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Abstract

We examine the impact of incomplete risk-sharing on growth and

welfare. The source of market incompleteness in our economy is pri-

vate information: a household’s idiosyncratic productivity shock is

not observable by others. Risk-sharing between households occurs

through long-term contracts with intermediaries. We find that incom-

plete risk-sharing tends to reduce the rate of growth relative to the

complete risk-sharing benchmark. Numerical examples indicate that

the welfare cost and the growth effect of private information are small.



1. Introduction

Recent research has found evidence that is inconsistent with the full insurance

predictions of the complete markets model. For example, Cochrane (1991), Mace

(1991) and Hayashi et al. (1996) provide evidence against complete risk-sharing

within the U.S. at the individual level; Townsend (1994) and Maitra (1997) reject

full insurance across households within Indian villages; and Backus et al. (1992),

Baxter and Crucini (1995) and Athanasoulis and van Wincoop (1997) provide ev-

idence against cross-country consumption risk-sharing. Motivated by this finding,

we consider the effect of risk on growth and welfare. We develop an environment

where household production is subject to idiosyncratic shocks that are private

information, and growth is endogenous. The assumption of private information

provides a basis for market incompleteness; the resulting problem of incentive

compatibility eliminates the possibility of complete risk-sharing. Households share

risk through long-term contracts with competitive intermediaries. The enduring

relationship allows intermediaries to exploit intertemporal trade-offs, thereby pro-

viding (partial) insurance.

Previous work on risk and growth typically has contrasted complete risk-

sharing with autarchy. Since the extent of market incompleteness is endogenous

in our environment, we are able to examine an intermediate case. We find that the

presence of uninsurable risk reduces the rate of growth relative to the complete

risk-sharing benchmark. This, for example, differs from the result in Devereux

and Smith (1994). Comparing autarchy with complete risk-sharing, in a model
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of capital risk that essentially shares our technology and preferences, they find

that the effect of risk on savings, and hence growth, is ambiguous.1 Our results

indicate that the impact of risk on growth and welfare is likely to be sensitive

to the origin of market incompleteness and the types of insurance arrangements

allowed.

In related work, Marcet and Marimon (1992) examine a two-agent model with

capital accumulation where a risk-neutral investor with unlimited resources invests

in the technology of a risk-averse producer whose output is subject to productiv-

ity shocks that are private information.2 Our work extends their analysis to a

market-clearing economy with endogenous growth. In contrast to Marcet and

Marimon, we find that investment, as well as consumption, is affected by shocks

to production. As a result, there are growth effects of private information. How-

ever, numerical examples indicate that, on average, the growth and welfare effects

of incomplete risk-sharing are likely to be small.

In section 2 we describe technology, preferences, and the contract. Section 3

solves the contract assuming logarithmic utility, while section B of the appendix

examines the contract when utility is iso-elastic. Numerical examples are pre-

sented in section 4; these provide quantitative measures of the size of the growth

and welfare effects resulting from private information. Section 5 discusses ad-

ditional applications of our model. In particular, there are several interesting

1The ambiguous effect of risk on savings was noted by Levhari and Srinivasan (1969). Specif-

ically, when the elasticity of intertemporal substitution is low (high), risk tends to raise (reduce)

savings. (See also Weil (1990).) Obstfeld (1994) shows that when risk-sharing leads to a portfolio

shift into riskier, more productive assets, it may be growth promoting.
2See also Aiyagari and Williamson (1997) for a model of credit in which only the social

planner has access to capital.
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differences between our long-term contracting economy with production and the

more standard model of contracts with risky endowments. These may be of inde-

pendent interest.

2. The Environment

In each period, there is a large number of households each of which operates a

technology of the form Yt = ztKt where Yt is output, Kt is capital, and zt is the

level of productivity at time t = 0, 1, . . . . Productivity, which is independently

and identically distributed across households at any time and over time for any

household, takes on one of two possible values: it is zi with probability µi > 0,

i = 1, 2, where 0 < z1 < z2 and µ1 + µ2 = 1. We define the expected value

of productivity as ξ =
P2

i=1 µizi and assume that capital completely depreciates

after production.

Households are infinitely lived and possess time separable preferences over

sequences of consumption with period utility from current consumption, C, of the

form

v (C) =


(1− β) C

1−σ
1−σ for σ > 0 and σ 6= 1,

(1− β) logC for σ = 1.

Note that, for convenience, we normalize the utility function by (1− β) ∈ (0, 1)
where future utility is discounted by β.

Each household participates in a permanent contract with a risk-neutral, com-

petitive intermediary. As we will characterize the solution to the contract using
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a functional approach, we find it useful to provide a recursive description of the

timing of events within the contractual arrangement here.3 In any period, only

the household observes its own productivity, thus there is private information

with respect to output. At the beginning of the period the household has a

predetermined capital stock, K. Given the household’s capital, the intermediary

announces a set of potential transfers, Bi, and investments, K
0
i , as functions of the

impending productivity report. Upon observing its output, ziK, the household

determines a report for the intermediary. Subsequently, the intermediary executes

the transfer and implements the investment for the household, which determines

its capital stock at the onset of the next period. By definition, if the contract is

incentive-compatible, then, at every point in time, the household will truthfully

report the level of productivity. Hence, the household’s consumption in state i

will be Ci = ziK +Bi and its investment will be K
0
i .

As is evident from above, the intermediary observes the household’s investment

but not its consumption. The intermediary can borrow from, or lend to, other

intermediaries at a competitive interest rate. This yields a constant discount

factor, q ∈ (0, 1), that is determined by equilibrium conditions.

In the initial period, a large number of intermediaries compete to establish

permanent contracts with households. As a result of perfect competition, inter-

mediaries’ initial expected discounted profits for each contract are driven to zero;

consequently, each household accepts a contractual arrangement that yields it the

highest feasible level of lifetime utility.

