gre1 Reasn) ). (A.25)



Schortheide, Song, and Yaron (2013): Online Appendix A-7T

Plugging (A.25) into (A.24) yields

1—~v—06
vy

o L/ -
o= (- mN T () o

1
Y 1o
o — (1= §)7AT <Ct ) o (A.26)

The lifetime value function is ¢ Wy, with the solution to ¢; stated above. This expression for ¢, is
important: It states that the maximized lifetime utility is determined by the consumption-wealth

ratio.

(A.25) can be rewritten as

0
b 3 _
-0 (25) T = RGBT (A.27)
— 0t
Consider the term ¢;41 R t41:
1
v e C 1-v
¢t+ch,t+1 = (1 — 6) P—1 )\tdi‘_ll <I/Vt+1 ) quurl. (A28)
t+1
After substituting the wealth constraint, g}:l = V?,’jé{ ?tl . Rciﬂ = Ii t;ll . litbt7 into the above
expression, it follows that
N = T ( G \ 7
Grr1Repr1 = (1 —0) 71N T i Ret1. (A.29)
— Ut c,t+1
After some intermediate tedious manipulations,
b \ ¥ -
PG Per) ™ = 0= (12 ) TG R (A.30)

Taking expectations and substituting the last expression into (A.27) yields
0 M\ Lo
) Et[<> G R Rer] = 1. (A.31)

From here we see that the MRS in terms of observables is

Mar ) L o
My = 59(21) G, R, (A.32)
The log of MRS is
0
myy1 = 0logd + Oxy 111 — Egtﬂ + (0 — 1)reit1, (A.33)

where z)+41 = log()‘g\—tl).
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B Data Source

B.1 Nominal PCE

We download seasonally adjusted data for nominal PCE from NIPA Tables 2.3.5 and 2.8.5. We
then compute within-quarter averages of monthly observations and within-year averages of quarterly

observations.

B.2 Real PCE

We use Table 2.3.3., Real Personal Consumption Expenditures by Major Type of Product, Quantity
Indexes (A:1929-2011)(Q:1947:Q1-2011:Q4) to extend Table 2.3.6., Real Personal Consumption
Expenditures by Major Type of Product, Chained Dollars (A:1995-2011) (Q:1995:Q1-2011:Q4).
Monthly data are constructed analogously using Table 2.8.3. and Table 2.8.6.

B.3 Real Per Capita PCE: ND+S

The LRR model defines consumption as per capita consumer expenditures on nondurables and
services. We download mid-month population data from NIPA Table 7.1.(A:1929-2011)(Q:1947:Q1-
2011:Q4) and from Federal Reserve Bank of St. Louis’ FRED database (M:1959:M1-2011:M12).

We convert consumption to per capita terms.

B.4 Dividend and Market Returns Data

Data are from the Center for Research in Security Prices (CRSP). The three monthly series from
CRSP are the value-weighted with-, RNV, and without-dividend nominal returns, RX;, of CRSP
stock market indexes (NYSE/AMEX/NASDAQ/ARCA), and the CPI inflation rates, m. The
sample period is from 1928:M1 to 2011:M12. The monthly real dividend series are constructed as
in Hodrick (1992):

1. A normalized nominal value-weighted price series is produced by initializing Py = 1 and

recursively setting P, = (1 4+ RX¢)P;—1.

2. A normalized nominal divided series, d¢, is obtained by recognizing that d; = (RN; —
RX)P,—.

3. The annualized dividend is D; = 2;1:0 d¢—;, which sums the previous 11 months of dividends
with the current dividend. The first observation is 1928:M12.
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Both dividend growth, log(Dggl ), and market returns, RNy;1, are converted from nominal to real
terms using the CPI inflation rates, which are denoted by gq:4+1 and 7, 41 respectively. They are

available from 1929:M1 to 2011:M12.

