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Abstract

The results of nearly one hundred prominent studies in empirical macroeconomics have
been called into question by Baumeister and Hamilton (2018). We show that their
concern about distributional asymmetry for a typical question of interest under a uniform
prior with respect to the Haar measure is actually driven by an unacknowledged sign
restriction. We also demonstrate that such a prior induces symmetric prior distributions
over individual impulse responses conditional on the reduced-form parameters, or
more generally when the prior over the reduced-form covariance matrix rules out
correlation among the residuals, as in the typical implementation of the Minnesota
prior. Furthermore, we provide a theory for avoiding the pitfalls of Baumeister and
Hamilton’s critique. Key to our theory is a proposition establishing that any restriction
can be decomposed into three types: scale, label, and economic. We use this theory
to develop an algorithm for inference based on the unit modulus normalization that
tackles a practical problem commonly faced by users of Bayesian SVAR methods.
JEL classification: C11, C32.

Keywords: structural vector autoregressions, unit modulus normalization.

The views expressed in this paper are solely those of the authors and do not necessarily reflect the views
of the Federal Reserve Bank of Atlanta, the Federal Reserve Bank of Philadelphia, or the Federal Reserve
System. Any errors or omissions are the responsibility of the authors.

*Corresponding author: Juan F. Rubio-Ramirez <juan.rubio-ramirez@emory.edu>, Economics Department,
Emory University, Rich Memorial Building, Room 306, Atlanta, Georgia 30322-2240.


mailto:Juan_Rubio_Ramirez

1 The Concern

In a highly influential paper, Baumeister and Hamilton (2018) analyze a simple three-variable
structural vector autoregression (SVAR) of the U.S. economy comprising the output gap,
inflation, and the fed funds rate. They study how the output gap responds to a monetary
policy shock normalized to raise the fed funds rate by 25 basis points on impact. Figure
1 reproduces panel (A) from Figure 1 in their paper depicting the impulse response of the
output gap: the solid blue line depicts the point-wise posterior median and the blue-shaded
area shows the 68 percent point-wise posterior probability bands. The figure suggests that
the output gap is more likely to increase in response to a monetary policy contraction that

raises the fed funds rate by 25 basis points.
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Figure 1: Impulse Response of the Output
to a Monetary Policy Shock. The solid curves
represent the point-wise posterior medians, and
the shaded areas represent the 68 percent equal-
tailed point-wise probability bands.

Baumeister and Hamilton (2018) find these impulse responses worrisome because, in their
words, they “did not impose any sign restrictions at all, but simply kept every single draw.”
Baumeister and Hamilton (2018) obtain these responses by transforming draws generated

with the conventional method of Uhlig (2005) and Rubio-Ramirez, Waggoner, and Zha (2010)



so that the monetary policy shock raises the fed funds rate by 25 basis points on impact.
They attribute the positive response of output to an “implicit Bayesian prior distribution”
over the orthogonal matrices associated with the conventional method.

Importantly, Figure 1 uses the unit effect normalization as defined in Stock and Watson
(2016), instead of the unit variance normalization for which the conventional method was
designed. Specifically, under the unit variance normalization, the structural shocks are scaled
to have unit variance, meaning the magnitudes of the impulse responses represent the effects
of a typical realization of the shocks. In contrast, the unit effect normalization normalizes the
shocks by fixing the contemporaneous effect of the structural shocks on a selected variable to
some given values. This raises a natural question: what would the results have looked like if

they had been reported under the unit variance normalization instead?
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Figure 2: Impulse Responses of the Output to a Monetary Policy Shock. The solid
blue (dashed) curves represent the point-wise posterior medians, and the blue-shaded
areas (dotted lines) represent the 68 percent equal-tailed point-wise probability
bands obtained under the unit effect (variance) normalization, with and without a
sign restriction, panels (a) and (b), respectively.

Figure 2a illustrates this by comparing both normalizations. The solid blue line and
the blue-shaded area reproduce the point-wise posterior median and 68 percent probability
bands under the unit effect normalization, while the dashed and dotted black lines show
the point-wise posterior median and 68 percent probability bands under the unit variance

normalization. To facilitate the exposition, we present the results using two y-axes—the left



y-axis corresponds to the unit effect normalization and the right y-axis to the unit variance
normalization. Under the unit variance normalization, the posterior median of the impulse
response of output is centered on zero and the point-wise posterior probability bands are

symmetric around the median.

The Sign Restriction

As Stock and Watson (2016) highlight, the unit effect normalization entails fixing both the
scale and the label of some impulse responses, whereas the unit variance normalization only
determines the scale. In the case at hand, the unit effect normalization restricts the initial
response of the fed funds rate to positive 25 basis points, while under the unit variance
normalization, the initial response of the fed funds rate to a typical realization of the shock
can be either positive or negative. Because Baumeister and Hamilton (2018) label their shock
as a contractionary monetary policy shock by imposing a sign restriction requiring the fed
funds rate to increase contemporaneously, they retain only those impulse responses that
satisfy the restriction. In contrast, the unit variance normalization does not impose the label
restriction, and all the draws are retained. To illustrate the effects of this label restriction,
Figure 2b adds the aforementioned sign restriction to the unit variance normalization; we
label this case as “unit variance normalization + sign” in the figure. Once the sign restriction
is added to the unit variance normalization, the positive effects on output that concerned
Baumeister and Hamilton (2018) reemerge; the results using the unit effect or the unit

variance normalization + sign are almost identical up to scale.

The Mathematics Behind the Asymmetry

Let us try to understand how the prior over the orthogonal reduced-form parameterization
and the sign restriction implicit in the unit effect normalization interact to shape the prior
and posterior over the other impulse responses. To make things simpler, our starting point is
an SVAR without lags written under the unit variance normalization to which we add the
sign restriction discussed above. Let 3 be the variance-covariance matrix of the reduced-form

innovations. Let Ly be the matrix of contemporaneous impulse responses to the structural



shocks, so that Lg(, j) is the contemporaneous response of the it! variable to the j* structural
shock. The relationship between 3 and Lg is = = LoLj. Alternatively, if X = r(Z)r (2)’
is the Cholesky decomposition of X, where r(X) is lower triangular with positive diagonal,
then Lo = 7(X)Q, for any symmetric and positive definite matrix ¥ and orthogonal matrix
Q. So, we can parameterize the structural contemporaneous impulse responses as either
Lo, where Ly is invertible, or (3, Q), where X is symmetric and positive definite and Q
is orthogonal. We will refer to the former as the impulse response parameterization and
to the latter as the orthogonal reduced-form parameterization. Priors over the orthogonal
reduced-form parameterization induce priors over the impulse response parameterization,
and vice versa. Let P be the diagonal orthogonal matrix defined by P; (7,7) = -1 and
P;(i,7) = 1, for i # j. We have the following result. Throughout this paper, all densities over

the orthogonal matrices are with respect to the Haar measure.

Proposition 1. Fiz 1 < j <n. If the prior p(£,Q) = p(X)p(Q | X) satisfies p(Q | X) =
p(QP; | ), then the induced marginal prior and posterior distributions over Lg(i,j) are

symmetric about the origin for 1 <i<mn.
Proof. See Appendix. m

The proposition gives us only a sufficient condition, hence, if the prior does not satisfy
p(Q|X) =p(QP; | X), then the induced marginal prior over Lo(i,5) could be symmetric
about the origin, but this would require a delicate relationship between p(3) and p(Q | X), a
relationship that would likely not carry over to the posterior since p(Q | ¥) does not update
with data. In any case, Proposition 1 makes clear that, in the absence of sign restrictions
and regardless of the prior and posterior over the reduced-form, a uniform prior over the
orthogonal matrices implies that both the marginal prior and posterior over Ly(i,7) are
symmetric about the origin.

Suppose we use a uniform prior over the orthogonal matrices and analyze how introducing
a sign restriction affects the symmetry of the prior over Lg(4, 7). Continuing with the example
in Baumeister and Hamilton (2018), suppose that Lo (ffr,mp) is the response of the fed funds
rate to a monetary policy shock and that Lg(y,mp) is the response of the output gap to a

monetary policy shock. How does restricting the response of the fed funds rate to a monetary
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policy shock to be positive affect the output gap response? Can it induce asymmetry in the
output gap response? The example in the previous section shows that this can indeed occur.
Is the uniform prior over the orthogonal matrices responsible for such asymmetry? The
following proposition shows, at least for two cases considered in Baumeister and Hamilton
(2018), that any asymmetry is driven by the interaction between the sign or label restriction
and the reduced-form covariance structure, rather than by the uniform prior over orthogonal

matrices.
Proposition 2. Suppose the prior distribution over Q, conditional on 3, is uniform.

(i) Suppose the distribution over % is inverse Wishart. The marginal distribution of
Lo(y,mp), conditional on Lo(ffr,mp) > 0, is symmetric if and only if the expected

correlation between the innovations to the fed funds rate and the output gap is zero.

(i) Suppose X is fixred. The marginal distribution of Lo(y,mp), conditional on Lo(ffr,mp) >
0, is symmetric if and only if the correlation between the innovations to the fed funds

rate and the output gap is zero.
Proof. See Appendix. n

If the inverse Wishart parameters in Proposition 2 (i) are v and ®, then the expected
value of 3 is ®/(v—n—1). Thus, the expected correlation between the innovations of the fed
funds rate and the output gap is zero if and only if ®(ffr,y) = 0. If we use a natural conjugate
prior, then Proposition 2 (i) applies to both the prior and the posterior. Suppose that ® and
® are the prior and posterior values of ®. Proposition 2 (i) implies that any asymmetry in the
prior marginal distribution of Lq(y,mp), conditional on Lq(ffr,mp) > 0, is completely driven
by the value of ®(ffr,y), not the uniform prior over the orthogonal matrices. Furthermore,
even if ®(ffr,y) = 0, one would not expect ®(ffr,y) = 0 because of the correlation between the
fed funds rate and the output gap in the data. So, Proposition 2 (i) makes clear that when

we introduce the sign restriction implicit in the unit effect normalization,

(a) the prior over the reduced-form parameters, not the uniform prior over the orthogonal
matrices, is responsible if the prior marginal distribution of Lg(y,mp), conditional on

Lo(ffr,mp) > 0, is asymmetric,



(b) even if the prior is symmetric, the posterior will, in general, not be.

Proposition 2 (ii) shows that analogous results hold if we fix ¥. To conclude, while Baumeister
and Hamilton (2018) blame the positive response of output on the “implicit Bayesian prior
distribution” over the orthogonal matrices associated with the conventional method, the
results of this section show that this is clearly not true. In the case analyzed in that paper,
the positive response of output is due to the nonzero expected posterior correlation between

the innovations of the fed funds rate and the output gap.