Our approach to solving the contract adapts the methods used to characterize

3However, a formal statement of the contractual arrangment as a sequence problem is con-

tained in the Technical Appendix.
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the risky endowment model of long-term contracts.4 An important assumption in

extending the existing results to our analysis is that the household has no ability

to invest in an unobservable manner. The value of misreporting productivity lies

in being able to consume hidden output. A parable may be helpful. Let the

stock of capital represent trees and let the fruit of these trees be consumed or

planted to yield fruit-bearing trees for the next period. Our assumption on the

observability of investment is equivalent to assuming that the intermediary is able

to observe the quantity of trees, at any point in time, but not the yield per tree.

A household may hide output, fruit, from the intermediary. This hidden fruit

may be consumed without being detected. However, if the household chooses to

plant any of it, then it is observable, in the form of trees, in the next period. This

allows the intermediary to infer the household’s deception.

In order to ensure truth-telling (incentive-compatibility), we constrain the con-

tract so there are no gains from one-period temporary deviations from truth-

telling. That is, the contract is temporarily incentive compatible (t.i.c.) in the

sense of Green (1987). Provided certain boundary conditions, satisfied by our

problem, hold, temporary incentive compatibility is equivalent to incentive com-

patibility. Next, since the t.i.c. constraints introduce future expected lifetime

utility as a state variable, we follow Green in characterizing the contract by solv-

ing a dual, expenditure minimization problem for the intermediary. Standard

duality theorems ensure that this solution also solves the utility maximization

problem faced by the household.5 Finally, we impose an aggregate resource con-

4See for example Green (1987), Taub (1990), Phelan and Townsend (1991), Atkeson and

Lucas (1992) and the related analysis of Spear and Srivastava (1987) and Thomas and Worrall

(1990).
5Proofs of these results are contained in the Technical Appendix.
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straint upon our economy: the sum of consumption and investment cannot exceed

output. This is related to the approach taken by Atkeson and Lucas (1992) in the

context of an endowment economy. However, in contrast to their work, we solve

for equilibrium, not efficient, allocations.

Let U
0
i represent expected lifetime utility, starting next period, for the house-

hold, assuming that it will accurately report productivity from that date onward,

given a current productivity report of zi. When the state is z1, temporary incen-

tive compatibility is ensured by the following constraint.

if z1K +B2 > 0 then v (z1K +B1) + βU
0
1 ≥ v (z1K +B2) + βU

0
2 (2.1)

The left hand side of the second inequality in (2.1) represents the value to the

household with actual output z1K of truthfully reporting its productivity. Pro-

vided that misreporting the level of productivity generates a feasible level of con-

sumption, then the right hand side of this constraint represents the value of fol-

lowing this strategy. The t.i.c. constraint when productivity is z2 is given below.

v (z2K +B2) + βU
0
2 ≥ v (z2K +B1) + βU

0
1 (2.2)

Note that, as z2 > z1, non-negativity of C1 ensures that z2K+B1 ≥ 0, eliminating
the need for a conditional constraint. As discussed in Oh and Green (1992),

concavity of v implies that if both (2.1) and (2.2) are to hold, then B1 ≥ B2

and U
0
1 ≤ U 0

2. Furthermore, if (2.2) binds and B1 ≥ B2 (B1 > B2) then (2.1) is
satisfied (holds with inequality). These results will prove useful below.

As indicated earlier, we obtain equilibrium allocations for the contracting econ-

omy using a dual approach. Given an initial utility entitlement, U , and capital
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stock, K, for the household, the intermediary solves an expenditure minimization

problem. Hereafter, we will refer to the solution of the expenditure minimization

problem as the contract. In this formulation, we must impose a promise-keeping

constraint upon the contract, which ensures that the household’s expected lifetime

utility satisfies its initial entitlement.

U ≤
2X
i=1

µi

³
v (ziK +Bi) + βU

0
i

´
(2.3)

Let the expected present value of expenditure be E(U,K). Recall that the in-

termediary discounts future expenditures by q. The contract, which minimizes

the intermediary’s net expenditure, by choice of
¡
Bi, K

0
i , U

0
i

¢2
i=1
, subject to the in-

centive compatibility constraints (2.1) - (2.2) and the promise-keeping constraint

(2.3), satisfies the following Bellman equation.

E(U,K) = min
2X
i=1

µi

³
Bi +K

0
i + qE(U

0
i , K

0
i)
´

(2.4)

The expected present value of expenditure, at the optimum, will equal the sum

of expected current expenditure and the discounted expected present value of

expenditures incurred from the next period onwards.

A competitive intermediary must maximize the household’s expected lifetime

utility; in equilibrium, this implies an initial level of expected lifetime utility,

U0, given the household’s starting stock of capital, K0, such that the zero profit

condition E (U0,K0) = 0 is satisfied. This zero profit condition is required only at

the beginning of each long-term contractual arrangement. As competition between

intermediaries is for permanent contracts with households, we cannot impose this
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condition in subsequent periods. However, we will establish the result that, in

equilibrium, the intermediary’s expected profits are indeed zero in every period.

3. Analysis

In this section we provide a complete characterization of the private information

economy for the case of logarithmic preferences. The case of general iso-elastic

utility is similar and is summarized in section B of the appendix.

3.1. The Contract

In order to solve the Bellman equation, we deflate the value function by capital.

This allows us to reformulate the contract in an intensive form which, by exploiting

a homogeneity property of the constraint correspondence that describes the set

of feasible allocations, reduces the dimension of the state vector. Let biK = Bi

and γiK = K
0
i for i = 1, 2. Rewrite the objective as

E(U,K)/K = min
2X
i=1

µi

Ã
bi + γi + qγiE(U

0
i ,K

0
i)/K

0
i

!
. (3.1)

Now define a composite state variable, u ≡ U − logK. Consistency requires that
the future state, conditional on i, is given by u

0
i = U

0
i − logK 0

i . Since this implies

that U
0
i = u

0
i + log γi + logK, the t.i.c. constraint at z1 may be revised as

if z1 + b2 ≥ 0 then (3.2)

(1− β) log (z1 + b1) + β
³
u
0
1 + log γ1

´
≥ (1− β) log (z1 + b2) + β

³
u
0
2 + log γ2

´
,
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while the t.i.c. constraint at z2 is equivalent to

(1− β) log (z2 + b2) + β
³
u
0
2 + log γ2

´
≥ (1− β) log (z2 + b1) + β

³
u
0
1 + log γ1

´
.