B.5 Ex Ante Risk-Free Rate

The ex ante risk-free rate is constructed as in the online appendix of Beeler and Campbell (2012).
Nominal yields to calculate risk-free rates are the CRSP Fama Risk Free Rates. Even though our
model runs in monthly frequencies, we use the three-month yield because of the larger volume and
higher reliability. We subtract annualized three-month inflation, 743, from the nominal yield,
ift, to form a measure of the ex post (annualized) real three-month interest rate. The ex ante real
risk-free rate, ry;, is constructed as a fitted value from a projection of the ex post real rate on the

current nominal yield, is;, and inflation over the previous year, m;_12 :

ife — T3 = PBo+ Biipe + Bami_124 + €143

ree = Bo + Blif,t + /327rt—12,t-

The ex ante real risk-free rates are available from 1929:M1 to 2011:M12.
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C The State-Space Representation of the LRR Model

C.1 Measurement Equations

In order to capture the correlation structure between the measurement errors at monthly frequency,
we assumed in the main text that 12 months of consumption growth data are released at the end
of each year. We will now present the resulting measurement equation. To simplify the exposition,
we assume that the monthly consumption data are released at the end of the quarter (rather than

at the end of the year). In the main text, the measurement equation is written as
Yt+1 = At+1 (D + Z8t+1 + ZUS%}Jrl + E“ut_,_l) N U1 N(O, I) (A34)

The selection matrix A;11 accounts for the deterministic changes in the vector of observables, ;1.
Recall that monthly observations are available only starting in 1959:M1. For the sake of exposition,

suppose prior to 1959:M1 consumption growth was available at a quarterly frequency. Then:

1. Prior to 1959:M1:

(a) If t + 1 is the last month of the quarter:

9eit1 33133000
9dt+1 0 000 O0O1O0O0
Yt+1 = s A=
Tm,t4+1 000 0O0O0OT1FP0
rg 00000001
(b) If ¢ + 1 is not the last month of the quarter:
9d,t+1 0 0
Ye+1 = | Tmtt+1 | > Api=10 0
Tt 0 0
2. From 1959:M1 to present:
(a) If t + 1 is the last month of the quarter:
[ Gers1 | (1000000 0]
Get 01 000O0O00O0
Get—1 001 0O0O0O0OQO
Yt+1 = s A =
9d,t+1 000O0O0OT1TTO0O®O
T'm,t4+1 000O0O0OOT1P0
T (00 000001
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(b) If ¢ + 1 is not the last month of the quarter:

9d t+1 000 O0O0OT1TQO0OFPO0
Yr1= | "mat1 |» A+1=10 0 0 0 0 0 1 0
T 00 0O0O0O0TO01

The relationship between observations and states (ignoring the measurement errors) is given by

the approximate analytical solution of the LRR model described in Section A:

e+l = Me+ Tt + OctNettl (A.35)
9di+1 = Hd+ QT + TOcNet+1 + Od,iNd,t+1
Tmi+1 = {Kom + (Kim — 1)Aom + pa}t
+ (FimAim)Tir1 + (0 — Avm)Te + (KimAiam)Tai+1 — Al m@at + TOciNei+1 + OdiNdt+1
+ (ﬁl,mAQ,m,m)U:%,tH - A2,x,m‘7§,t + ("il,mAQ,c,m)Ug,tH - A2,c,m‘7§,t + ("ﬁl,mA2,d,m)‘73,t+1 - A2,d,m‘73,t
rre = Bo+ Bz + Bipaag + Bagos, + Bacol,

Nit+1: M t+1, Wigr1 ~ N(0,1), @€ {c,z,d}.

In order to reproduce (A.35) and the measurement-error structure described in Sections 3.1 and 3.2,

we define the vectors of states s;11 and sy, as



Schortheide, Song, and Yaron (2013): Online Appendix

It can

be verified that the coefficient matrices D, Z,

o O O o oo
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© © © o o

Hr,8
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© ©O o0 o o o+ o
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o O O O O O

Hr,9

St+1 =

[= el =]
OO0 O+ OO0 OO

o © O o o o

Hr,10
Ba,c

3 © O © O

Hr,3

[=}

o O O © O O

Hr,11

T

Ty

Tt—1

Tt—2

Ty—3

Ti—aq
Oc,tle,t+1
Oc,t—17c,t
Oct—2"c,t—1
Oc,t—3"Mc,t—2
Oc,t—4Tc,t—3
Oe€t+1

Oe€t

Oe€t—1
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The coefficients ji,0 to p,12 are obtained from the solution of the LRR model:

g g
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°
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C.2 State Transition Equations

Using the definition of sy11 in (A.36), we write the state-transition equation as

(A.37)

St+1 = Psy + ver1(he).