Illustration

To illustrate the results above, we reproduce the histogram in panel D of Figure 1 in
Baumeister and Hamilton (2018) as Figure 3a.! This histogram shows the contemporaneous
response of the output gap to a monetary policy shock identified using the unit variance
normalization + sign approach. As in panel D of Figure 1 in Baumeister and Hamilton
(2018), the reduced-form parameters are set to their maximum likelihood estimates. At this
value, the covariance between the fed funds rate and the output gap, X(ffr,y), equals 0.05.
The red lines in each panel correspond to the median of the distribution under consideration
and the dotted black line denotes the origin.

Proposition 2 (ii) makes clear that the asymmetry in the response is driven by the sign
restriction combined with the fact that the correlation between the innovations to the fed
funds rate and the output gap is positive. To illustrate this point, Figure 3b shows the
distribution of the contemporaneous response of the output gap in the alternative case in
which we artificially set 3(ffr,y) to zero. In this alternative case, the contemporaneous
response of output is symmetric around zero. Hence, the figure reaffirms that, contrary to the
claims in Baumeister and Hamilton (2018), the uniform prior over the orthogonal matrices is
not the channel that causes the asymmetry in the response of output to a monetary policy

shock under the unit effect normalization; rather, it is the posterior over 3.

!The reader should notice that the axes are different. We focus on [-0.75,0.75] while Baumeister and
Hamilton (2018) focus on [-2,2]. We did that so that the positive median can be seen more clearly.
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This Paper

The results above make clear that Baumeister and Hamilton (2018)’s troubling output
response is not caused by the uniform prior over orthogonal matrices. Instead, it comes
from a sign restriction hidden inside the unit-effect normalization, interacting with the
reduced-form covariance structure. Does this mean that we should give up on pinning down
the impact effect of the structural shock and use only the unit variance normalization? The
answer is no, as choosing the impact of the structural shock facilitates direct estimation of
impulse responses in the native units of the data, such as percentage points for interest rates,
enhancing the interpretability of results for policy analysis. This paper proposes an alternative
normalization that restricts the impact of the structural shock while not imposing the sign
restriction that the unit effect normalization imposes. We call such a normalization the “unit
modulus normalization” and show how to do Bayesian inference under that normalization.
But before moving forward, we need to address an important practical issue for the case
under study. In particular, we answer the question of whether, in general, we can distinguish
restrictions that solely determine the scale of the model from other types of restrictions.
The answer is yes. In Section 2, we develop a general theory of restrictions that classifies

them as scale, label, or economic restrictions. We will use this framework to define the unit



modulus normalization in Section 3 and to present an algorithm for inference under such a

normalization in Section 4.

2 General Restrictions

One important conclusion from Section 1 is that not all normalizations are alike: while the
unit variance normalization only restricts the scale, the unit effect normalization pins down
both the scale and the sign of a given impulse response. Pinning down the sign of a selected
impulse response implies choosing a label for the shock, which in the context of our example
determines whether the monetary policy shock is contractionary or expansionary. As shown,
depending on the prior over the reduced-form parameters, the sign restriction associated with
choosing the label of the shock can have important effects on the prior distribution of the
impulse responses. Hence, the researcher must be able to choose any scale without imposing
a label. More generally, we need a theory that allows us to disentangle labeling restrictions
from scale restrictions and from economic restrictions. To address this gap, we develop a
general theory of restrictions that classifies them as scale, label, and economic restrictions.
Using our theory, we define a new normalization labeled “unit modulus” that restricts the

scale of the shock as in the unit effect normalization without assigning a label.

The Model

Consider a reduced-form vector autoregression (VAR) of the form:
Yi=yYiBi+ 4y By+d+uy, for 1<t<T, (1)

where y; is an n x 1 vector of endogenous variables, u; is an n x 1 vector of reduced-form
shocks, By is an n x n matrix of parameters for 1 </ <p, d is a 1 x n vector of parameters, p
is the lag length, and T is the sample size. The vector u;, conditional on past information
and the initial conditions yy,...,y1-,, is Gaussian with mean zero and covariance matrix 3.

For a more compact notation, let B = [B’1 - B, d’]’ and x;j = [Y{H “ Yip 1] for 1<t<T



and hence Equation (1) can be written as:

yi=x;B+uj for 1<t<T.

The reduced-form parameters are (B,3), where B € R™" and R™" is the set of m xn
matrices, with m = np+ 1 denoting the number of regressors per equation, and ¥ € S;f, where
S;r denotes the set of n x n symmetric and positive definite matrices. A reduced-form VAR is
identified, so the reduced-form parameters can be estimated from the data.

Often, one is interested in the effects of the structural shocks rather than the reduced-form
shocks. We assume that the reduced-form shocks are a function of the structural shocks of

the form:

u; = L()Et, for1<t< T, (2)

where €, is the nx 1 vector of structural shocks and Ly is an n xn invertible matrix. The vector
€, conditional on past information and the initial conditions yy,...,y1-, is Gaussian with
mean zero and covariance matrix €2, where €2 € D;, where D} is the set of nxn positive diagonal
matrices. The element in row ¢ and column j of Ly is the contemporaneous effect on the 7't
variable of the structural shock e; = e;, where e, is the j* column of I,,, the n x n identity
matrix. Substituting Equation (2) into Equation (1) gives a structural-form representation of
the reduced-form VAR model. The structural-form parameters are (B, Lo, ). Note that
there are many other ways to represent a structural-form.? There is a mapping ¢g(-) from

these structural-form parameters onto the reduced-form parameters given by

g(B> L07 Q) = (B7 LOQL6)
P

No structural-form parameterization is identified. In general, two structural-form parameters

2For instance, one of the most common structural-forms of the reduced-form VAR, sometimes called the
structural form, is
YiAo=yi A1+ +y, Ay +cteg, for 1<t <T.

Its relationship to the reduced-form is given by B, = A;Agl, for 1 < ¢ < p, d = cAgl, w, = (Ag!) ey,
and &, conditional on past information and the initial conditions yy,...,y1-p, is standard normal. Arias,
Rubio-Ramirez, and Waggoner (2025) describe another popular parameterization where the structural-form
parameters consist of contemporaneous and dynamic impulse responses.



are observationally equivalent if and only if they map to the same reduced-form parameters.
Proposition 3 gives necessary and sufficient conditions for observational equivalence for our
structural-form parameterization. The proof of this proposition is a straightforward extension
of well-known ideas in the literature, but for completeness, a proof is given in the Appendix.
Before stating the results, we develop some notation. For 2 € D} the matrix Q2 is the
unique positive diagonal matrix such that Q302 = Q. The set of all nxn orthogonal matrices
is O, and the set of all n x n diagonal orthogonal matrices is denoted by OP. A diagonal

orthogonal matrix has plus and minus ones along its diagonal and zero in all other entries.

Proposition 3. (B, Ly, Q) and (B, Ly, Q) are observationally equivalent if and only if B = B
and there exists a Q € O,, such that I:o = LOQ%QQ‘%.

Proof. See Appendix. n

Proposition 3 is useful for determining if two given structural-form parameters, (B, Lo, 2)
and (B, Ly, Q), are observationally equivalent. One need only check whether B = B and
whether Q‘%Lalfgofl% is orthogonal. Furthermore, a corollary of Proposition 3 can be
used to generate all observationally equivalent structural-form parameters to some given

structural-form parameter.

Corollary 1. (B,L, Q) and (B,Lo, Q) are observationally equivalent if and only if the
latter is of the form
(B,Lo2:QQ 2Dz, OD),

where Q € O,, and D € D;..

Proof. See Appendix. n

Together, the proposition and the corollary lay a foundation for classifying the structural-
form parameters into the three classes of observationally equivalent parameters. We will use
these classes to define our three types of restrictions, which will allow us to partition all

restrictions into scale, label, and economic restrictions.
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Three Classes of Observationally Equivalent Parameters

Corollary 1 allows one to produce all the observationally equivalent parameters to (B, L, £2)
in terms of an orthogonal matrix Q and a positive diagonal matrix D. This will be important
for defining three classes of observationally equivalent parameters. These three classes will
allow us to partition the set of all restrictions into what we call scale, label, and economic

restrictions.
Class 1. Cs(B, Lo, Q) = {(B,LyD2,QD) | D e D} }.

The elements in Cs(B, Ly, 2) rescale the variance and contemporaneous effects of the
structural shocks. If we scale the variance of the structural shocks by D € D}, then to maintain
observational equivalence we must scale the contemporaneous effects of the structural shocks
by D, So, each element of Cg(B, Lo, 2) corresponds to a choice of scale for the variance

and the contemporaneous effects of the structural shocks.
Class 2. C;(B,Ly, Q) = {(B,LyP,Q) | P € OP}.

Elements of C(B,Lg, ) change the sign of some of the columns of Ly. Equivalently,
this changes the sign of the contemporaneous effect of some of the structural shocks for
all the variables. So, each element of Cp(B, Lo, 2) corresponds to a choice of sign of the

contemporaneous effect of each structural shock for all the variables.

Class 3. Cp(B, Lo, Q) = {(B,Ly, 2)} u {(B,LiQ:NQ2, Q) | N € 0,\OP}, where 0,\OP

denotes the complement of O in O,,.

Because O0,,\OP excludes the identity matrix, we need to explicitly include (B, Lg, 2)
in the definition. What do elements of Cr(B, Lo, Q) look like? The non-zero off-diagonal
clements of 22Nz occur in the same positions as the non-zero off-diagonal elements of
N. Suppose that the j* column of N has non-zero off-diagonal elements. This implies that
the response of the variables to the j* shock in (B, LoQ:NQ 2, Q) has a different economic
interpretation than the response of the variables to the same shock in (B, Lg, €2), in the sense

that the contemporaneous responses are not just a rescaling or a change in sign. However, if
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the off-diagonal elements of Q:NQ2 are small relative to the diagonal elements, then the
economic interpretations of (B, Lo, ) and (B, LoQ2zNQ 2, ) will be similar.

It is easy to verify that Cs(B, Lo, 2)nCr(B, Ly, Q) nCr(B, Ly, Q) = {(B,Lg,2)}. In this
sense, we have divided the observationally equivalent parameters into three distinct classes

that we will use to define scale, label, and economic restrictions in the next section.