(3.3)

Subtracting logK from both sides of (2.3), the promise-keeping constraint be-

comes

u ≤
2X
i=1

µi

Ã
(1− β) log (zi + bi) + β

³
u
0
i + log γi

´!
. (3.4)

Since the constraints above depend only upon the composite state variable, we are

able to define W (u) = E(U,K)/K. The intensive form problem, which describes

expenditures per unit capital, satisfies the following Bellman equation.

W (u) = min
2X
i=1

µi

bi + γi + qγiW (u
0
i)

!
(3.5)

where the minimization is with respect to (bi, γi, u
0
i)
2
i=1.

We now analyze the intensive form contract. Let λ and θ be the multipliers for

the constraints (3.3) and (3.4). We suppress (3.2) which never binds, as is shown

below in proposition 3.1. The first order conditions, with respect to (bi, γi, u
0
i)
2
i=1,

are listed below.6

6Standard results imply that the value function is strictly increasing, convex, and differen-

tiable. See Stokey et al (1989).
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µ1 +
λ(1− β)

z2 + b1
− θµ1(1− β)

z1 + b1
= 0 (3.6)

µ2 −
λ(1− β)

z2 + b2
− θµ2(1− β)

z2 + b2
= 0 (3.7)

µ1

Ã
1 + qW

³
u
0
1

´!
+ λ

β

γ1
− θ

µ1β

γ1
= 0 (3.8)

µ2

Ã
1 + qW

³
u
0
2

´!
− λ

β

γ2
− θ

µ2β

γ2
= 0 (3.9)

µ1qγ1W
0
(u

0
1) + λβ − θµ1β = 0 (3.10)

µ2qγ2W
0
(u

0
2)− λβ − θµ2β = 0 (3.11)

The Benveniste-Scheinkman theorem implies W
0
(u) = θ.

Conditions (3.6) - (3.11) allow a strong characterization of the risk-sharing

contract. First, the introduction of productive capital offers a channel for adjust-

ing utility entitlements absent in the endowment model. The linear production

structure implies that utility entitlements, U , are linear functions of the logarithm

of the capital stock, K. As a result, the continuation value of the state variable,

u
0
i, is independent of productivity and the initial state, u. Changes in expected

lifetime utility that occur in response to productivity reports are implemented

through changes in the household’s stock of capital. Second, risk-aversion on part

of the household implies that the contract insures current consumption: when

the household reports low productivity the net transfer is higher than when it

reports high productivity (b1 > b2). Alternatively, repayment is lower. However,

the presence of private information limits the extent of risk-sharing. Households

must be prevented from under-reporting income during periods when income is

relatively high. As a result, reports of low productivity reduce lifetime consump-
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tion. Given diminishing marginal utility, the cost-minimizing intermediary will

spread this fall in lifetime consumption over time. Consequently, our third result

is that low productivity results in both lower current consumption and reduced

investment (c1 < c2 and γ1 < γ2). These qualitative characteristics of the contract

are summarized in the following proposition. (All proofs are in Appendix A.)

Proposition 3.1. In the log case, u01 = u
0
2, γ1 < γ2, b1 > b2 and c1 < c2.

The higher transfer when z = z1, given the binding incentive constraint at z2,

implies that the t.i.c. constraint at z1 does not bind, as assumed above.

3.2. Equilibrium

As noted earlier, since E is strictly increasing in U given K, the zero profit con-

dition E (U,K) = 0 will determine the highest level of (initial) expected lifetime

utility feasible for the household given its (initial) stock of capital, K. Since

E (U,K) = KW (U − logK), this zero profit condition implies W (u) = 0. Given
strict monotonicity of W , this pins down u and implies that U is proportional to

logK. Hence u and the contract
¡
bi, γi, u

0
i

¢2
i=1

are the same for all households.

As a result, any household with capital stock K and productivity zi will be allo-

cated current consumption (zi + bi)K and investment γiK. Average output for

all households with K units of capital will be ξK, assuming a positive measure of

such households; average consumption for this group will be
P2

i=1 µi (zi + bi)K

and average investment will be
P2

i=1 µiγiK.

Economy-wide market clearing requires that aggregate output equal the sum

of aggregate consumption and investment. Let ψ (K) represent the distribution
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of capital across households over the space of current capital holdings, K. Equi-
librium requires that

Z
K
ξKψ (K) =

Z
K

Ã
2X
i=1

µi (zi + bi + γi)

!
Kψ (K) .

This market-clearing condition implies that
P2

i=1 µi (bi + γi) = 0. Next, using

(3.5), we have the result, W (u) =
P2

i=1 µiqγiW
¡
u
0
i

¢
. Recalling u

0
1 = u

0
2 and

W (u) = 0, this implies W (u
0
i) = W (u) = 0, i = 1, 2. Thus, u

0
i = u, i = 1, 2,

and E(U,K) = 0 in all states along the equilibrium path. This establishes the

important result that zero expected profits are a period by period feature of our

risk-sharing agreement. Hence the initial zero-profit condition is sustained over

time in the equilibrium contract.

Finally, (3.8) and (3.10) yield the equilibrium condition qθ = 1. Note that

the recursive equilibrium is stationary in the sense that (bi, γi)
2
i=1, q and u are

time-invariant. This verifies our earlier conjecture that q is constant.

We now contrast growth between our incomplete risk-sharing economy and

the complete risk-sharing benchmark. The latter, a well-known problem, may be

retrieved by suppressing (3.3) (setting λ = 0 everywhere) and repeating the above

analysis. The solution, denoted by superscript f , is characterized by cfi = (1− β) ξ

and γfi = βξ for i = 1, 2. Furthermore, under complete risk-sharing qfξ = 1 and

uf = log (1− β)
¡
ββξ

¢ 1
1−β .

The introduction of private information reduces the mean rate of growth,P2
i=1 µiγi, relative to the complete risk-sharing value of βξ. As a result, the

intermediary’s discount rate, q−1− 1, falls. We suggest the following explanation.
If, upon observing z2, the household truthfully reports productivity, then it con-
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sumes C2, while misrepresentation yields consumption equal to (z2 − z1)K +C1.
All else being equal, higher levels of capital tend to increase the current gains

to deviations from truth-telling. The contract then requires larger variations in

both Ci and U
0
i in order to ensure incentive-compatibility. Given convexity of

preferences, this tends to reduce welfare for any given level of resources. This

welfare reducing aspect of additional capital makes investment less attractive in

the private information economy relative to the complete risk-sharing economy.