Conditional on the volatilities h;, this equation reproduces the law of motion of the two persistent

conditional mean processes

(A.38)

PTt + O tNa t+1

Li4+1

PATNEt T O 41

T t+1

The matrices ®

and it contains some trivial relationships among the measurement-error states.

and vyy1(he) are defined as

and
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Ozt Nzt 41 |
0
0
0
0
0

Oc,tMNe,t+1

viy1(ht) =

qQ
mQ
colyo o0 o

o
¥
AN

[=}

od,tNd,t+1
TXTIN,t+1
0

The law of motion of the three persistent conditional log volatility processes is given by

ht+1 = \I/ht + Ehwt+1, (ASQ)
where
. ph, 0 0
hivr = | hegyr |» ¥Y=1| 0 pp O
L hd7t+1 0 0 phd
CRVIEr 0 i
Y, = 0 Thor/1 = P, 0 y Wil = | Wett1
0 0 ongr/1— P, W41
We express

Ozt = Pa0€xp(hay), 0Oct = pcexp(her), 0ar = paoexp(hay),

which delivers the dependence on h; in the above definition of vy41(-).
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D Posterior Inference

As discussed in the main text, we use a particle-filter approximation of the likelihood function and

embed this approximation into a fairly standard random walk Metropolis algorithm.

D.1 Particle Filter

Our state-space representation, given by equations (A.34), (A.37), and (A.39), is linear conditional
on the volatility states hy. Thus, following Chen and Liu (2000), we update s¢11 conditional on hy
using Kalman filter iterations, which improves the efficiency of the filter substantially. In the sub-
sequent exposition we omit the dependence of all densities on the parameter vector ©. The particle

. . N
filter approximates the sequence of distributions {p(z¢|Y1.+)}._; by a set of pairs {zt(l),ﬁ,gl)} X
1=

where z,gi) is the /th particle vector, 7T§i) is its weight, and N is the number of particles. As a

by-product, the filter produces a sequence of likelihood approximations p(y:|Y1.4-1), t =1,...,T.

e Initialization: We generate the particle values zéi) by drawing the volatilities (hg, h—1) from
the unconditional distribution associated with (A.39). Conditional on the volatility state
(h(()i), h@l), sgi) is generated from the unconditional distribution associated with (A.37). We
set W(()i) = 1/N for each i.

e Propagation of particles: We simulate (A.39) forward to generate (hgi), hg?l) conditional

on (hg?l, hgi_)2). Taking sg?l and (hgi), hi?l) as given, for each particle we run one iteration
of the Kalman filter based on the linear state-space system comprised of (A.34)and (A.37) to

determine p(s¢|yy, 51@1, hgi), hg? ). This distribution is normal with mean s and P, We

' ‘ tlt tlt
(@) pli)

10 Lije ). We use q(zt|z§i)1, y¢) to represent the distribution from which

sample sgi) from N (s
(4)

we draw z; .

e Correction of particle weights: Define the unnormalized particle weights for period ¢ as

. . ONPROING)
ﬁgz) = ng)lxp(yﬂzt(i))pgt 2¢21) (A.40)
(212421, yt)
_ L0 Pl (" 147
- g, @) p@ (i BING
I O S O PR GITAON
o 2l (s h B2 5w k)
- t—1

p(si” I 2y 52 a (e )

o Pz h Y s
Mim1 % D0 .0 .0 :
p(s by By 20 8120, )
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The term 7191 is the initial particle weight and the ratio p(yt\zy))p(zf)\zt(i_)l)/q(zt(i)]zgi)l, Yt)
is the importance weight of the particle. The second equality is obtained by factorizing
q(zt(i) \zt(i)l, y¢) into the density of hgi) associated with the forward simulation of the volatility
states, and the conditional density of s;|(y;, 51@1, hgi) ) hg?l) is obtained from the Kalman filter
updating step. The third equality is obtained by factorizing the joint density of (sgi), hgi)),
p(zt(i)\zﬁ)l), into a marginal density for hgi) and a conditional density for sgi)|h§i). The last
equality follows from the fact that we chose q(hgi)|h§?1) = p(hgi)|h91). We further simplify

the expression in the last line of (A.40) in the next subsection.

