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Abstract

I develop a general equilibrium macro-finance model that integrates demand-based asset
pricing. Assets are held by financial intermediaries (“funds”) with investment mandates
that induce downward-sloping demand curves. A representative household seeks out prof-
itable investment opportunities by shifting its savings across funds, but it does so only
gradually due to frictions in adjusting its portfolio. The aggregate demand for assets
in this economy is inelastic and depends on the distribution of net worth across funds.
Consequently, shocks to asset supply and unanticipated financial flows have meaningful
effects on asset prices. The framework is general enough to accommodate an arbitrary set
of intermediaries and assets, so it can be applied to several questions in macro-finance.
Analytically, 1 characterize sufficient statistics to construct counterfactual asset price
responses to shocks and show how these statistics relate to estimates of asset demand
elasticity in the literature. Quantitatively, I demonstrate that the model can account for

the “excess volatility” in asset prices.
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1 Introduction

Macro-finance is full of important and hotly debated economic questions. Why is the
aggregate stock market so volatile (Shiller, 1981)? Why do shocks to the supply of assets,
such as large-scale asset purchases (LSAPs) by central banks, have large and persistent effects
on asset prices (Krishnamurthy and Vissing-Jorgensen 2012; Haddad, Moreira, and Muir,
2021)7 Do flows into financial intermediaries, such as mutual funds and ETFs, move markets
(Edelen and Warner, 2001; Coval and Stafford, 2007)?

Recent approaches to these questions have employed a demand-based asset pricing frame-
work in which financial intermediaries choose their portfolios based on simple rules-of-thumb
rather than choosing an optimal portfolio based on risk and return considerations. Koijen
and Yogo (2019) and Koijen et al. (2021) emphasize that intermediaries’ demand depends on
asset characteristics (such as market/book ratios for stocks or maturity for bonds), whereas
Gabaix and Koijen (2021) assume that intermediaries have rigid portfolio weights on certain
asset classes. These assumptions, which receive striking empirical support in the data, have
a key implication: shocks to intermediary asset demand and the supply of assets matter
for asset prices. Up until this point, the demand-based asset pricing framework has shown
promise in addressing stylized asset pricing facts, estimating price responses to exogenous
financial flows, and studying policy counterfactuals primarily in partial equilibrium models
of the asset market[]

To address many interesting questions in macro-finance and intermediary-based asset
pricing, however, one needs a general equilibrium model that can endogenize flows of savings
into the financial sector and provide a link between asset prices and household preferences,
at least in the long run. Macro-finance puzzles are rooted in the difficulty of explaining asset
prices in light of observed macroeconomic data and household preferences. A satisfactory
theory of how financial flows affect asset prices over the long run must take account of what
caused those flows in the first place.

In this paper, I develop a model that integrates demand-based asset pricing into a general
equilibrium macro-finance setting. The model is flexible enough to accommodate a wide range
of financial intermediaries and assets. Analytically, the model can be used to understand asset
prices’ response to supply, demand, and flow shocks both in the short run and the long run.
On the one hand, the model can illustrate which deep structural parameters are identified
in the existing empirical literature, which is helpful in understanding exactly what those
estimates imply about asset price responses to shocks. On the other hand, the model also

provides new sufficient statistics to estimate counterfactual asset price responses, highlighting

!Gabaix and Koijen (2021) also suggest a method to integrate demand-based asset pricing into general
equilibrium with behavioral households. I focus on a setting with rational households.



whether aggregate macro data or detailed micro data are needed. The model can also address
quantitative questions, such as whether demand-based asset pricing can account for the level
of risk premia and whether non-fundamental shocks to the financial sector account for a large
share of asset price volatility.

Model. The backbone of the model is a continuous-time endowment economy featuring
stochastic growth and a representative household with recursive preferences, as in Bansal
and Yaron (2004). There are two types of shocks: permanent innovations in output and
temporary innovations in the trend growth rate.