Hence the overall rate of capital accumulation is lower under private information.

Proposition 3.2. In equilibrium, q > ξ−1 and
P2

i=1 µiγi < βξ.

We calculate the expected increase in lifetime utility as
P2

i=1 µi
¡
U

0
i − U

¢
=P2

i=1 µi log γi. Proposition 3.2 and Jensen’s Inequality jointly imply that the

expected increase in welfare is lower under private information. However, this

does not imply that welfare has a negative trend leading to the immiserization

of almost all households. This result, due to the possibility of economic growth,

is in sharp contrast to the endowment model. Since we cannot assume that the

equilibrium allocation is efficient, it is important to emphasize that the lack of a

negative trend may not characterize the efficient allocation.

4. Numerical examples

We examine several numerical examples. These allow us to describe the risk-

sharing arrangement in more detail and obtain preliminary evidence on the mag-

nitude of the growth and welfare effects of the incomplete risk-sharing environ-

ment. The baseline parameter values we use are in table 1. The average level of

productivity is set equal to the long-run return on equity in the U.S., ξ = 1.065, as
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indicated in Mehra and Prescott (1985). We allow productivity to vary symmet-

rically around its mean. Thus we assume that µ1 = 0.5 and x = ξ − z1 = z2 − ξ.

The parameter x is difficult to calibrate. In our baseline case we set its value to

imply that the coefficient of variation of z is 0.1. This value implies a standard

deviation of consumption growth of 0.0468, which is close to 0.044 predicted by

the base case of Heaton and Lucas (1996, table 4, p.458).7 Finally we choose β so

that βξ = 1.02. The aggregate rate of growth for the complete risk-sharing econ-

omy, when household preferences are logarithmic, matches the long-run growth

data, as documented in Parente and Prescott (1993). This is also the average rate

of growth under autarchy and, as we shall see, not significantly different from the

rate of growth under incomplete risk-sharing.

We first examine the case of logarithmic preferences. Across the three different

allocations, autarchy (A), incomplete risk-sharing (I), and complete risk-sharing

(C), u + logK represents the level of expected lifetime utility for a household with

capital K. Thus u is the expected lifetime utility for a household with one unit of

capital. Each entry in the rows of tables 2 through 5 marked loss represents the

percentage decrease necessary in the level of consumption under complete risk-

sharing, at every point in time, to match the level of welfare associated with the

other economies. We deflate all quantity variables by the level of capital. Thus,

given a shock zi, the household’s savings is −bi and ci is consumption, per unit
capital. Investment per unit capital is denoted γi, which is also the gross rate

of growth of capital. The average rate of growth is denoted E(γ), while r is the

percentage discount rate (q = 1
1+r
). Finally, ∆U represents the expected increase

in lifetime utility.

7Below, we will examine examples involving different values of x.
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In table 2 we see that, in the complete risk-sharing allocation, consumption and

investment are unresponsive to the productivity shock. The household’s savings

varies with productivity so as to completely smooth the consumption profile. The

incomplete risk-sharing economy induces fluctuations in current consumption, but

this variability in consumption is low relative to that under autarchy. There is

a net transfer of resources from households with high current productivity to

those with low current productivity: c1 + γ1 > z1 while c2 + γ2 < z2. For those

experiencing below average productivity, this reduces savings while boosting both

consumption and investment, relative to autarchy. The residual variability in

consumption, and the reduced average growth rate, causes expected welfare to

increase more slowly than under complete risk-sharing, ∆U = 0.0184 < 0.0198.

The inability to smooth consumption under autarchy implies high variability in

both consumption and investment rates. Consequently, welfare increases yet more

slowly, ∆U = 0.0148.

In figure 1, we illustrate initial expected lifetime utility for the complete risk-

sharing, incomplete risk-sharing, and autarchy economies. As indicated by the

loss measures in table 2, the move from complete to incomplete insurance is

equivalent to a 1.6% decrease in the level of consumption, while autarchy implies

an 11.2% decrease. In this example, we see that incentive-compatible arrange-

ments are relatively successful in smoothing consumption. The switch from such

an economy to autarchy results in a significant loss in expected utility, measured

in units of full insurance consumption, for the typical household.

In figures 2 and 3 we graph the evolution of the distribution of capital (K),

deflated by the compounded growth factor and expected lifetime utility (U) for

the incomplete risk-sharing economy. All households are initially identical. Recall
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that the intermediary enforces truth-telling by offering relatively higher lifetime

utility entitlements for high productivity reports than for low productivity re-

ports at each point in time. As a result, both distributions of wealth and utility

are characterized by increasing dispersion over time. For this example, the dis-

tribution of utility entitlements within each period is symmetric. Convexity of

preferences then implies a skewed distribution of capital. In proposition 3.1 we

showed that, in the private information economy, changes in welfare are imple-

mented through changes in capital. This log-linear mapping is also, of course,

present in the autarchic model. The greater variability in investment present in

autarchy implies that the private information economy dampens dispersion over

time relative to autarchy.

Next, in table 3, maintaining our other baseline parameters, we allow the co-

efficient of relative risk aversion, σ, to vary between 1
2
and 4. We find that the

rate of growth under private information is consistently below the complete risk-

sharing equivalent. This result, which we have found to be robust, indicates that

the growth-reducing effect of incomplete risk-sharing, found for logarithmic pref-

erences, extends to the case of iso-elastic utility. Interestingly, both the growth

and welfare effects of private information fall as σ rises. Recall that higher values

of σ are associated with increased reluctance to substitute consumption across

time. As shown in proposition 3.1, potential deviations from truth-telling raise

current consumption at the expense of future consumption. As σ increases, the

attractiveness of such behaviour is reduced. This reduces the costs of private

information and shifts the incomplete risk-sharing allocation closer to full insur-

ance. For all σ, the contract is relatively efficient. Even when the intertemporal

elasticity of substitution is high (σ = 0.5), the loss is only 2.57%. Note that, for
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the same σ, the loss under autarchy is more than three times as large, 9.77%.