The log likelihood function approximation is given by

N
log p(ye|Y1:4—1) = log p(yr—1[Y1:t—2) + log (Z ﬁﬁ”) :
=1

e Resampling: Define the normalized weights

NUN
AR

and generate N draws from the distribution {sgi), wgi) fvzl using multinomial resampling. In

slight abuse of notation, we denote the resampled particles and their weights also by sgi) and

Wt(i), where wt(i) =1/N.

D.2 Further Details on the Correction and Updating Step

(

We now derive the density p(s¢|yt, 31@1, hgi), ht?l) as well as a simplified expression for the density
ratio in the last line of (A.40). Recall that, conditional on the volatilities (h¢, hy—1), the state-space

representation of our model takes the form

Y = At (D + ZSt + ZUS:{Y + E“ut), Ut ~ N(O, I) (A41)
St = (I’St_l + Ut(ht_1>. (A42)

We now proceed with a Kalman filter forecasting and updating step. Conditional on (sgi_)l, hgi), h§i)1)7

the state-transition equation can be used to forecast s:

St’(sgljla hz(tl)’ hgz) ~ N(SEQ—I’ Pt(|?—1)’

where

i = @5 PYL = Elo(? e ()

Stje—1 = PSi—10 L1 T
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Using the measurement equation we can forecast y;, conditional on (sgz)l, h(i) hgl), as follows:

el (si20 g 1) ~ N (g ), (A.43)
where
iy = A(D+ Zs) + 20si (7 hD), Y = (AZ) P (AZ) + (AS™) (A"
Finally, we can apply the Kalman filter updating step to obtain
St’(yta Sgl)h h§1)7 h,@ﬂ ~ N( Erza ]:)t(lzt)) (A44)
where
@0 _ ) pl (%) - (1)
Sie = Stje—1 T (A:ZP tlt— 1 (Ft\t D7 e - Yepe— 1)
@ _ p) plo) (4) plo
Pt|t - Pt\t 1 — (A ZF, tlt— 1) (Ftﬁt 1) (At tlt— 1)

Define F(V) = {hy), hii_)l, ng‘_)l} and consider the density ratio used to update the particle weights:

plurl = )pst 0 n01 s plyels, FO)p(s | FD)
p(s I A sy p(st”lye, FO)
D3¢y, FO)p(ye FO)
p(s{ |y, FO)
= ply|FO).

(A.45)

The first equality in (A.45) follows from
plunlzy”) = pluelst” i 1i20) = plorlsi” 17 ni2 )

and the second equality in (A.45) is an application of Bayes’ Theorem. The expression for p(y;|F (@)
was previously derived in (A.43).
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E The Measurement-Error Model for Consumption

E.1 Monthly Interpolation and Adjustment of Consumption

For expositional purposes, we assume that the accurately measured low-frequency observations are
available at quarterly frequency (instead of annual frequency as in the main text). Correspondingly,
we define the time subscript ¢ = 3(j — 1) + m, where month m = 1,2,3 and quarter j =1,.... We
use uppercase C' to denote the level of consumption and lowercase ¢ to denote percentage deviations
from some log-linearization point. Growth rates are approximated as log differences and we use a

superscript o to distinguish observed from “true” values.