The Lucas tree that produces the aggregate endowment is tranched into an arbitrary
set of assets, which may be stocks, risk-free bonds, risky bonds (e.g., corporate bonds), or
other types of claims. Households do not invest directly in these assets: instead, assets
are held by several financial intermediaries called funds, which are meant to represent a
variety of financial market participants, such as mutual funds, pension funds, or hedge funds.
Households decide how to allocate their savings across funds, and then funds choose their
portfolios to maximize returns with respect to the household’s stochastic discount factor
(subject to the frictions discussed below).

Of course, if funds are free to choose an optimal portfolio on the household’s behalf, or
if the household can frictionlessly reallocate its savings across funds, the financial sector will
simply be a “veil” that prices assets according to the household’s intertemporal marginal rate
of substitution. The main departure from standard macro-finance models lies in the frictions

I introduce in the financial sector. The model’s financial sector has three key ingredients:

“invest-

1. Investment mandates: Each fund has a target set of portfolio weights (its
ment mandate”) and pays a larger cost the further it deviates from that target. The
investment mandate is meant to represent institutional or contractual constraints, such
as a 60/40 stock/bond mandate for a mutual fund, value-at-risk constraints, or a portfo-
lio manager’s incentives to keep returns close to a benchmark. This assumption implies
that funds’ asset demand is downward-sloping: an increase in an asset’s expected re-
turns induces funds to place a greater portfolio weight on that asset, but this portfolio

response is not nearly as aggressive as in standard frictionless models.

2. Household portfolio frictions: I assume that the household cannot frictionlessly
reallocate its savings across funds — instead, it pays a quadratic cost to do so, which
is meant to capture inertial forces such as transaction costs (Garleanu and Pedersen,
2013) or inattention (Reis, 2006). In line with the data on mutual fund flows (e.g.,
Chevalier and Ellison, 1997; Gabaix et al., 2022), households are “slow-moving”: they

gradually reallocate their savings to funds that are expected to earn high risk-adjusted



returns going forward.

3. No-arbitrage: As in Vayanos and Vila (2021), I introduce a risk-averse arbitrageur
to ensure the absence of arbitrage, which is not guaranteed when funds demand assets

based partially on payoff-irrelevant characteristics.

Taken together, investment mandates and household portfolio frictions imply that the
aggregate demand for assets is inelastic, so that asset supply and demand shocks can have
large effects, unlike in standard models (Petajisto, 2009). For example, an increase in the
supply of bonds requires either a fall in the price of bonds or that funds increase their portfolio
weight on bonds in the aggregate. With inelastic intermediary demand, bond prices must
fall at least some before funds will be willing to allocate a larger portfolio share to bonds. In
response, households will shift some of their savings into funds that hold bonds, eventually
undoing the effect of the initial supply shock. Hence, the model provides a substantially
weakened version of Wallace’s (1981) “Modigliani-Miller theorem of macro,” which states that
if endowments are held fixed, asset supply is irrelevant to asset prices. Here, asset supply and
demand shocks are neutral in the long run: inelastic intermediary demand determines asset
prices in the short run, but in the long run, asset prices are determined by the household’s
preferences, as usual.

The absence of arbitrage implies that what matters for asset prices is not the elasticity of
demand for individual assets or characteristics, but rather the elasticity of demand for risk
factors (Peng and Wang, 2021; An, 2024). Even if funds’ investment mandates lead them to
prize assets with a particular characteristic, if that characteristic is unrelated to cash flows,
the arbitrageur will simply take the other side of trades by those funds, preventing funds’
mandates from influencing prices. Funds’ demand for assets with particular characteristics
matters only to the extent that those characteristics are correlated with cash flows (Daniel
and Titman, 1997; Kelly, Pruitt, and Su, 2019), resolving a theoretical conundrum in demand-
based asset pricing literature (Fuchs, Fukuda, and Neuhann, 2023).