For higher values of σ, autarchy yields larger welfare losses relative to incomplete

risk-sharing. Furthermore, under autarchy, income uncertainty generates a strong

motive to self-insure through savings when risk aversion is large. This drives the

high rates of growth relative to complete risk-sharing. As is well known, the sign of

the risk effect on savings changes when σ crosses one. In contrast, the growth rate

under incomplete risk-sharing is always below that under complete risk-sharing,

and the growth effects are small.

In table 4, we vary the coefficient of variation of z. This implies changes in

z1 and z2. All other parameters are maintained at the values listed in table 1.

Higher variability of productivity implies higher risk and tends to reduce both

growth and welfare under private information. However, the differences in rates

of growth never rise above one-tenth of one percent, and the associated welfare loss

is small relative to autarchy. Table 5 considers changes in the discount factor, β,

while maintaining all other parameters at the table 1 values. The three discount

factors we consider, β = 0.9390, 0.9577, and 0.9765 imply 0, 2, and 4 per cent

average growth, respectively. Note that higher values of β imply an increased

emphasis on future consumption. As indicated by the negative trend in loss, the

welfare cost of private information decreases.

These numerical examples indicate that, across a range of parameter values,

(1) the growth effects of incomplete risk-sharing are small and (2) the incomplete

markets economy achieves levels of welfare close to the levels attained under com-

plete risk-sharing. The relative efficiency of the private information economy arises

from the ability to adjust capital, and hence output, in response to the changes

necessary in lifetime utility entitlement over time. This implies that changes in

17



a household’s utility entitlement are matched by proportionate movements in the

gain from understating productivity, (z2 − z1)K.

5. Concluding remarks

We have examined the impact of incomplete risk-sharing on growth and welfare in

an environment with private information. In our economy, households share risk

by entering into enduring relationships with competitive intermediaries. We have

found that the aggregate growth rate is lower under private information than un-

der full insurance. Furthermore, the risk-sharing arrangement, while incomplete,

is relatively efficient and the growth effects of private information are generally

small.

Our work adapts the methods used to study long-term contracting with risky,

unobservable endowments to an economy with production and capital accumu-

lation. The contract with capital exhibits several properties that contrast with

the standard model.8 First, expected lifetime utility, while growing more slowly

than under complete risk-sharing, does not necessarily contain a negative trend.

Second, the contract exhibits the property that all changes in welfare are imple-

mented through changes in the household’s stock of capital. Consequently, welfare

always exceeds the autarchy value of capital. Finally, while both the endowment

and production economies share the property that the distribution of wealth or

utility entitlements is characterized by increasing dispersion, in the production

8Examples, already mentioned above, include Green (1987) and the equilbrium model of

Atkeson and Lucas (1992). As noted earlier, the properties that distinguish our model of risk-

sharing with production and capital accumulation may not hold in efficient allocations.
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economy this rising inequality is larger under autarchy.9

The contract implements risk-sharing by conditioning the household’s future

lifetime utility, or wealth, on the current report of productivity. Thus we empha-

size the problem of unobservable returns to investment, the common emphasis

of the literature on private information in development economics. If investment

were itself unobservable, then our risk-sharing arrangement would be infeasible.10

In particular, the intermediary cannot exploit differences in the rates of intertem-

poral substitution across households. It is, however, unclear what types of risk-

sharing arrangements are then feasible. We view this as an area for future research.

An implication of our findings is that if resources may be devoted towards either

(1) reducing the effects of informational asymmetries and thereby implementing

improved insurance services (allowing for observable returns to investment), or

(2) developing the legal basis for implementing state-contingent enforceable con-

tracts (allowing for observable investment), such as those we have assumed, then

expenditures on the latter may be far more important for welfare gains.

9See Aiyagari and Alvarez (1996) for an interesting example of an endowment economy where

lower bounds on the consumption possibilities set ensure that the economy is characterized by

an invariant distribution of wealth.
10See Cole and Kocherlakota (1997) for an economy with risky endowments and unobservable

storage, where the rate of return to storage is exogenous.
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Appendix

A. Proofs

Proof of Proposition 3.1:

We divide the proof into 5 parts.

1) u
0
1 = u

0
2 = u

0
: Equations (3.8) and (3.10) jointly imply that 1 + qW

¡
u
0
1

¢
=

qW
0 ¡
u
0
1

¢
while (3.9) and (3.11) together yield 1 + qW

¡
u
0
2

¢
= qW

0 ¡
u
0
2

¢
. Thus we

see that u
0
1 = u

0
2 and this common value, labeled u

0
is independent of u and thus

common to all contracts.

2) λ > 0: (By contradiction) Given part (1), assume that λ = 0. Next, from (3.8)

and (3.9) we have γ1 = γ2 while (3.6) and (3.7) yield z1+ b1 = z2+ b2. Since this

implies that z2 + b1 > z2 + b2 we have violated (3.3).

3) γ1 < γ2: Given parts (1) and (2), we may solve (3.10) and (3.11) to obtain

γ1 = β
θ− λ

µ1

qW 0(u0)
< β

θ+ λ
µ2

qW 0(u0)
= γ2.

4) b1 > b2: Given parts (1) - (3), we know that β log γ2−β log γ1 > 0which requires
that (1− β) (log (z2 + b2)− log (z2 + b1)) < 0 for (3.3) to hold with equality.
5) c1 = z1 + b1 < z2 + b2 = c2: Given part (2), rearranging (3.6) and 3.7) we have

µ1

³
1− θ(1−β)

z1+b1

´
= −λ(1−β)

z2+b1
< 0 while µ2

³
1− θ(1−β)

z2+b2

´
= λ(1−β)

z2+b2
> 0. This requires

that z1 + b1 < z2 + b2.

Proof of Proposition 3.2:

As W
0 ¡
u
0
i

¢
= θ and qθ = 1, (3.10) and (3.11) may be solved as γ1 = θβ − λβ

µ1
and

γ2 = θβ + λβ
µ2
. Next (3.6) and (3.7) may be rearranged as
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µ1 (z1 + b1) + λ (1− β)
z1 + b1
z2 + b1

= µ1θ (1− β)

µ2 (z2 + b2)− λ (1− β) = µ2θ (1− β) .