Three Types of Restrictions: Scale, Label, and Economic

We define scale, label, and economic restrictions here and, in the next section, show how
restrictions can be decomposed into a combination of these types. First, we review the general
definition of a restriction and some related terminology. A restriction is simply a subset R of
the set of all structural-form parameters. The restriction is satisfied by (B, Lg, €2) if and only
if (B,Lo, Q) e R. If Ry and R, are two restrictions, then Ry N R, is the restriction that is
satisfied if and only if both R, and R, are satisfied. We refer to this as the combination of R
and Rs. A restriction is trivial if and only if its complement is of measure zero. A restriction R
on the structural-form parameters induces a restriction g(R) on the reduced-form parameters,
which could be trivial.

What should a scale, label, or economic restriction look like? We assert that a scale
restriction should not restrict the sign of the contemporaneous response of a shock, a label
restriction should not restrict the scale of the variance or contemporaneous effects of a shock,
and both scale and label restrictions should induce trivial restrictions over the reduced-form
parameters. Economic restrictions may induce non-trivial restrictions over the reduced-form
parameters, but they may not restrict the sign of the contemporaneous response of a shock

or the scale of the variance or contemporaneous effects of a shock.

Definition 1 (Scale Restriction). The restriction R is a scale restriction if and only if the

following conditions hold
S1 Cr(B,Ly,2) c R for every (B,Lg, Q) € R.
S2 Cs(B,Lgy, Q) nR + @, for almost all structural-form parameters (B, Ly, (2).

Condition S1 says that a scale restriction cannot restrict the sign of the contemporaneous

12



response of a shock. Condition 52 says that for almost all structural-form parameters there
is a rescaling of the shock variances and contemporaneous responses that will satisfy the
restriction, which implies that the induced restriction over the reduced-form parameters is
trivial. Often, we want the scale of each shock to be uniquely determined, which would
imply that the set C5(B, Lo, 2) nR is a singleton for almost all structural-form parameters
(B, Ly, ©2); however, sometimes we want only to uniquely determine the scale on a subset of

the shocks. Our definition of a scale restriction allows this.

Definition 2 (Label Restriction). The restriction R is a label restriction if and only if

the following conditions hold
L1 Cs(B,Ly, Q) c R for every (B,Lo,2) € R.
L2 Cr(B,Ly, Q) nR + @, for almost all structural-form parameters (B, Lo, (2).

Condition L1 says that a label restriction cannot restrict the scale of the variance or
contemporaneous response of a shock. Condition [.2 says that for almost all structural-form
parameters there is a choice of sign for the contemporaneous responses to each shock that
will satisfy the restriction, which implies that the induced restriction over the reduced-form
parameters is trivial. Often, we want the label of each shock to be uniquely determined,
which would imply that the set Cr (B, Lo, ) nR is a singleton for almost all structural-form
parameters (B, Ly, 2); however, sometimes we want only to uniquely determine the label on
a subset of the shocks. Our definition of a label restriction allows this.

We have the following result, which states that a non-trivial restriction cannot be both a

scale and a label restriction.
Proposition 4. If a restriction is both a scale and a label restriction, then it is trivial.
Proof. See Appendix. m

Why do we call this type of restriction a label restriction rather than a sign restriction?
Structural shocks always come in two orientations. A demand shock can either increase or
decrease demand. A supply shock can either increase or decrease supply. A monetary policy

shock is either an expansion or a contraction. For instance, suppose that the first shock is a

13



monetary policy shock. For a given structural-form parameter, does a positive value of the
first shock correspond to an expansion or a contraction? The answer to this question gives
rise to a labeling of the first shock. Of course, if a positive value of the first shock under
(B, Ly, ) is labeled an expansion, then a positive value of the first shock under (B, LoP7,2)
must be labeled a contraction. Typically, the label for a shock is chosen based on the sign of
a given contemporaneous impulse response, but there are also cases in which the label of the
shock is chosen based on the sign of some function of the contemporaneous impulse responses.
For instance, Christiano, Eichenbaum, and Evans (1996) assume that if the impact of a unit
monetary policy shock on the fed funds rate is positive before the reaction function of the
Federal Reserve is taken into account, then this shock is a contraction.

A labeling of the j* shock gives rise to a label restriction. Such a labeling consists of
two labels, {1 and Iy, a subset £; of the structural-form parameters over which the labeling is
defined, and a function ¢;(-) from £; into {l1,l2}. We require that if (B, L, Q) € £;, then
(B,LoP;,Q) € £; and {;(B,LoP;, Q) # {;(B, Lo, ). The interpretation of £;(B, Lo, 2) is
that it is the label assigned to a positive value of the j*h shock. We assume that a labeling
cannot depend on the scale. This means that if (B, Ly, Q) € £;, then Cs(B,Ly, Q) c £; and
(;(B,Lo, ) = ¢;(B, LoDz, QD) for every D € D;. Given a labeling of the j* shock, we can

define a restriction by
R;={(B,Ly,Q) | (B,L,Q2) ¢ L; or (B,Ly,Q) € L; and ¢;(B,Ly, Q) =11}

Requiring the complement of £; to be contained in R; ensures that Condition L2 is satisfied
and, since the labeling cannot depend on the scale, Condition L1 is satisfied, so R; is a
label restriction. For all structural-form parameters (B, Lo, ), either both (B, L, Q) and
(B, LoPj, Q) are in R, or exactly one of these is in R,. In the latter case, a positive value of
the j* shock is given the label [y if (B, Lo, Q) € R;. We can use this idea to define a labeling
of the j* structural shock from any label restriction.

If R is a label restriction, define £; to be the set of all structural-form parameters
(B, Lo, Q) for which exactly one of (B, Ly, €2) or (B, LoPj, Q) satisfies the restriction. The
set £; could be empty. The function ¢;(B, Lo, Q) is [; if (B, Lo, $2) satisfies the restriction

14



and [, otherwise. The fact that R is a label restriction ensures that the requirements for the
set £; and the function ¢; discussed above are satisfied. If we go from a labeling to a label
restriction and then back to a labeling, we recover the original labeling. It is in this sense
that the term “label restriction” is justified. However, when we go from a label restriction
to a labeling and then back to a label restriction, we do not necessarily end up where we
started. This is because a generic label restriction could determine the label for more than
one shock. Finally, while the labeling or restriction was defined in terms of the first label, it

could just as easily be defined in terms of the second label.

Definition 3 (Economic Restriction). The restriction R is an economic restriction if

and only if the following condition holds
FE1 Cs(B,Lo,2) c R and Cr(B, Ly, Q) c R for every (B, Ly, Q) e R.

Condition E1 says that an economic restriction can restrict neither the scale of the variance
nor the contemporaneous response of a shock, nor the sign of the contemporaneous response
of a shock. Unlike scale and label restrictions, we do not require Cg(B, Lo, Q) nR + &,
for almost all structural-form parameters (B, Lg, ), because we want to allow economic

restrictions to restrict the reduced-form parameters.

Proposition 5. If an economic restriction is either a scale restriction or a label restriction,

then it is trivial.
Proof. See Appendix. m

One might wonder why we did not include Cg(B, Ly, ) c R for every (B, Lo, Q) € R in
the first condition of either a scale restriction or a label restriction. The reason is that if we
did, then some of the most commonly used scale or label restrictions would no longer be scale
or label restrictions. Forcing Cg(B, Ly, Q) c R for every (B, Ly, Q) € R would not give label

or scale restrictions enough flexibility to encompass a sufficiently wide range of restrictions.

A Decomposition Theorem

In this section, we show how to decompose a restriction into a combination of these three

types of restrictions, at least for a large class of restrictions. In particular, we consider
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restrictions that do not impose a relation between the label and scale. Formally, we have the

following definition.

Definition 4 (Relation Between the Label and Scale). A restriction R imposes a relation
between the label and scale if and only if there is a structural-form parameter (B, Lo, Q) ¢ R,

aPeOD, and a D €D} such that both (B,LoP,Q) ¢ R and (B,LyD 2,QD) ¢ R.

n’

Conditions S1, L1, and E1 imply that scale, label, and economic restrictions do not
impose a relation between the label and scale. These are the prototypical restrictions that do
not impose a relation between the label and scale. The following proposition implies that
combinations of scale, label, and economic restrictions will not impose a relation between the

label and scale.

Proposition 6. The intersection of restrictions that do not impose a relation between the

label and scale will not tmpose a relation between the label and scale.
Proof. See Appendix. m
The converse of this proposition is also true, as the following proposition states.

Proposition 7. A restriction R does not impose a relation between the label and scale if and
only if it can be decomposed as R.NR;NR,, where R, is an economic restriction, Ry is a

label restriction, and R, is a scale restriction.
Proof. See Appendix. m

It is useful to have explicit expressions for R., Ry, and R.

R. = {(B,LoPD 2, QD) | (B,L;,Q) ¢ R, De D}, and P € OP}, (3)
Re={(B,LyD2,0D) | (B,Lo,Q) ¢ R and D € D } URE, (4)

Ra
Rs={(B,LoP, Q) | (B,Ly,2) e R and P ¢ OP} UR¢, (5)

RP

where the superscript ¢ denotes the complement in the set of all structural-form parameters.
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The studies we are aware of do not use restrictions that impose a relation between the
label and scale, so this proposition applies to a broad class of useful restrictions. However, if
one wanted to allow such a relation, then a version of this proposition would still hold, but
one of Conditions S1 and L1 would have to be omitted. Both cannot be omitted because then
Proposition 4 would not hold. One must decide whether to place the relation between the
label and scale in the label restriction or in the scale restriction. If Condition S1 is omitted
from the scale restriction definition, then R, should be defined as R uR§. If Condition L1
is omitted from the label restriction definition, then R, should be defined as R URS. In

particular, we have the following result.

Proposition 8. Suppose that either S1 or L1 is omitted from the definition of a scale or label
restriction. For any restriction R, there exists an economic restriction R., a label restriction

Re, and a scale restriction Ry such that R = R.NnRyNRy.
Proof. See Appendix. n

It is important to verify that a restriction R does not impose a relation between the label
and scale before applying Proposition 7, because R., R,, and R, can always be defined using
Equations (3)-(5), but Re.nR,nR, # R if R imposes a relation between the label and scale.
Fortunately, in practice, restrictions are specified by a set of equalities and inequalities, and
for a restriction defined by a single equality or inequality it is often easy to determine if ST or
L1 holds. If S1 or L1 holds for each equality or inequality, then from the discussion following
Definition 4 and Proposition 6, R will not impose a relation between the label and scale.