The measurement-error model presented in the main text can be justified by assuming that the
statistical agency uses a high-frequency proxy series to determine monthly consumption growth
rates. We use Z3(j_1)4, to denote the monthly value of the proxy series and Zgj) the quarterly
aggregate. Suppose the proxy variable provides a noisy measure of monthly consumption. More

specifically, we consider a multiplicative error model of the form
Z3(j-1)4+m = C3(j—1)+m XP(€3(j—1)4m)- (A.46)

The interpolation is executed in two steps. In the first step we construct a series é’g(j_l) > and
in the second step we rescale the series to ensure that the reported monthly consumption data add
up to the reported quarterly consumption data within the period. In Step 1, we start from the

level of consumption in quarter j — 1, C’g ) and define

j—1
~0 ,0 Zg(‘_l)—"_l
G- = Sy (qun o
§—
o _ oo Zg(j_1)+1 <Z3(j—1)+2> — O%° M
3(5—1)+2 (G-1) Z(qj_l) Z3(j—1)+1 U=y Z(qj—l)

0 ey = CIF Z3(j-1)+1 <Zs(j—1>+2> <Zs(j—1>+3> _ oo [ Z3G-0+s

_ i—1 q i—1 q :

J =1 Z(j—l) Z3(j—1)+l Z3(j—1)+2 =1 Z(j—l)

Thus, the growth rates of the proxy series are used to generate monthly consumption data for

quarter ¢. Summing over the quarter yields

Z(
:Cf’fll)ij . (A.48)
(G-1)

Z3G-1+1 | Z3G-1)+2 | Z3(—1)+3

q q q
Z( 1y Z (1) Z(j-1)

3
~q,0 _ ~o _ q,0
o = Zl C3i-1)4+m = C(11)
m=
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In Step 2, we adjust the monthly estimates C’g’( by the factor C%°/C%°, which leads to

J=1)+m 7 =0)
cre T
o _ Ao () \ _ ~a0230-1+1
3(G-1)+1 — 3(j—1)+1<éq?o)—0gj) 70 (A.49)
() ()
q?o
co _ o €0\ _ cooZati-ne2
3G-D+2 T W3G-DH2\ Aao | T VG 79
() (7)
cre i~
0 _ /o (4) _ L043([-1)+3
Cs(j-1)+3 Cs(i-1)+3 (ég;») - CEIJ) ZE?,)
J J

and guarantees that
3
q,0 __ o
C'(j) B Z 03(j—1)+m'
m=1

We now define the growth rates g7, = log CY —log CY_; and g.; = log Cy — log Cy—1. By taking
logarithmic transformations of (A.46) and (A.49) and combining the resulting equations, we can

deduce that the growth rates for the second and third month of quarter g are given by

Jos(i—1)+2 = Yed(-1)+2 T €3(j—1)+2 — €3(—1)+1 (A.50)
Jos(j—1)+3 = Ye3(-1)+3 T €3(j—1)+3 — €3(j—1)+2-

The derivation of the growth rate between the third month of quarter 7 — 1 and the first month of

quarter j is a bit more cumbersome. Using (A.49), we can write the growth rate as

9373(j_1)+1 = lOg 083) + log Z3(j—1)+1 — lOg Zgj) (A51)

— log C(q]’(il) — 10g Z3(j—2)+3 + IOg Z(qj—l)'

To simplify (A.51) further, we are using a log-linear approximation. Suppose we log-linearize an
equation of the form
Xy = Xag—n+1 + Xag—1)+2 + Xa(-1)+3
around X! and X, = X}/3, using lowercase variables to denote percentage deviations from the
log-linearization point. Then,

. 1
() ~ 3(@3(-1+1 + L3112 F Ta(1)43):

Using (A.46) and the definition of quarterly variables as sums of monthly variables, we can apply

the log-linearization as follows:

o 1
IOg 021]7) — lOg ZEZJ) = log(Cf/Zf) + 6((1]) - g( 3(j*1)+1 + 63(j,1)+2 + 63(j,1)+3). (A52)
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Substituting (A.52) into (A.51) yields

gg,S(j71)+1 = Ye3(j—1)+1 T €3(j—1)+1 — €3(j—2)+3 T G?j) — Et(ljfl) (A.53)

1 1
—g( 3(j—1)+1 T €3(j—1)+2 + 63(j—1)+3) + g( 3(j—2)+1 T €3(j—2)+2 + 63(j—2)+3)-

An “annual” version of this equation appears in the main text.
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