It then follows that

2X
i=1

µi (bi + γi)− λ (1− β)

·
1− z1 + b1

z2 + b1

¸
= θ − ξ.

Given proposition 3.1, we know that λ > 0, so that, as z1 < z2, we know that

λ (1− β)
h
1− z1+b1

z2+b1

i
> 0. Recalling the equilibrium condition

P2
i=1 µi (bi + γi) =

0, we have proven θ < ξ. Therefore qξ > 1 and
P2

i=1 µiγi = βθ < βξ.

B. Iso-elastic preferences

We solve the iso-elastic case, drawing heavily on the analysis of section 3. The

intensive form composite state variable for this case is given by u = U
K1−σ . The

contract is determined by solving (3.5) subject to (B.1) - (B.3).

if z1 + b2 ≥ 0 then (1− β)
(z1 + b1)

1−σ

1− σ
+ βγ1−σ1 u

0
1 (B.1)

≥ (1− β)
(z1 + b2)

1−σ

1− σ
+ βγ1−σ2 u

0
2

(1− β)
(z2 + b2)

1−σ

1− σ
+ βγ1−σ2 u

0
2 ≥ (1− β)

(z2 + b1)
1−σ

1− σ
+ βγ1−σ1 u

0
1 (B.2)
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u ≤
2X
i=1

µi

"
(1− β)

(zi + bi)
1−σ

1− σ
+ βγ1−σi u

0
i

#
(B.3)

Suppressing (B.1) which, as before, does not bind, defining λ to be the multiplier

for (B.2) and θ the multiplier for (B.3), we derive the following efficiency conditions

with respect to
¡
bi, γi, u

0
i

¢2
i=1
.

µ1 + λ1(1− β) (z2 + b1)
−σ − µ1θ(1− β) (z1 + b1)

−σ = 0 (B.4)

µ2 − λ1(1− β) (z2 + b2)
−σ − µ2θ(1− β) (z2 + b2)

−σ = 0 (B.5)

µ1

³
1 + qW

³
u
0
1

´´
+ λ1βγ

−σ
1 (1− σ)u

0
1 − µ1θβγ−σ1 (1− σ)u

0
1 = 0 (B.6)

µ2

³
1 + qW

³
u
0
2

´´
− λ1βγ

−σ
2 (1− σ)u

0
2 − µ2θβγ−σ2 (1− σ)u

0
2 = 0 (B.7)

µ1qγ1W
0
(u

0
1) + λ1βγ

1−σ
1 − µ1θβγ1−σ1 = 0 (B.8)

µ2qγ2W
0
(u

0
2)− λ1βγ

1−σ
2 − µ2θβγ1−σ2 = 0 (B.9)

It is straightforward to show that proposition 3.1 holds for the general iso-

elastic case. Furthermore, equilibrium in the economy with iso-elastic preferences

may be calculated using the method described in section 3.2. An examination of

the growth effects of private information given iso-elastic utility, which requires

numerical methods, is contained in table 3 and discussed in section 4.
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Table 1: Baseline Parameters

Table 2: The contract

Table 3: Varying the elasticity of substitution

z11 z22 µµ11 ββ σσ
0.9585 1.1715 0.5 0.9577 1.0

A I C
u -2.7712 -2.6687 -2.6522
Loss (%) 11.2000 1.6000 0.0000
b1 -0.9180 -0.9138 -0.9135
b2 -1.1220 -1.1248 -1.1265
c1 0.0405 0.0447 0.0450
c2 0.0495 0.0467 0.0450
γ1 0.9180 0.9809 1.0200
γ2 1.1220 1.0577 1.0200
E(γ) 1.0200 1.0193 1.0200
∆U 0.0148 0.0184 0.0198

σ:σ: 0.5 0.75 1 2 3 4
C 4.03 2.67 2.00 0.99 0.66 0.50

Growth (%) I 3.93 2.58 1.93 0.96 0.64 0.48
A 3.77 2.54 2.00 1.50 1.67 2.01

Loss (%) I 2.57 1.96 1.63 0.83 0.48 0.31
A 9.77 9.79 11.21 18.45 25.99 33.40



Table 4: Varying the coefficient of variation

Table 5: Varying the discount factor

Coeff. var.: 0.05 0.10 0.20
C 2.00 2.00 2.00

Growth (%)  I 1.96 1.93 1.90
A 2.00 2.00 2.00

Loss (%) I 0.79 1.63 2.93
A 2.92 11.21 38.31

β:β: 0.9390 0.9577 0.9765
C 0.000 2.000 4.000

Growth (%) I -0.001 1.930 3.970
A 0.000 2.000 4.000

Loss (%) I 1.65 1.63 1.50
A 7.90 11.21 19.25
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Technical Appendix

A. The Contractual Arrangement

In this appendix, we develop two standard results on incentive compatibility and

duality that allow us to solve the contract using a recursive dual approach. We

reiterate some of the exposition of the text below, in the interest of completeness.

Let zt describe an individual’s productivity at time t = 0, 1, . . . . Productiv-

ity is independently and identically distributed over time and across individuals.

Specifically, zt ∈ Z = {z1, z2} where 0 < z1 < z2. Let Z ≡ 2Z be the complete
σ-algebra and define µ : Z → [0, 1] as a probability measure on Z, summarized
by µ(zi) = µi > 0. The contract requires that the agent report his productivity

in each period. A reporting strategy is σ = (σ0, σ1, . . . ) such that σt : Zt+1 → Z

is the time t report of productivity by the agent. Let Σ represent the set of all

measurable reporting strategies.