Finally, the decomposition in Proposition 7 is not unique, as we shall explicitly see in the
next section. Furthermore, as shown in the proof of Proposition 7, for the decomposition
given by Equations (3)-(5), both S2 and 1.2 will hold for all (B, L, £2), not just for almost
all. For this reason, the decomposition given by Equations (3)-(5) is often complicated, but

in many cases it is straightforward to devise simpler decompositions.

Examples of Decompositions

This section provides examples of how Proposition 7 works in practice.
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Example 1. Suppose that the first shock is a demand shock, the first variable is price, and
the second variable is quantity. Consider the restriction R that requires both Lo(1,1) > 0
and Lg(2,1) >0, so that the contemporaneous response to a positive demand shock strictly

increases both price and quantity.

We decompose this restriction using Equations (3)-(5). It is easy to see that Ry =R and
R, requires Lg(1,1)Lo(2,1) > 0. So, R. = R, and R¢ requires Ly(1,1)Lo(2,1) < 0. From this,
Ry = RqURE either requires Lo(1,1) > 0 and Lg(2,1) > 0 or requires Lo(1,1)Lo(2,1) < 0.
Since R, = R., the restriction R, UR¢ = R is trivial. If Ly(1,1) and Ly(2,1) have the same
sign, then there is a labeling for the demand shock. If both are positive, then a positive
shock increases demand, and if both are negative, then a positive shock decreases demand.
However, if they do not have the same sign, then the labeling is not defined. This is reflected
in the definition of R,.

There are other choices we could make for the label restriction. For instance, we could
require either Lg(1,1) > 0 or Lg(2,1) > 0. It is instructive to compare these three labeling
restrictions. Clearly, all three of these agree if the signs of the price and quantity responses
are the same, but disagree if the signs are different. The label restriction R, says the label is
not defined if the signs are different, but both of the other choices define a label if the signs
are different, though the labelings differ. Which of these three we choose does not matter
in terms of the decomposition, but it does matter in terms of the implications of the label
restriction.

Returning to the example from the introduction, consider the following cases.

Example 2. Suppose that the first shock is a monetary policy shock, the first variable is
the fed funds rate, the second output gap, and the third variable is inflation. Consider the
restriction R that requires Lo(1,1) to be positive, so that the contemporaneous response to a
positive monetary policy shock strictly increases the fed funds rate, and the restriction that

the structural shocks have unit variance.

The restriction R, requires Lo(1,1) > 0 and the restriction R, requires Ly(1,1) # 0 and
Q =1;. The restriction R, requires Lo(1,1) # 0, so its complement requires Lo(1,1) =0. The

restriction R, requires either Lo(1,1) > 0 or Ly(1, 1) = 0, which can be more compactly written
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as Lo(1,1) > 0. The restriction R requires either Ly(1,1) # 0 and € = I3 or Ly(1,1) = 0.
This is an example where Equations (3)-(5) do not produce the simplest result. If R, is the
restriction that requires Lg(1,1) > 0 and R, is the restriction that requires €2 =I5, then it is

easy to see that 7~€g is a label restriction, 7~2$ is a scale restriction, and 7~24 N ﬁs =R.

Example 3. Suppose that the first shock is a monetary policy shock, the first variable is
the fed funds rate, the second output gap, and the third variable is inflation. Consider the
restriction R that requires Lo(1,1) to be positive, so that the contemporaneous response to a
positive monetary policy shock strictly increases the fed funds rate, and the restriction that

requires the diagonal elements of Lo to be 1.

The restriction R is equal to the restriction that requires only Lg(i,7) = 1, for all i.
For this reason, it is tempting, but incorrect, to claim that this example consists of only a
normalization of the scale. Let us decompose R using Equations (3)-(5). The restriction
R4 requires Ly(i,7) > 0, for all ¢, and the restriction R, requires Lg(7,7)? = 1, for all 4. The
restriction R, requires Lg(i,7) # 0, for all 4, so its complement requires Lg(é,7) = 0, for some
i. The restriction R, either requires Ly(,7) > 0, for all ¢, or requires Lg(7,7) = 0, for some 1.
The restriction R either requires Lg(4,47)% = 1, for all 4, or requires Ly(i,%) = 0, for some i.
This is another example where Equations (3)-(5) do not produce the simplest result. If R, is
the label restriction that requires Lg(7,7) > 0, for every ¢, and R, is the scale restriction that
requires Lg(7,7)? = 1, then RynRs=TR.

Now let us consider a more involved example.

Example 4. Suppose that the first shock is a demand shock, the second shock is a supply
shock, the first variable is price, and the second variable is quantity. Consider the restriction
R that requires: (i) the ratio between Ly(1,1) and Ly(2,1) to be positive so that the supply
curve is upward sloping; (i) the determinant of Lgy times Lo(2,1)7! is negative so that a
supply shock increases prices holding the quantity constant; (i) the structural shocks have

unit variance.

While we could use Equations (3)-(5) to produce a decomposition, sometimes it is easier
to directly work with the raw restrictions using what we have learned about economic, label,

and scale restrictions, though such a decomposition could be different from the one produced
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by Equations (3)-(5). Condition (i) is equivalent to Lo(1,1)Lo(2,1) > 0, which is an economic
restriction. Condition (ii) is equivalent to det(Lo)Ly(2,1) < 0, which is a label restriction.
Condition (iii) is € = I, which is a scale restriction. We can write R as a combination of the
economic restriction (i), the label restriction (ii), and the scale restriction (iii).

Consider now an example based on the identification strategy proposed by Arias, Caldara,

and Rubio-Ramirez (2019) inspired by Christiano, Eichenbaum, and Evans (1996).

Example 5. Suppose that the first shock is a monetary policy shock, the first variable is

the fed funds rate, the second output gap, and the third variable is inflation. Consider the

_ Lo(1,2)Lo(3,3)-Lo(1,3)Lo (3,2)
= Lg(2’2)118(373)7[‘2(273»2(3’2) >0 so that the fed funds rate

reacts positively to the output gap; (i1) ca(Lo) = Eggggﬁggggiiggggigggg >0 so that the fed

restriction R that requires: (i) c1(Lo)

det(Lo)

Lo(2,2)Lo(3,3)-Lo(2,3)Lo(3,2) < O SO that a

funds rate reacts positively to inflation; (iii) c3(Lg) =
positive monetary policy shock strictly increases the fed funds rate before the Fed reaction

function is taken into account.

It is easy to see that changing the scale or sign of a column of L will have no effect on
c1(Lo) or ca(Lg). This implies that both (i) and (ii) are economic restrictions. However,
changing the sign of the first column of Ly does change the sign of c3(Lg), but changing
the sign of any of the other columns of Ly will have no effect on the sign of ¢3(Lg), nor will
changing the scale of any of the columns of Lg. So, (iii) is a label restriction. Thus, R is the
combination of the economic restrictions ¢;(Lg) > 0 and co(Lg) > 0, and the label restriction

Cg(Lo) < 0.

3 A Tale of Two Normalizations

As mentioned above, despite the issues highlighted with the unit effect normalization, it is
convenient to have a normalization that allows the researcher to choose the impact of the
structural shock since it facilitates direct estimation of impulse responses in the native units
of the data, such as percentage points for interest rates, enhancing the interpretability of
results for policy analysis. Additionally, pinning down either the variance of the structural

shocks or their effect answers two different economic questions. To make things concrete,
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suppose that the price and quantity of some commodity are among the variables. Choosing

the variance of the structural shocks allows us to answer questions of the following type.

Question 1. What is the contemporaneous effect on the quantity of a one-standard-deviation

positive demand shock?

On the contrary, pinning down the effects of the structural shocks allows the researcher

to answer questions of the following type.

Question 2. What is the contemporaneous effect on the quantity of a demand shock that

upon impact raises the price by one unit?

These are interesting yet different economic questions: The first asks what the effect is of
a statistically typical positive demand shock, regardless of whether that effect is economically
plausible, and the second asks what the effect is of a demand shock with a typical positive
effect on price, regardless of the probability of observing such a shock.

Having developed a framework to distinguish and classify scale, label, and economic
restrictions, we can address scale normalization in a principled way and thus answer both
questions above. As mentioned several times during the paper, there are two restrictions
often used in the literature to uniquely determine €2: the unit variance and the unit effect
normalizations. While the unit variance normalization intends to answer questions of Type 1,
the unit effect normalization has the objective of answering questions of Type 2. We define
them below and show that while the unit variance normalization is a scale restriction, the
unit effect is not. We also provide an alternative normalization that we call unit modulus
normalization that shares objectives with the unit effect normalization but is itself a scale

restriction.

Definition 5. The unit variance normalization restricts the structural-form parameters so

that Q2 =1,,.

It is easy to see that the unit variance normalization satisfies both S1 and S2 and thus is a
scale restriction. Before defining the unit effect normalization, we introduce some additional
notation. For any n xn matrix X, let diag(X) be the n xn diagonal matrix with the diagonal

of X along its diagonal.
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Definition 6. The unit effect normalization restricts (B, Lg, Q) so that diag(Lg) = 1,,.

The unit effect normalization is not a scale restriction because it does not satisfy S1,
though it satisfies S2. It will be a combination of a scale restriction, defined next, and a label

restriction.
Definition 7. The unit modulus normalization restricts (B, Lo, Q) so that diag(Lg)? =1,.

It is easy to see that the unit modulus normalization satisfies both S1 and S2 and
hence, it is a scale restriction. We refer to parameters satisfying these restrictions as
unit modulus parameters, and to SVARs written in terms of those parameters as the unit
modulus parameterization. The unit effect normalization is the combination of the unit
modulus normalization and the label restriction diag(Lg) > 0. More generally, one can define
the k-modulus normalization as the restriction that requires diag(Lg)? = k2, the k-effect
normalization as the restriction that requires diag(Lg) = &, and the k-variance normalization
as the restriction that requires (2 = k, for any fixed k € D;. Notwithstanding, for ease of
exposition we maintain the unit-modulus terminology unless explicitly stated otherwise. The
unit modulus normalization provides a solution that allows the researcher to control the
size of the shocks without assigning a label, thereby isolating the scale from interpretive
assumptions. However, conducting Bayesian inference in SVARs under this parameterization

raises new theoretical challenges, which the next section addresses.