In equilibrium, the distribution of wealth is a key state variable that determines asset prices
above and beyond fundamentals. When funds that hold mostly stocks are well-capitalized
relative to their long-run average, for instance, stock prices will tend to be higher than
usual: these funds are reluctant to tilt their portfolios away from stocks unless expected
stock returns have fallen substantially. Unexpected inflows into funds tend to mechanically
increase the demand for the assets they hold, since those funds try to keep their portfolio
weights close to their mandates. Therefore, flow shocks affect asset prices. Moreover, the
role of the wealth distribution implies that asset prices will exhibit “excess volatility” relative

to fundamentals: a positive fundamental shock moves prices, which then has second-order



effects by redistributing wealth towards the intermediaries that hold risky assets, amplifying
the initial price dislocation.

Applications. I highlight the model’s potential to address both analytical and quan-
titative questions. Analytically, I derive a log-linear solution to the model that permits a
closed-form characterization of the effects of shocks on asset prices. I show that the response
of asset prices to any shock can be decomposed into three components: (1) the fundamental
effect of the shock on prices (i.e., the response of prices in a model without asset market
frictions), (2) the direct demand effect, which depends on how the shock directly influences
the supply of and demand for assets, and (3) the redistributive effect, capturing how the
asset demand curve shifts in response to the shock’s initial effect on the wealth distribution.
I derive (in principle measurable) sufficient statistics to measure the strength of each channel.

This decomposition is instrumental in understanding what, exactly, previous estimates of
intermediaries’ asset demand elasticity imply about the response of asset prices to various
shocks. I show that the “macro elasticity” of asset prices estimated by Gabaix and Koijen
(2021) — the response of the aggregate stock market to an increase in the supply of stocks —
can be found by simply aggregating the “micro elasticities” estimated by Koijen and Yogo
(2019), which capture individual intermediaries’ price sensitivities. However, the model also
highlights that the macro elasticity captures only the direct demand effect — the redistributive
effect, which results from a shift in the aggregate demand curve, can be just as important
(especially in the short run).

The analytical model solution also suggests an empirical method to account for the effect
of financial shocks on asset prices. I propose a demand-based accounting method that uses
vector autoregressions (VARs) to back out how much variation in asset prices is attributable
to fund flow shocks, asset supply and demand shocks, and amplification of fundamental
shocks through the redistributive channel. The theoretical restrictions implied by the model
allow for the identification of the effects of structural shocks. Furthermore, a byproduct of this
accounting method is a new estimate of aggregate demand elasticity based on macroeconomic
data rather than instrumental variables estimation of individual funds’ demand curves.

I also solve the model numerically using Chebyshev polynomials to assess its quantitative
potential. Although I focus on a numerical example rather than a formal calibration, the
results are enlightening. First, for realistic levels of macroeconomic volatility, the first-order
approximation is highly accurate, suggesting that the analytical applications of the model can
provide realistic quantitative conclusions. The basic idea is that even though the log-linear
solution misses the level of asset prices (since risk premia are second-order), the approximation
performs reasonably well for impulse responses. Second, the quantitative model appears

suited to answer questions about the predictability, volatility, and level of risk premia. I



show that price-dividend ratios closely track the distribution of intermediary wealth (i.e.,
the model can match the volatility and predictability of returns), but the level of returns is
pinned down by the long-run volatility of the household’s stochastic discount factor (which,
in turn, is determined by preferences and endowments).

Literature review. In addition to the seminal contributions of Koijen and Yogo (2019)
and Gabaix and Koijen (2021) to demand-based asset pricing, my model is related to large
empirical literatures that have focused on estimating intermediary demand elasticities and
the effects of financial flows across various asset classes. Prior to the emergence of demand-
based asset pricing, Shleifer (1986), Harris and Gurel (1986), and Wurgler and Zhuravskaya
(2002) estimated micro elasticities of demand for individual stocks. More recently, a vast
literature has attempted to formally estimate asset demand curves using tools drawn from
industrial organization. Bretscher et al. (2022) and Fang (2022) apply demand-based asset
pricing tools to the bond market. Darmouni, Siani, and Xiao (2022) and Azarmsa and Davis
(2024) estimate “two-layer” asset demand systems in which funds have inelastic demand and
households allocate savings across funds, as in my model. The literature on mutual funds
studies how flows affect asset prices (e.g., Warther, 1995) and the extent to which flows can
explain the cross-section of equity returns (e.g., Frazzini and Lamont, 2008). My model
integrates these insights into a general equilibrium framework.