In each period, the intermediary will assign the agent both a transfer for cur-

rent consumption and investment for future production. Let Bt(σt) : Zt+1 → R be

the net transfer to the agent as a function of his reported history of productiv-

ity shocks and Kt+1(σ
t) : Zt+1 → R+ be investment in the agent’s technology

for the next period. Output at time t is ztKt(σ
t−1) and consumption at time

t is Ct(zt, σt) = ztKt(σ
t−1) + Bt(σt). We adopt the convention that σ−1 = ∅

and K0(σ
−1) = K0 ∈ R+ is given. A plan is a sequence of vector-valued

functions (K,B), where K = {Kt}∞t=0 and B = {Bt}∞t=0, which allows for a
feasible level of consumption at every point in time, in every state of nature:

ztKt(z
t−1) + Bt(zt) ≥ 0, ∀zt ∈ Zt+1, t = 0, 1, . . . . Let Π(K0) be the set of all

1



plans and let Σ (K,B) ⊆ Σ be the set of all measurable reporting strategies which

allow for feasible consumption given a plan (K,B) ∈ Π(K0).

The agent has a strictly increasing and continuous von Neumann - Morgenstern

period utility function v : R+ → R and subjective discount factor β ∈ (0, 1). The
expected lifetime utility from a plan (K,B) ∈ Π(K0) and a reporting strategy

σ ∈ Σ (K,B) is denoted V (K,B,σ).11

V (K,B,σ) =
∞X
s=0

βs
Z
Zs+1

v
¡
zsKs

£
σs−1(zs−1)

¤
+Bs [σ

s(zs)]
¢
µs+1(dzs).

A plan (K,B) ∈ Π(K0) is incentive compatible if it offers the agent a level of

expected lifetime utility, when he reports each period’s productivity accurately,

that is no less than the level of utility from any other reporting strategy:

V (K,B, z) ≥ V (K,B,σ), ∀σ ∈ Σ (K,B) . (A.1)

As we shall see, the intermediary’s expenditures will be discounted at some

constant rate q−1 − 1. Under this assumption, let E0(K,B) be the discounted
cost implied by the plan (K,B) ∈ Π(K0):

E0(K,B) ≡
∞X
s=0

qs
Z
Zs+1

[Ks+1(z
s) +Bs(z

s)]µs+1(dzs). (A.2)

11The probability space (Z,Z, µ) generates the finite dimensional product probability spaces
(Zt,Zt, µt), t = 0, 1, . . . , as well as the infinite dimensional probability space of all measurable
sequences of technology shocks (Z∞,Z∞, µ∞) in the standard manner.
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Definition A.1. The contract between an intermediary and an agent is the so-

lution to the following problem: given K0, maximize V (K,B, z) over the set of

all plans (K,B) ∈ Π(K0) satisfying the incentive compatibility constraint (A.1)

and the financial constraint E0(K,B) ≤ 0.

Let the value of the optimum, be denoted V ∗(K0).

A.1. temporary incentive compatibility

Having defined incentive compatibility, we now develop the well known equivalent,

temporary incentive compatibility. This will allow us to characterize a solution

to the contract using a recursive approach. Below, we define temporary incentive

compatibility constraints and prove their equivalence to incentive compatibility

for the above contract. Our proof draws heavily on the work of Green (1987); we

adapt his techniques to an environment with investment.

Given a plan (K,B) ∈ Π(K0), and the reporting of a partial history zt−1 ∈ Zt,
we define the expected value of truthful future reporting as

V (K,B, z; zt−1) =
∞X
s=t

βs−t
Z
Zs+1−t

v

Ã
zsKs

£
zt−1,t zs−1

¤
(A.3)

+Bs
£
zt−1,t zs

¤!
µs+1−t(dtzs)

where note that µk = µk−1 × µ.12 Given (A.3), preferences will satisfy
12If s ≥ t then tz

s = (zt, zt+1, . . . , zs) ∈ Zs−t+1, otherwise tzs = ∅.
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V (K,B, z; zt−1) =

Z
Z

"
v

Ã
ztKt

£
zt−1

¤
+Bt

£
zt−1, zt

¤!
(A.4)

+βV

Ã
K,B, z;

£
zt−1, zt

¤!#
µ(dzt).

A plan is (z, t)− incentive compatible (i.c.) if having reported, zt−1 through
date t−1 the agent has no incentive to misrepresent future productivity. Formally,
a plan (K,B) is (z, t)− i.c. if

V (K,B, z; zt−1) = max
{σ∈Σ(K,B)|σt−1(zt−1)=zt−1}

V (K,B,σ; zt−1). (A.5)

Note that incentive compatibility is equivalent to (z, 0)-incentive compatibility. If

the agent has reported productivity zt−1 through date t− 1 and is constrained to
truthfully report productivity from date t+1, we define a plan to be (z, t)−temporarily
incentive compatible (t.i.c.) if it provides no incentives for misrepresentation of zt.

A plan (K,B) is (z, t)− t.i.c. if given zi, zj ∈ Z with j 6= i,

v

Ã
ziKt(z

t−1) +Bt(zt−1, zi)

!
+ βV

Ã
K,B, z;

£
zt−1, zi

¤!
(A.6)

≥ v
Ã
ziKt(z

t−1) +Bt(zt−1, zj)

!
+ βV

Ã
K,B, z;

£
zt−1, zj

¤!
.

The first result proves the equivalence of current incentive compatibility and

current temporary incentive compatibility given incentive compatibility next pe-

riod.

Lemma A.2. The plan (K,B) ∈ Π(K0) is (z, t)− i.c. if and only if it is (z, t)−
t.i.c. and (z, t+ 1)− i.c..
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Proof. (⇒) Let (K,B) be a plan that is (z, t)-i.c. and assume that it is not
(z, t + 1)-i.c. Then there exists σa ∈ Σ (K,B) such that σta(z

t) = zt, ∀zt ∈
Zt+1 and V (K,B,σa, bzt) > V (K,B, z, bzt) for some bzt ∈ Zt+1. Consider the plan
σb where σsb(z

s) = zs for s = 0, 1, . . . , t and σsb(z
s) = zs ∀s ≥ t + 1 unless

zs = [(bz0, . . . , bzt),t+1 zs] for any t+1z
s ∈ Zs−t. In this case, let σsb(zs) = σsa(z

s).