4 Bayesian Inference

In this section, we develop theory and an algorithm for Bayesian inference under the unit
modulus normalization. Let B denote the set of all (B, Ly, 2) such that diag(L¢)? =1, and
denote elements of this set by (B, Kg, €2). We will consider priors with respect to the volume
measure on B induced by Lebesgue measure. Under this parameterization, two features shape
the analysis. First, a flat prior over (B, Ky, €2) induces an improper posterior kernel, so
prior elicitation plays a central role. Second, the two-step approach, which places a uniform
prior over the orthogonal matrices before transforming to the unit modulus parameterization,

induces a proper posterior that is not flat over observationally equivalent parameter values.
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A Mapping and an Improper Posterior

The theory introduced in this section relies on a mapping between the unit modulus pa-
rameterization and the orthogonal reduced-form parameters. Let us begin by defining this

mapping in two stages:

(B,Ko, Q) > (B, Ko%) -5 (B, LoLj , r(LoLj)'Lo),
L
0 b} Q

so that (¢ o f)(B, Ky, Q) = (B,3,Q). Define A to be the set of all (B,X,Q) such that all
the diagonal elements of r(X)Q are non-zero. Over A, we can define (¢ o f)~1 = f1o ¢! by:

(B,%,Q) > (B,r(3)Q) 1> (B, Lo(diag(Lo)?)?, diag(Lo)?).
Lo Ko Q

It follows from Lemma 4 in the Appendix that the volume element of this mapping is:
_n(n-1) 1 . (e
Vigor)(B, 3, Q) =277 |det(X)| 2| det(diag(r(2)Q))|" 2.

Under a flat prior over (B, Ky, 2), the induced posterior kernel over the orthogonal reduced-

form parameterization is proportional to:

p(YT | Buz)v(d)of)‘l(B727Q)7 (6)

where p(Y7 | B, ) = NIW (B, %;0,®,%,0), v =T-m-n-1, 0 = (X, Xp)!, ¥ = X, Y,
and ® = Y. Y - \il’@‘l\il, with Yo = [y; - yr] and X = [xq,...,xp] the data.
Equation (6) implies that, unlike under the unit variance normalization, a flat prior over
the unit modulus parameterization does not yield a proper posterior. Consequently, prior
elicitation under this parameterization requires special care. Proposition 9 formalizes this

result:
Proposition 9. Forn >3, [,p(Yr|B,Kq, Q) dBdK,dS2 = co.

Proof. See Appendix. O
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The intuition behind Proposition 9 is that the impropriety comes from regions of the
parameter space in which at least one diagonal entry of €2 approaches zero. In those regions,
at least one structural shock has variance arbitrarily close to zero. Because the complement of

A has measure zero, we can study the posterior by integrating over all (B,3, Q). Therefore,

fp(YT | B, Ky, Q) dB dK, d2 = p(Yr | B, ) v(p0p)1 (B, 3, Q) dB dS dQ
B

mXxn +
R xS}t xOnp

=t [ Y B et(®) ([ [det(ding(r(2)Q))[ 2 dQ) dBaE.

If some diagonal entry of € approaches zero, then the corresponding diagonal entry of r(X)Q
also approaches zero. As a result, |det(diag(r(X)Q))| approaches zero and the Jacobian
term |det(diag(r(X)Q))| ("2 diverges, for n > 3.

From Proposition 9, it follows that a prior over the unit-modulus parameters that is
proportional to a normal inverse-Wishart density, NIW (B, K QK{;v, ®, ¥, ©), will also

induce an improper posterior. Corollary 2 establishes this result.
Corollary 2. Forn >3, [,p(Yr|B,Ko, Q) NIW (B, K QK{;v,®, ¥, 0),dBdK,dQ = c.

Proof. Follows directly from the fact that p(Yr | B,Ko, Q) NIW (B, K QK{;v, ®, ¥, O)
and p(Yr | B, Ky, Q) have the same functional form. O

The Prior Induced by the Two-Step Approach

Before introducing our proposed priors over the unit modulus normalization, we analyze the
prior over this normalization induced by the two-step approach employed by Baumeister
and Hamilton (2018). They start from a uniform-normal-inverse-Wishart prior over the
orthogonal reduced-form parameters, denoted by UNIW (B, X, Q; 7, ®, ¥, ©®), and then map
those draws into the unit modulus parameterization through (¢ o f)=1.* Then, by a change

of variables, the implied prior over the unit modulus normalization is proportional to:

NIW (B, KoQK): v, ®, ¥, 0)v,,(B, Ko, Q). (7)

3This prior specification allows for the weak prior defined by Uhlig (2005) and used by Baumeister and
Hamilton (2018) in their application.
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where vyr(B, Ko, Q) = (v(¢of)_1((<;5of)(B,KO,Q)))_l. Although it is straightforward to
show that the posterior induced by Equation (7) is proper, the prior is not constant over ob-
servationally equivalent parameters. Any parameter observationally equivalent to (B, Ky, €2)
can be written as (B, KoQ2QQ 2Dz, QD), where Q € O, and D = diag(KQ2Q€22)2 € D:.
There always exist a Q such that D # I,. Since the ratio between vy s (B, K,Q2:QQ 2D 2, QD)
and vy (B, Ko, Q) is |det(D)|"2", the prior induced by the two-step approach tilts mass
across observationally equivalent unit modulus parameters.

Because the two-step approach induces a prior over the unit modulus parameterization
that is not constant over observationally equivalent parameters, it is desirable to develop
priors that are flat across observationally equivalent structural parameters under the unit
modulus normalization. The challenge is that the density in Equation (6) is improper,
so obtaining such priors while preserving a proper posterior is not straightforward. Our
solution is to consider truncated priors of two types. The first is a prior that is flat across
observationally equivalent structural parameters allowing researchers to encode familiar beliefs
over reduced-form parameters, such as a flat prior as in Uhlig (2005) or Minnesota-style beliefs.
The second is a truncated flat prior directly imposed over the unit modulus parameterization.
This latter prior does not inherit the features that made Minnesota-style priors popular, such
as favoring persistence, but it may be attractive to researchers interested in robustness to

prior assumptions.

Uniform Prior Over Observationally Equivalent Parameters

In this subsection, we describe a prior that is constant across observationally equivalent
points in the unit modulus parameterization while allowing flexibility across non-equivalent
regions of the parameter space. While each researcher is entitled to their own prior beliefs,
uniform priors over observationally equivalent structural parameters have the advantage of
disentangling the problem of causal inference from the estimation problem (Arias, Rubio-
Ramirez and Waggoner, 2025). Proposition 3 in Arias, Rubio-Ramirez, and Waggoner
(2025) implies that if the prior over the orthogonal reduced-form parameters is proportional

to NIW(B,X;v,®, ¥, @)U(d)of)—l(B, 33,Q), then the induced prior over the unit modulus
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parameterization is proportional to NIW (B, K QKj; v, ®, ¥, 0O). Consequently, it assigns
the same density to observationally equivalent (B,Kj,€2). However, Corollary 2 implies
that this prior still leads to an improper posterior, as the posterior density diverges as €2
approaches zero. To obtain a proper posterior, we truncate away from values of {2 that are

too close to zero. Proposition 10 establishes this result.
Proposition 10. A prior over (B,Ky, Q) of the form

p(B, Ko, Q) o< [][wi > (] NIW (B, KoQK(; 7, @, ¥, 0),
i=1
where w; is the the it" diagonal element of Q, induces a proper posterior under the unit

modulus parameterization.
Proof. See Appendix. m

The indicator function [w; > £] is equal to 1 when w; > £ and zero otherwise and £ € R,
which denotes the positive reals. This prior can be interpreted as a truncated version of
a prior that is otherwise flat across observationally equivalent unit modulus parameters.
Economically, the threshold ¢ rules out shocks whose one-standard-deviation effects on the
variables of interest are too small to be meaningful. As ¢ — 0, the posterior approaches the
region that generates impropriety. As £ increases, however, one risks excluding shocks with
small but still economically relevant standard deviations. Therefore, the choice of £ must
be application specific. Importantly, the constraint [;;[w; > £] = 1 defines a set of positive
measure with respect to the volume measure on B. For easy exposition, we have considered a
common bound £, but it is easy to extend our results to consider individual bounds ¢; € R,

fori=1,...,n.

Uniform Prior

Researchers who wish to work with a flat prior directly over (B,Kjy,2) under the unit
modulus normalization can do so by imposing the same lower-bound restriction on the
standard deviations of the structural shocks described above. Proposition 11 shows that this

truncation yields a proper posterior.
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Proposition 11. A prior over (B, Koy, Q) of the form

n

p(B,Ko,Q) o< H [wi > g]

i=1
induces a proper posterior under the unit modulus parameterization.

Proof. The proof follows from the same argument as Proposition 10, combined with the fact
that the remaining kernel over (B, X) is proportional to p(Y7 | B, X)| det(E)\‘%, which has

a proper normal-inverse-Wishart form. O

This prior can be interpreted as a truncated flat prior over the unit modulus parameteri-
zation. It preserves flatness over the admissible region of the parameter space while ruling
out draws with arbitrarily small structural-shock standard deviations, which are exactly
the draws responsible for the impropriety result in Proposition 9. As before, the constraint

[T [w; > £] =1 defines a set of positive measure with respect to the volume measure on 5.

An Algorithm

In this section, we exploit the central idea of the elliptical-slice-within-Gibbs sampler proposed
by Arias, Rubio-Ramirez, Rudolf, and Shin (2026) to conduct inference over the structural-
form parameters under the unit-modulus normalization; adapting it to the wk-modulus
normalization is straightforward. This approach is useful here because while as shown below
the posteriors implied by our proposed priors do not permit direct sampling, the posterior
kernel accommodates the elliptical slice sampling. The algorithm works for any prior over
(B, Ky, Q) that induces a proper posterior, such as the ones discussed above. The basic
idea is to draw from the posterior distribution over the orthogonal reduced-form parameters,
map those draws back to B, and retain the draws that satisfy the restrictions. Importantly,
differently than Arias, Rubio-Ramirez, Rudolf, and Shin (2026) we use a joint implementation
that avoids the need of the Gibbs sampler.