Theoretically, my model also relates to a literature on segmented markets, starting with
the asset demand systems of Brainard and Tobin (1968) and Friedman (1977). Papers such
as Greenwood and Hanson (2013), Greenwood and Vayanos (2014), Ray (2019), and Lenel
(2020) have studied asset pricing in segmented bond markets, whereas Alvarez, Atkeson,
and Kehoe (2002), Gabaix and Maggiori (2015), Greenwood et al. (2023), and Itskhoki
and Mukhin (2023) instead study the implications of segmented markets for exchange rates.
Related to the household side of my model, Mitchell, Pedersen, and Pulvino (2007) and
Duffie (2010) study asset pricing when funds flow slowly to the most profitable investment
opportunities. Relative to this literature, I combine segmented markets on the intermediary
side with slow-moving household capital in a general model that can capture arbitrary sets
of assets and intermediaries.

Finally, this paper is related to a literature on intermediary-based asset pricing. Kiyotaki
and Moore (1997) and Bernanke, Gertler, and Gilchrist (1999) share the foundational insight
that fluctuations in intermediary capitalization can account for persistent downturns in asset
prices and economic activity. He and Krishnamurthy (2013) and Brunnermeier and Sannikov
(2014) solve similar frameworks globally, showing that asset prices behave quite differently
in “crises” far away from the steady state. Adrian, Etula, and Muir (2014) and Haddad and

Muir (2021) empirically study the relationship between intermediary capitalization and asset



prices. The distribution of wealth matters for asset prices in my model as well, but I am
focused on business-cycle fluctuations rather than rare financial crises.

Organization. The remainder of the paper is organized as follows. Section [2 presents the
full model and defines an equilibrium. The model’s log-linear solution is derived in Section
and Section [4] derives applications of the model based on this approximation. Section
presents the full non-linear solution and studies its properties. Section[6]concludes. All proofs

are in the Appendix.

2 Model

I consider a continuous time, infinite-horizon environment, ¢ € [0,00). The economy is
populated by a representative household, a representative firm, and I+1 competitive financial
intermediaries called funds indexed by i € {0,1,..., I}, which are owned by the household
and maximize returns with respect to its stochastic discount factor, and an arbitrageur. Fund
¢ = 0 is a bond fund that will hold only short-term risk-free bonds, and ¢ > 1 are “mixed
funds” with specific investment mandates. The arbitrageur ensures the absence of arbitrage
opportunities, as in Vayanos and Vila (2021)E| The firm owns a Lucas tree that produces
output and finances itself by issuing claims in financial markets. The household invests its
wealth in funds, which in turn purchase the financial assets issued by the firm.
Technology and shocks: The Lucas tree produces an exogenous stream of output Y;. As
in Bansal and Yaron (2004), aggregate output evolves according to a geometric Brownian

motion with a mean-reverting stochastic growth rate g;:

dY;
Ttt = gt + 0" dZ], (1)

dg: = k(g — gr)dt + 09dZ} (2)

where (k,g,0Y,09) are parameters, and dZ; = (dZ} ,dZ}) are independent Brownian mo-

tions, referred to as “output shocks” and “growth shocks,”

respectively. These shocks are the
only sources of uncertainty in the economy.

Preferences: The household has standard recursive preferences (Epstein and Zin, 1989;
Duffie and Epstein, 1992). The household’s lifetime utility starting from time ¢, Uy, is defined

by

U =E [ff(ct+57 Ut+s)ds}7 (3)
0

2Including an arbitrageur is important to guarantee the existence of a stochastic discount factor in financial
markets that prices all assets.



where C} is consumption and the aggregator f(C,U) is defined as

1 pC1—¥
1O =1=5 (((1 )0 pll = V)U)'

Here, p is the time rate of preference, ¥~! is the household’s intertemporal elasticity of
substitution (IES), and 7 is the risk aversion coefficient. Recursive preferences allow for a
separation between the household’s IES and its risk aversion, which is typically necessary to
quantitatively match asset price data. Standard CRRA preferences instead require ¢! = ~.