Equation (A.4) implies that V (K,B,σb, z
t−1) > V (K,B, z, zt−1) contradicting

(z, t)-i.c. of (K,B). Alternatively, assume that (K,B) is not (z, t)-t.i.c., then for

some zi ∈ Z, (A.6) fails. Given (A.4), this contradicts (A.5).
(⇐) If (K,B) is a plan that is both (z, t)-t.i.c. and (z, t + 1)-i.c., then (A.4)

immediately establishes (A.5).

Using this result, and assuming that a plan (K,B) satisfies the boundary

condition

lim
t→∞

βtV (K,B, z; zt) = 0, ∀z ∈ Z∞, (A.7)

we are able to prove that incentive compatibility is equivalent to temporary in-

centive compatibility. Towards proving this stronger result, it is useful to rewrite

(A.3) as

V (K,B, z, zt−1) =
n−1X
s=t

βs−t
Z
Zs+1−t

v

Ã
zsKs

£
zt−1,t zs

¤
+Bs

£
zt−1,t zs

¤!
µs+1−t(dtzs)

+

Z
Zn+1−t

βn−tV

Ã
K,B, z;

£
zt−1,t zn

¤!
µn+1−t(dtzn). (A.8)
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Lemma A.3. Given (A.7) holds, the plan (K,B) is (z, 0)− i.c. if and only if it
is (z, t)− t.i.c. for all t = 0, 1, . . . .

Proof. (⇒) Repeated applications of lemma A.2 proves that if (K,B) is (z, t)-
i.c. then it is (z,t)-t.i.c., for t = 0, 1, . . . .

(⇐) Let (K,B) be (z, t)-t.i.c. for all t = 0, 1, . . . , but assume that it is not

(z, 0)-i.c. Then there exists bσ ∈ Σ (K,B) such that ε = V (K,B, bσ)−V (K,B, z) >
0. Given (A.7) and (A.8), ∃n ∈ N such that V (K,B, eσ) > V (K,B, z) whereeσt(zt) = bσt(zt) for t < n and eσt(zt) = zt for t ≥ n. This strategy involves

misrepresentation at only a finite number of nodes, a maximum of n2. Let zl ∈
Zl+1 describe the last node at which there is misrepresentation. As (K,B) is

t.i.c. at zl, truth-telling dominates any other strategy. We see that eσ allows for
misrepresentation at a maximum of (n− 1)2 nodes. Backwards induction proves
that eσ is (z, 0)-i.c.
A.2. duality

We now develop a duality result similar to that in Green (1987) and Oh and

Green (1992). The dual expenditure minimization problem examined below will

be shown to be equivalent, given the appropriate initial condition, to the utility

maximization problem solved in the contract. Given this result, we will exploit

the simplicity of the dual approach to help us characterize the contract. In the

dual problem, allocations are constrained so that the agent receives some pre-

determined level of expected lifetime utility entitlement, which we denote V ∗.

V (K,B, z) ≥ V ∗. (A.9)
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Given this level of utility, the dual involves the minimization of expenditure by

the intermediary.

Definition A.4. The dual contract minimizes E0(K,B) subject to (K,B) ∈
Π(K0) satisfying (A.1) and (A.9).

Define the value of the optimum as E∗(V ∗,K0). Our duality result, which is

standard, states that if (K∗,B∗) solves the contract and the value of the optimum

is V ∗(K0), then given V ∗(K0), (K∗,B∗) solves the dual problem. Furthermore, if

(bK, bB) ∈ Π(K0) solves the dual problem given V ∗(K0), then V (bK, bB, z) = V ∗(K0)

and (bK, bB) solves the contract.
Lemma A.5. Let (K∗,B∗) ∈ Π(K0) solve the contract and define V ∗ =

V (K∗,B∗, z), then (K∗,B∗) solves the dual contract. Furthermore, if there ex-

ists (bK, bB) ∈ Π(K0) that also solves the dual contract, then (bK, bB) solves the
contract.

Proof. (⇒) Since (K∗,B∗) solves the contract, it satisfies (A.1), (A.9) and
E0(K

∗,B∗) ≤ 0 by definition. Assume there exists ( bK, bB) ∈ Π (K0) which also

satisfies (A.1) and (A.9) where ε ≡ E0(K∗,B∗)−E0(bK, bB) > 0. As (bK, bB) satisfies
(A.1), it is (z, 0)-i.c. which by lemma A.2 implies that it is (z, 0) − t.i.c. and

(z,1)−i.c.. For (A.6) to hold for both i = 1, 2, given concavity of v, it must be true
that B0(z1) ≥ B0 (z2). Next, temporary incentive compatibility for i = 2, requires
V (K,B, z, z1) ≤ V (K,B, z, z2). There are three possibilities: (a) equation (A.6)
does not bind for either i = 1 or 2, (b) equation (A.6) binds only for i = 1 or 2,

or (c) equation (A.6) binds for both i = 1 and i = 2. We design an alternative

plan (bK,B) for each case. Let Bt(zt) = bBt(zt) for all t > 0 and Kt(z
t) = bKt(z

t)
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for all t. If temporary incentive compatibility for (bK, bB) is characterized by (a),
then let B0(zi) > bB0(zi) for either i = 1 or 2 until (A.6) binds for either i or

B0(zi) = bB0(zi) + ε. Alternatively if case (b) applies, let B0(zi) > bB0(zi) until
the t.i.c. for j 6= i binds or B0(zi) = bB0(zi) + ε. If case (c) applies then it

must be true that bB0(z1) = bB0 (z2); let B0(zi) = bB0(zi) + ε/2. In each case,

the alternate plan ( bK,B) is temporary incentive compatible at t = 0 and, by

construction, (z, 1)− i.c., thus it satisfies (A.1). Furthermore, E0(bK,B) ≤ 0 and
V (bK,B, z) > V ∗(K0). This contradicts the assumption that (K∗,B∗) solves the

contract.

(⇐) Next assume that (bK, bB) solves the dual problem, but not the primal.
Since (bK, bB) ∈ Π (K0) by definition, and satisfies both (A.1) and (A.9), then it

must be that E0(bK, bB) > 0 ≥ E0(K∗,B∗). This contradicts the assumption that
(bK, bB) solves the dual.
The equivalence of solving the contracting problem described in definition A.1

and the expenditure minimization problem described in section 2 follows from

lemmas A.3 and A.5.
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