Consider any prior over (B, Kj, Q) whose support is a set of positive measure with respect

to the volume measure on B. Let us derive the induced prior over the orthogonal reduced-form
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parameterization. The prior over (B, X, Q) induced by the prior p(B, Ky, 2) is

p(B,X,Q) =p((¢° /)™ (B, 2,Q))vep1 (B, 2, Q). (8)

We will combine the prior in Equation (8) with the likelihood, which is proportional to a
normal-inverse Wishart density NIW (B, X; 0, ®, ¥, ©). The density NIW (B, %;0,®, ¥, ©)
can be written as ]W(E;ﬁ,fi))N(B;\if,é),E), where IW(E;I),@) is the inverse Wishart
density with parameters 7 and ® and N (B; \il,(;), 3)) is a matrix normal density which
implies that vec(B) follows a normal density with mean vec(¥) and variance 3 ® ©. The

resulting posterior, p(B, X, Q| Y1), is proportional to
NIW(B,2:0,%,%,0)p((¢0 /) (B, 2, Q) vy (B, 2, Q). (9)

Our objective will be to draw from the posterior of the orthogonal reduced-form parameters
defined in Equation (9). Rather than partitioning this posterior into conditional densities and
updating B, ¥, and Q in separate Gibbs blocks, we update them jointly. To do so, we express
(B, X, Q) as a deterministic transformation of three independent Gaussian matrices whose
joint law pushes forward to UNIW (B, X; 0, S U, @) Specifically, let X ~ N(0,xp, I, 1,),
R ~ N(Onx,;,tirl,ll;), and U ~ N(0,,xn, L, L,) be mutually independent, and define the
mapping T by

Q = ~(X), ¥ =¢(R)=(RR)™, B=¥+LsUr(x), (10)

where 7 is the Q R-decomposition mapping, r(X) is the lower-triangular Cholesky factor of X
with positive diagonal, and L is a fixed matrix satisfying L(;)L%) = 0. By construction, Q is
uniformly (Haar) distributed, X ~ ITW (7, ®), and, conditional on X, vec(B) is normal with
mean vec(¥) and variance 3 ® ©; that is, B | X ~ N(B; ¥,0,%). The whitening of B is
the key step: it removes the dependence of the covariance of B on X, so that the three latent
blocks are jointly Gaussian under a single fixed reference measure. Collecting the latent

blocks into Z = (X, R, U), the posterior in Equation (9) becomes, in the latent coordinates,
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pz(Z | Y1) o< p((¢ 0 f)"(T(Z))) vgopy (T(Z))

x N(X; 05 I, 1) N(R; 0pus @1, 1) N(U; 0y, I, L) (11)

This is a product of a fixed Gaussian reference law and the non-Gaussian factor L(Z) =

p((¢o f)MT(Z)))vgop1(T(Z)). Note that the NIW likelihood, including the matrix-

normal density of B given X, is fully absorbed into the Gaussian reference and therefore does

not appear in L(Z). We can thus sample Z with a single elliptical slice move, as shown in

Algorithm 1.

Algorithm 1. This algorithm draws samples from a joint elliptical slice sampler targeting

the distribution of interest determined by Equation (11).

1.

Set i =1 and assign initial values Z° = (X% RY, U®) such that T(Z°) satisfies the

restrictions.

Draw the elliptical direction V = (Vx, VR, Vy) from the reference law, i.e., Vx ~
N(Open; I, 1), Vi ~ N(0pyp, ®1,1;), and Vy ~ N(Opn, In, I,).

Using elliptical slice sampling, draw Z' on the ellipse
Z(0)=7Z""cosh+ Vsinb, 0 €[0,2r], (12)

with target slice factor L(Z) = p((¢ o f)(T(Z)))v(pop)1(T(Z)).
Set (B!, X%, Q?) = T(Z").

Ifi<I, leti=1+1 and return to Step 2.

In Step 3, elliptical slice sampling proceeds in the standard way: one draws a slice level

logu + log L(Z*') with u ~ U(0, 1), samples an initial angle § ~ U(0,27) together with an

initial bracket, and accepts the first 6 for which log L(Z(6)) exceeds the slice level, shrinking

the bracket toward the origin otherwise. Because the reference measure in Equation (11) is
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Gaussian and the factor L(Z) enters only through the slice level, the elliptical slice move
leaves pz invariant, and the parameter-dependent Jacobians implied by the map T need never
be evaluated: they are precisely what makes the latent Gaussian reference push forward to
the NIW x Haar posterior. Mapping Z! through T in Step 4 then yields a draw (B?, X, Q?)
from Equation (9). It is straightforward to adapt the code to retain only the draws that
satisfy sign restrictions of the type [S(B,3,Q) > 0]. In this case, one needs only to include
the indicator [S(T(Z)) > 0] in the slice factor L(Z) evaluated in Step 3; the current state
always satisfies the restrictions, so 6 = 0 is feasible and the shrinkage procedure terminates.
Also, the algorithm has been written in terms of the unit modulus normalization, but it can
be easily adapted to any k-modulus normalization by changing the function f. In order to fix
ideas, it should be clear that when using the observationally equivalent prior defined above,

we have that:
p((60 [) (B, X,Q))ves)1 (B, X, Q) = x(Z,QQNIW (B, 57,2, ¥, ©)v(s05)-1 (B, 2, Q),
where 14(2, Q) = [T, [(¢/r(£)Qe;)? > £], while we have that:

p((¢0 )1 (B, 2, Q))von1(B. 2, Q) = (2, Q)vgop)1 (B, 2, Q),

when using the uniform prior defined above. Finally, when using the prior induced by the

two-step approach we have:
p((¢0 )1 (B,2,Q))v(sep)1 (B, %, Q) = NIW (B, %; 7,8, ¥,0)

and Algorithm 1 targets the same posterior as the two-step approach used by Baumeister

and Hamilton (2018).
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5 Illustration

This section has three objectives. First, it illustrates that Algorithm 1 can be used to draw
from the posteriors implied by any of the three priors described in Section 4 under the
r-modulus normalization, with x = 0.25, so that a monetary policy shock causes a +25-
basis-point change in the fed funds rate upon impact. Figure 4 shows that the three priors
imply a symmetric response of output to a unit monetary policy shock under the x-modulus
normalization. Hence, Baumeister and Hamilton’s (2018) concern is not a consequence of the
prior. Second, the section reinforces that the concern arises from a sign restriction on the
impulse response of the fed funds rate implied by the k-effect normalization. In this case, we
add a sign restriction on the response of the fed funds rate to a monetary policy shock so
that a unit monetary policy shock causes a 25-basis-point increase in the fed funds rate upon
impact. Figure 5 shows that the sign restriction is responsible for the concern regardless
of the prior used. Finally, the section shows the consequences of using priors that are not
uniform over observationally equivalent parameters. Figures 4 and 5 show that such priors
produce narrower posterior probability bands, and Figure 6 explains why.

We use the same model specification as Baumeister and Hamilton (2018): a 3-variable
SVAR of the U.S. economy featuring the output gap, inflation, and the fed funds rate. The
output gap is measured as the log difference between observed and potential real GDP
estimated by the Congressional Budget Office, and inflation is measured as the log difference
of the PCE deflator. The SVAR is specified at quarterly frequency and estimated over
the sample 1986:Q1 to 2008:Q4. The model includes 4 lags and a constant. For both the
prior implied by the two-step approach and the observationally equivalent prior, we specify
NIW(B,X;7,®,¥,0) as the weak prior of Uhlig (2005). When using the observationally
equivalent prior and the uniform prior, we restrict the impact of a one-standard-deviation
shock on the fed funds rate to be at least 1 basis point.

Figure 4 compares posterior impulse responses of output to a monetary policy shock under
the k-modulus normalization. Panel (a) reports the posterior under the two-step approach
prior, panel (b) reports the posterior under the observationally equivalent prior, and panel (c)

reports the posterior under the uniform prior. In each panel, the solid blue lines represent the

31



(2] (2] (2]

< < <

© S ©

o o o

(0] (0] (0]

(o)) (o)) (o))

il il il

c c c

(0] (0] (0]

© © ©

O - O - O -

o o o
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Quarters Quarters Quarters

(a) Two-step Approach (b) Observationally Equivalent (¢) Uniform

Figure 4: Impulse Response of the Output to a Monetary Policy Shock. The solid blue
lines represent the point-wise posterior medians, and the blue-shaded areas represent the 68
percent equal-tailed point-wise probability bands.

point-wise posterior medians, and the blue-shaded areas represent the 68 percent equal-tailed
point-wise probability bands. The point-wise posterior medians are symmetric around zero,

while the bands are wider under priors that are uniform over observationally equivalent

parameters.
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Figure 5: Impulse Response of the Output to a Monetary Policy Shock. The solid blue
lines represent the point-wise posterior medians, and the blue-shaded areas represent the 68
percent equal-tailed point-wise probability bands.

Figure 5 compares posterior impulse responses of output to a monetary policy shock

under the k-effect normalization. Panel (a) reports the posterior under the two-step approach

32



prior, panel (b) reports the posterior under the observationally equivalent prior, and panel
(c) reports the posterior under the uniform prior. In each panel, the solid blue lines represent
the point-wise posterior medians, and the blue-shaded areas represent the 68 percent equal-
tailed point-wise probability bands. Unlike under the k-modulus normalization, the point-
wise posterior medians are no longer symmetric once the sign associated with the k-effect
normalization is introduced. Thus, Figures 4 and 5 show that the output gap is more likely
to increase only after imposing this sign restriction.

To shed light on the differences between the posterior probability bands, we fix the
reduced-form parameters at the maximum likelihood estimates and draw from the posterior
over the orthogonal matrices conditional on these reduced-form parameters. Because the
likelihood is unaffected by the orthogonal matrices conditional on the reduced-form parameters,
this exercise isolates the prior over the orthogonal matrices. Then, we inspect the implied
distribution over Lg. Recall that while the prior over the orthogonal matrices in the two-step
approach is uniform, it is proportional to the volume element under both the observationally
equivalent prior and the uniform prior. Thus, we should expect the implied distributions over
Ly to differ. For our purposes, it suffices to focus on Lo (ffr,mp).

Figure 6 reports the implied distribution of Lo(ffr,mp) under the three priors. Across the
panels, both the observationally equivalent prior and the uniform prior put more probability
mass on values of Lo(ffr,mp) close to zero relative to the two-step approach. When these
draws are mapped to the unit modulus normalization via Kg = Lo(diag(Lg)2)"2, draws with
small values of Lo(ffr,mp) generate large normalized responses for the other variables in the
column of Ly associated with the monetary-policy shock. This is why the observationally
equivalent and uniform priors produce wider probability bands.

Let us also highlight that the results from both the observationally equivalent prior and
the uniform prior are sensitive to the choice of £. As discussed above, from an economic
perspective, the threshold £ rules out shocks whose one-standard-deviation impact effects
on the variables of interest are too small to be meaningful. As ¢ increases, the posterior
probability bands narrow; however, one risks excluding shocks with small but still economically
relevant standard deviations. For example, when we restrict the impact of a one-standard-

deviation shock on the fed funds rate to be at least 10 basis points instead of 1 basis point,
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Figure 6: Implied Distribution over Lg(ffr,mp)

the probability bands under the observationally equivalent prior and the uniform prior are
very similar to those implied by the two-step approach. A corollary of this result is that our
theory allows researchers to explicitly confront the problem of conducting Bayesian inference

under the unit modulus parameterization.