In equilibrium, the household’s consumption is equal to aggregate output,
Cy =Y. (4)

Therefore, it is possible to derive the household’s stochastic discount factor (SDF) between

times t and ¢+ s, Aj\t s = aUg}z?ggﬁ* ¢ directly from the dynamics of output. The SDF follows
Y:

dlog Ay = ((6 — DW — Op)dt — 0pdlog Yy + (6 — 1)dlog Wy, (5)
t

where 6§ = i_;z and W, is the present value of aggregate output, as evaluated by the household:
0 = A¢Yidt + E¢[d(A W) (6)

Generally, the household will not be marginal in the market for each asset, so the SDF A;
does not necessarily price financial assets.
Assets: There are J+1 assets j € {0,1,...,J} that the firm can issue to finance its holdings
of the Lucas tree. Asset j = 0 corresponds to a short-term risk-free bond that pays an
instantaneous real interest rate r;dt. Asset J is the firm’s equity, which pays all residual
cash flows not paid out to other claimants. Each asset j > 1 pays a (possibly stochastic and
endogenous) cash flow zi and trades at an endogenous price Q{. Later, in the quantitative
exercise, we will specialize to an environment in which the assets are a risk-free short-term
bond, a safe long-term bond, a risky corporate bond, and equity.

The return process dR{ = zg / Q{ dt + ng / Qg is conjectured to follow an Ito process in
equilibrium. The (endogenous) vector of returns for assets j > 1, dR; = (dR},...,dR}),

therefore satisfies

th = ’l"tdt + E{dZt, (7)
where r; = (1}, ... ,rg ) is the vector of expected asset returns and X7 is the matrix of return
loadings on the exogenous shocks, with row j being equal to (0{ Y ag 9.



Having described the environment, I next turn to individual optimization problems,

market-clearing conditions, and the definition of equilibrium.

2.1 Asset supply: The firm

The firm holds a Lucas tree whose value is Q and finances its asset holdings by issuing
the assets listed above. For now, assume that the firm finances a fized fraction of its asset

holdings with each type of asset: when the firm purchases a share of the tree worth Qf( , it
J

funds that purchase by issuing a quantity of asset j worth CjQ{( , with >~ ¢; = 1. That is, for
=0

simplicity I assume that the supply of each asset is just a fixed fraction of the capital stock,
so asset j’s supply is inelastic in the sense that it does not respond to the price of asset j.
It is possible, however, to extend the model to permit the firm to issue assets more flexibly.
From the firm’s debt issuance policy, it is possible to derive aggregate dividends dz/ (the

cash flow paid by firm equity):

J—1
dzf = Yidt + dQf — QF (Coredt + ) ¢dR]).
j=1

2.2 Financial markets and asset demand

Funds: Each fund ¢ enters time ¢ with financial net worth N;; and chooses its portfolio weights
wit = {wijt} on each asset j > 1. The bond fund, ¢ = 0, is constrained to invest its entire
portfolio in bonds, so it chooses wy;; = 0 for each j. Mixed funds ¢ > 1 have more flexibility
in their investment strategies: each mixed fund faces an investment mandate that makes it
costly, but not impossible, to deviate from some target portfolio composition w; = {wz*]}
Specifically, fund i pays a cost ;(wit — w) Ny, where ¢;(-) is a concave, differentiable, and
non-negative function satisfying ;(0) = 0, Vi;(0) = 0. That is, the fund pays a larger cost
the further it strays from its mandate. A fund’s mandate can be thought of as a formal
requirement to keep a certain fraction of its portfolio in an asset class, such as a pension fund
with a target weight on equities, or other institutional or contracting frictions that restrict
intermediaries’ portfolio choice, such as value-at-risk constraints or incentives to keep returns
close to a benchmark.