6 Conclusion

This paper revisits the influential critique of Baumeister and Hamilton (2018), who argue that
conventional Bayesian methods for sign-identified SVARs deliver economically implausible
results even when no sign restrictions are imposed. We show that the troubling pattern is
driven not by the uniform prior over orthogonal matrices, as previously suggested, but by an
unacknowledged sign restriction hidden inside the unit-effect normalization that interacts
with the reduced-form covariance structure. Building on this observation, we develop a
general theory of restrictions for structural VARs. Its centerpiece is a decomposition result:
any restriction can be uniquely separated into an economic, a label, and a scale component.
Guided by this framework, we introduce the unit modulus normalization—a pure scale
restriction that pins down the impact size of structural shocks without committing to a label.
We characterize priors that yield a proper posterior under this normalization and develop
an elliptical-slice-sampling algorithm to sample from it. Applied to the SVAR studied by
Baumeister and Hamilton, our method makes the troubling positive output response to a

contractionary monetary policy shock disappear.
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Appendix

We first prove the following lemma that will be useful in the proofs of several of our results.
Let ¢(Lo) = (LoLg, r(LoLg) ' Lo) = (£, Q), so that ¢(B, Lo) = (B,¢(Lo)) = (B, X, Q).

n(n+1)

Lemma 1. The volume elements of ¢ and 1 are vy(B,Lg) = vy(Lo) =272 |det(Lo)|.

Proof. Since ¢(B,Lg) = (B,1(Ly)), the volume element of ¢ will be equal to the volume

element of ¢. We can factor the mapping ¢ as

(B,Lo) — (B(Lg')', (Lg")") — (ALAG", (AoAp) ™, m((AgAp) ™) Ay).
—_———— —— ———
AL Ao B b)) Q

From Proposition 1 in Arias, Rubio-Ramirez, and Waggoner (2018), the volume element for
the second mapping is 95 |det(Ag)|-Gn+(w+1)+1) - Note that the function i in that paper

is equal to the transpose of the function r. The derivative of the first mapping is

L;'®L,: -(I,eB)K,,(Lj®Ly)™"!
0 “K, (L}, ® Lg)!

where K, ,, is the n? x n? commutation matrix, so the volume element of the first mapping is

n(n+l)

|det(Lg)|~("»*D-2_ Thus, the volume element of either ¢ or ) is 27 2 |det(Ly)|. O

Proof of Proposition 1. We first prove the following lemma.

Lemma 2. Let 7 € R, y e R*, and z € D(x,y) c RV such that D(x,y) = D(-z,-y) . If
p(x,y,2z) is a density satisfying p(x,y,z) = p(-x,-y,z), then the marginal distribution of x
15 symmetric about the origin.

Proof. Because D(x,y) = D(-z,-y) and p(z,y,z) = p(-z,-y,z), the marginal density
satisfies p(7) = [yepn-1 Jpep(ay) P(:Y:2) = [yepnt fuep(-aryy P(~7, =¥, 2)dZ = p(~7). 0

Let p(3,Q) = p(¥)p(Q | ¥) be any prior density satisfying p(Q | ¥) = p(QP; | ¥),
which is equivalent to p(3, Q) = p(%,QP;). The function ¢ induces a prior density over

n(n+1)

Ly given by p(Lo) = vy(Lo)p(¢(Lo)), where, by Lemma 1, v,(Lo) =272 |det(Lo)|. If Y is
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the data, then the posterior density is proportional to p(Lo)p(Y | ¥ = LoL{). From these
representations, it is easy to see that p(LoP;) = p(Lo) and p(LoP; | Y) = p(Lo | Y). So,
we can apply Lemma 2 with x = Lo(7, ), with y consisting of all the elements of the jth
column of Ly other than Ly(i,7), and with z consisting of all the elements in Ly not in the

j™ column. O

Proof of Proposition 2. Since we can reorder the variables and shocks, we can assume without
loss of generality that the first variable is the fed fund rate, the second variable is the output
gap, and the first shock is the monetary policy shock. To have a more compact notation,
let Lo(7,7) = 4ij, (i, 7) = 035, 7(X) (4, 5) = 145, Q(4,7) = qij, and (i, j) = ¢35 We prove each
part separately below. O

Proof of Proposition 2 (i). Assume that p(Q | ¥) is uniform and ¥ ~ IW (v, ®). A direct
1 1
computation gives ri; = 0, ros = (092 — 05101‘11)%, and rg; = 0910,7, where all square roots
1
are non-negative. Because (17 = 71111 = 03,¢11 and

1
_ _ 73 2 \4
lo1 = To1q11 + T22q21 = 014 (021Q11 + (011022 - (721)2%1),

we analyze the marginal distribution over (011, 022, 021, q11, ¢21), conditional on f1; > 0. Let W
be the set of all w = (011, 022, 021, @11, g21) such that 0 < o11, 0 < 099, 03, < 011092, ¢3, + G5, < 1,
and 0 < ¢q1. The first three inequalities hold because X1; is symmetric and positive definite,
the fourth inequality holds because Q is orthogonal, and the last inequality holds because
we are conditioning on /17 > 0. Because X and Q are independent, the density over W
can be written as p(w) = p(091 | 022, 011)p(011,022)P(q11, ¢21)- Because the density over Q is

invariant to left multiplication by P3,

R1 p(qi1,¢21) = p(q11,—q21)-

For S c W, let P(S) denote the probability of being in S. Let £, (c) = {w e W | {2 > ¢} and
L (¢) ={w e W | ly < -c}. The distribution of ¢5;, conditional on ¢1; > 0, is symmetric if
and only if P(L,(c)) = P(L_(c)), for every c. We show that P(L,(c)) = P(L_(c)), for every

¢, if and only if ¢9; = 0. We will need the following lemma.
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Lemma 3. If X ~ IW (v, ®) and J is a k xn matriz of rank k, then
JEY ~IW(Ww-(n-k),J®J").
Proof. Follows directly from Proposition 8.9 in Eaton (2007) and the fact that 3 ~ ITW (v, ®)

if and only if X1 ~ W (v, ®71). O

We apply Lemma 3 with J equal to the first two rows of I,,, so 3;; = JXJ’ is inverse
Wishart with parameters v — (n —2) and ®1; = J®J'. A direct computation gives

1 1 O22 —021

» -
H det(En) —0oy o1l

The trace of @171 is equal to (P11022 + Pa2011 — 221091 )/ det(X11). Thus, the density of

091, conditional on o1; and o499, is proportional to

Vi3 1 . Va3 7¢11°22+¢22;11 ¢210212
|det(211)|_76_5 tr(®113X7;) — |011022 — 0—%”‘76 2(011022-931) 011922795

So, we have the following.

R2 If ¢21 = 0, then P(U21 | 011,092) =p(—021 | 0117022)-
R3 If ¢21 * 0, then (]5210'21 > 0 1mphes p(O’gl | 0'11,0'22) >p(—0'21 | 0'11,0'22).

Let m,(w) change the sign of 091, m,(w) change the sign of ga1, and m,,(w) change the
sign of both og1 and ga1. Because R1 holds, P(S) = P(my(S)), for every S c W. If ¢9; =0,
so that R1 and R2 hold, then P(S) = P(my4(S)), for every S c W. If ¢o1 # 0, so that R1
and R3 hold, then P(S) # P(my,(S)), for every S ¢ W such that o9, > 0 for every w e S.

Assume that ¢o1 = 0. The term ¢5; is a function of w and f9(my(W)) = —f21 (W), which
implies that my,(L.(c)) = L_(c), for every c. So, P(L.(c)) = P(myq(L(c))) = P(L_(c)),
for every c.

Assume that ¢o; # 0. It suffices to show that P(L£,(0)) # P(£_(0)). Note that w € £,(0)
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if and only if 91 > b(W) = —qo1 (011092 — 051)%/(]11. Let

A= {WEW | |b(W)| <O'21}U{W€W | 0<QQ1 and —b(W) :(721},

B={weW]|0< gy and b(w) < 091 < -b(w)}.

It is easy to see that £,(0) = AuB and L£_(0) = my,(A) umy(B). Since P(B) = P(my(B))
and P(A) # P(my4(A)), the results follow. O

Proof of Proposition 2 (ii). Since oy = 111791, the element oo # 0 if and only if ro; # 0.
Since f91 = T91q11 + r22ge1, the support of the distribution of /5, conditional on ¢1; > 0, is
[—r%z,m], if 791 > 0, and is [—\/m, 7“%2], if r9; < 0. Thus, the support is not
symmetric and so the distribution cannot be symmetric. If ro; = 0, then fo1 = r99¢01. Since
p(Q | X) is uniform, the distribution of g1, conditional on g1 > 0, is symmetric. Thus, the

distribution of /51, conditional on #1; > 0, is symmetric. O

Proof of Proposition 3. If the structural-form parameters (B,Lg, Q) and (B,L,, Q) are
observationally equivalent then ¢(B,Lg, ) = g(B,fJO,Q), or equivalently, B = B and
LoQL)) = LoQL). Multiplying LoQL} = (Le€22)(Q22L)) on the left by (Le2)~! and on the
right by (Q2L})"!, gives

=

L;'LoQ

D=

(2 ) (2L Le22) =1,

So, Q = Q‘%L(*)lf,oﬂé is an orthogonal matrix. Thus, Lg = LOQ%QQ—%.
All that remains to be shown is that (B, Ly, Q) and (B, LOQ%QQ—% , Q) are observationally

equivalent for any n x n orthogonal matrix Q and any n x n positive diagonal matrix Q. Since
(Lo22 QO 7)Q(LeR22 QN %)’ = LeQL,

both (B, Lo, ) and (B, LOQ%QQ‘%,Q) map to the same reduced-form parameters, which

implies they are observationally equivalent. O

Proof of Corollary 1. Given (B, Lg, Q) and (B, Lo, ), define D = Q-1 so that = QD.
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By Proposition 3, (B, Lg, Q) and (]~3,f40, Q) are observationally equivalent if and only if
B = B and there exists a Q € O, such that Lg = LOQ%QQ‘% = LOQ%QQ‘%D‘%, where the
last equality follows from substitution and the fact that multiplication of diagonal matrices is

commutative. O

Proof of Propositions 4 and 5. If R is a scale restriction, then for almost every structural-
form parameter (B, Lg, ), there exists a Dy € D}* such that (B, LODI%, QD) eR. If R is
either a label restriction or an economic restriction, then (B, LODI%D;%, QD;D;,) € R for
every Dy € Di*. Taking Dy = D7! gives that (B, Lo, 2) € R for almost all structural-form
parameters. Thus, the restriction is trivial. If R is a label restriction, then for almost every
structural-form parameter (B, Lo, ), there exists a Py € OF such that (B,LoP;,Q) e R. If
R is either a scale restriction or an economic restriction, then (B, LyP1P5,€2) € R for every
P, € OP. Taking P, = Py gives that (B, Lo, Q) € R for almost all structural-form parameters.

Thus, the restriction is trivial. O

Proof of Proposition 6. Let R; be a restriction that does not impose a relation between the
label and scale for every ¢ in some index set Z. Suppose (B, Lg, ) ¢ N,z R; and there exists
P ¢ OP and D € D+ such that (B, LoP, Q) € Nz R; and (B, LoD 2, QD) € N,z R;. Since
(B, Lo, ) ¢ Njer Ry, there exists an i € Z such that (B, Ly, Q) ¢ R;. Since both (B, LP, Q)
and (B, LOD‘%, QD) are in R;, this contradicts the fact that R; does not impose a relation

between the label and scale. O

Proof of Proposition 7. It follows from Proposition 6 that if R, is an economic restriction,
R, is a label restriction, and R, is a scale restriction, then R, n’R, n R, does not impose a
relation between the label and scale. To complete the proof of Proposition 7, we must show
that if R is a restriction that does not impose a relation between the label and scale, then
R=R.NnR;nR,, where R, is an economic restriction, R, is a label restriction, and R, is a
scale restriction.

Let R be any restriction that does not impose a relation between the label and scale and let
Re, Re, Rs, Ra, and R, be defined by Equations (3)-(5). First we show that R.nR,nR,s =R.
Since Re N Ry N'Rs = RqgN'R,, it suffices to show that Ry n'R, = R. It follows directly from
the definition of R4 and R, that R ¢ R4nR,. Now suppose that (B,L, Q) € RgnR,.
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This implies that there exists a P € OF such that (B,LyP,Q) € R and a D € D;};* such
that (B, LoDz, QD) e R. If (B,Lg,2) ¢ R, then the restriction R would impose a relation
between the label and scale. So, it must be the case that (B, Ly, ) € R and RgnR, c R.
Thus, Re nRynRs =R. To complete the proof, we show that R, is an economic restriction,
R, is a label restriction, and R, is a scale restriction.

It is easy to see that R, satisfies E1, so R. is an economic restriction. It is also easy to
see that Ry satisfies L1, that R, satisfies S1, and that R¢ satisfies both L1 and S1. Since
both R, and R¢ satisfy L1, so does RqU RS = Ry. Since both R, and R¢ satisfy S1, so does
R, URE =R, All that remains to be shown is that L2 and S2 hold.

To show that L2 holds, it suffices to show that for every structural-form parameter
(B, Ly, Q) there exists P € OF such that (B,LoP,Q) € R,. If (B, Lo, Q) € R¢, then we can
take P to be the identity. If (B, Lo, 2) € R, then there exists a P € O and a D € D;}* such
that (B,LOPD‘%,QD) € R. Thus, (B,LoP,Q) e R;c Ry and L2 holds.

To show that S2 holds, it suffices to show that for every structural-form parameter
(B, Lo, Q) there exists D € D#* such that (B,LoD 2, QD) € R,. If (B, Lo, Q) € R¢, then we
can take D to be the identity. If (B, Lo, Q) € R., then there exists P € O and a D € D;*
such that (B,LyPDz, QD) € R. Thus, (B,L,D"2,Q2D) ¢ R, c R, and S2 holds. O

Proof of Proposition 8. Suppose that S1 was omitted from the definition of a scale restriction.
If L1 was omitted from the definition of a label restriction, then the proof is similar. In this
case, R, and R, are given by Equations (3) and (4), but Ry = RURS. Since R, and R, are
as in the proof of Proposition 7, it suffices to show that R = R.nR,n R, and R, satisfies
S2. We first show that R = R.nR,nR,. From the definitions of R, and R, it is easy to
see that R, N Ry = Ryq. From the definition of R, it is easy to see that R4nRs = R. So,
R=R.NnR;,nR,.

To complete the proof we must show that R, satisfies S2. It suffices to show that for every
structural-form parameter (B, Lg, ), there exists a D € D;* such that (B, LOD‘%,QD) €R.
If (B,Lo,2) € RS, then we can take D =1L,,. If (B, L, ) € Ry, then there exists a D € D;*
such that (B,LoD"2,0QD) ¢ R c R,. 0

Proof of Proposition 9. The following lemma will allow us to explicitly compute the volume
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element of f~1o g1

Lemma 4. The volume elements of ¢~1 and f~ are

s (B, 2, Q) = 275 | det (2)| 3, (13)
vp-1(B, Lo) = 2" det(diag (L))" (14)
n(n+1)

Proof. By Lemma 1, v4(B,Lg) =272 |det(Ly)|. Since

n(n+1) _n(n+l)

01 (B, 2, Q) =vy(¢7'(B,2,Q)) 1 =277 [det(r(2)Q)| ' =277 |det()] 2,

Equation (13) holds. We now show Equation (14) holds. We can parameterize (B, K, 2) as
(vec(B)’, A1,-+-, A\n), where

)‘j = (KO(Lj)avKO(] - 17j)7wj7K0(j + 17])77K0(n7]))

1
and w; is the j*® diagonal element of €. Because Lo (i, ) = Ko(7,j)w;, the derivative of f

will be i i
In(np+1) 0 0
0 D, 0
| 0 0 . Dn_
where ) )
1 o1
w; 0 %Ko(l,j)wj 2 0 0
0 w? %Ko(j—l,j)wf 0 0
1
D=0 0 sw; 2 0 0
0 0 3Ko(j+1,j)w,? w? 0
. 1 1
0 0 $Ko(n,jlw,’ 0 w;




(n-2
2

n-2
From this it is easy to see that det(D;) = %wﬁ . So, vg(B, Lo, ) = 27| det (£2)| ' Since

vp-1(B,Lo) = vy (f7(B,Lo))" = 27| det(diag(Lp))|~ ™2, Equation (14) holds. O
It follows directly from Lemma 4 that

n(n-1)

Vo)1 (B, 2, Q) = 2777 | det(2)] 2| det(diag(r(2)Q))| 2.

Because the complement of A is of measure zero, the integral of a function over A is equal to

the integral of that function over all (B, X, Q). Putting this all together, we have

/Bp(YT | B, Ko, ) dB dK dS2 = p(Yr | B, 2) 01051 (B, T, Q) dB dE dQ

R™*nxStxO,,

_ o [Rmxnx‘s;p(YT | B, )| det(T)[ 2 (fon|det(diag(r(E)Q))|_(n_2) dQ)dBdE-

We will show that for n > 3 and every X, [, |det(diag(r(%)Q))["""? dQ = co. The intuition
behind this is that if x = |det(diag(r(2)Q))| and Qp is an orthogonal matrix such that
r(X)Qo has at least one zero diagonal element, then, as Q approaches Qq, x approaches zero
and z~("2) approaches infinity at least as fast as 1/z, which ensures that the integral cannot
converge to a finite number. We make this intuition rigorous.

Let r; be the ith row of r(X) and q; be the i** column of Q, so that
|det(diag(r(Z)Q))[ " =[] |rsaq:| 2.
i-1
Because |q;| = 1, [riqi| < |r;] for every q;, which implies |ryq;=2) > |r;|-("2 for every q;.

Because 7(X) is lower triangular, [r1qq| = ||r1] - |g11], where ¢11 is the element in the first row

and column of Q. So,

| det(aiag(r(£)Q) P aQ > [T~ [ ol dQ.
" i=1 n

Let q; be the last n — 1 elements of q;. Given ¢i1, let S(q11) be the set of all such q;.
The set S(q11) is the sphere of radius (1 - qfl)% in R"~! centered at the origin. The integral
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/. S(anr) 1dqy, which will be of use in what follows, is proportional to the radius of S(q;1) raised
to the power of n—2. Thus, there is a positive constant ¢; such that [S(qu) 1ldq; = cl(l—qfl)%.

Let Q be the last n — 1 columns of Q. Given qy, let S(q;) be the set of all such Q. The
integral [ S(ar) 1dQ, which will also be of use in what follows, does not depend on q;. This is
because given any two n-vectors, q; and q;, both of length one, there exists Qg € O,, such
that q; = Qoqi. This implies S(q;) = QoS(q1). Thus, there is a positive constant ¢, such
that fs(ql) 1dQ = ¢, for every q;.

So,

1 -
/ |Q11|_(n_2) dQ = f |Q11|_(n_2) (/ (/ 1dQ) d(ll)dchl
On -1 S(q11) \JS(a1)

1 n—2
- ae /1 (1-¢})"2 |qu[ " 2dq;.

For 0 < g1 <e<1, (1- q%l)nT_Q|q11|‘(”‘2) > (1 —82)%2/(]11 . Since 1/¢; integrates to In(qq1),
fon |Q11|_("_2) dQ > cic(1 - 52)%_2 fo€ 1/qu1 dgiy = 0. O]

Proof of Proposition 10. Let £ = ¢*/?. Under the mapping (¢ o f)7L, the restriction w; > £
is equivalent to |e/r(2)Qe;| > £ for all i = 1,...,n, because w; = (e/r(X2)Qe;)2. Let O(X)

denote the set of orthogonal matrices satisfying this restriction:
Oi(X)={QcO,:|er(X)Qe;| > foralli=1,...,n}.
Given the proof of Proposition 9, it suffices to show that
[ Idet(diag(r(2)Q))| " 2dQ
0i(%)
is finite. Each element of O;(X) satisfies

|I'Z' . qll = |6;T(Z)Q€Z| > E> 07 SO |I'Z‘ . qi|—(n—2) < Z—(n—Q)‘
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Taking the product over ¢t =1,...,n:

ﬁ |ri . qi|—(n—2) < Z—n(n—2).
=1

The set of orthogonal matrices O, has finite Haar volume V}, := vol(O,,) < co. Hence,

s /o [Tl a2 dQ < fo (-2 4Q = V, (-2,

eSSt JOp(T) 521

Therefore,

f et diag(r(2)Q)[™? dQ < V, I < oo,
Op(%)

Since the remaining kernel over (B, X) is proportional to NIW (B, X; 7, ®, ¥, ©)|det(X)["1/2,

which is integrable, the full posterior is proper. O
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