Fund ¢ pays out an exogenous (but possibly stochastic) fraction of its net worth d;dt

at each instantﬁ and receives endogenous inflows dFj; from the household, so its net worth

3This assumption is typical in the macro-finance literature, see, e.g., Gertler and Kiyotaki (2015) or Mag-
giori (2017).



evolves according to

dNit = Nit < T‘tdt + Wit * (th — 17"tdt) — cpz(wzt — w:‘)dt - (SZtNtht> + szt . (8)
S ——— ~—~
fund returns dR! mandate payout flow

The fund’s problem is to maximize the present value of its payouts to the household:

o0

max Eg [/AtéitNitdt] s.t. (8), N given. (9)

Wit

The next section demonstrates how this optimization problem gives rise to a downward-
sloping asset demand curve for each intermediary.

No-arbitrage: I introduce an arbitrageur to rule out arbitrage opportunities. This is neces-
sary because funds may value assets for cash flow-irrelevant characteristics. The arbitrageur
enters each instant with zero wealth, chooses a portfolio, and then pays out any profits or
losses to the household. The arbitrageur therefore cares about maximizing returns with re-
spect to the household’s SDF, but it also dislikes risk: as in Gabaix and Maggiori (2015) or
Itskhoki and Mukhin (2023), the arbitrageur suffers a cost that is quadratic in the variance
of its returns (which could represent, for example, an agency problem between the household
and the arbitrageur). It chooses the real quantities X = (Xot, ..., X ) it wishes to hold to

statically maximize the objective function

J
d(A¢Ry) 1

o [Xt S5 - g Var (X, Ry st jgoxjt -0, (10)

where « is the arbitrageur’s risk aversion parameter.

The absence of arbitrage implies the existence of a financial market SDF M, such that

dM;

Mt = —Ttdt — M dZt, (11)

where 1, = (7}, n{) represent the prices of risk for output and growth shocks, respectively.
The arbitrageur’s optimality conditions do not necessarily pin down the quantity of each
asset that the arbitrageur chooses to hold. Instead, they pin down the quantity of risk borne
by the arbitrageur.

Lemma 1. The arbitrageur’s optimal portfolio X, satisfies

- 1
»Tx, = a(ﬂt‘“"é\)? (12)



where o> = (oé\’y, af\’g) denotes the loading of the household’s SDF on the risk factors.
The arbitrageur chooses to hold assets that load on a particular shock when the risk
price for that shock exceeds the volatility of the household’s SDF. In the limit of infinite
risk aversion (aw — o0), the arbitrageur does not bear any risk — it simply eliminates pure
arbitrages.
Market clearing and asset pricing: The SDF M; can be used to price financial assets.
Let ] = By[dQ?/Q7] denote the drift of asset j’s price, and let o = (07", 079) denote its
volatility. Then asset j’s price satisfies
7"t+77t'0'g:7j+/ﬁg- (13)
—_
exp. return r}

As usual, the expected return on asset j is equal to the risk-free rate plus a risk premium
that depends on the price of risk and j’s loading on the risk factors. Note that this pricing
equation holds even for Q¥ the value of the Lucas tree.

As the next section will show, the household’s consumption stream will determine the risk-
free rate 74, whereas risk prices are pinned down by equilibrium in financial markets. The
market clearing conditions state that for each source of risk, the quantity of risk demanded
by funds and the arbitrageur must equal the total supply of risk (i.e., the volatility of the
capital stock with respect to that risk times its value Q). These conditions can be written
as

I
ST(Xe 4> wilNy) = QF o f. (14)
i=1

2.3 Fund flows: The household’s problem

The last block of the model is the household’s consumption-savings problem. The house-
hold enters each instant ¢ with savings B; in the bond fund and S = (Si¢,. .., Sr) in mixed
funds. It chooses its consumption Cy, flows F; = (Fy,..., Fr;) into mixed funds, and the
change in its bond holdings dB;. Savings already invested in a fund ¢ increase at that fund’s

rate of return net of its dividend payout rate d;;, so S;+ evolves according to
dSit = Sit(dRit — diedt) + Fpdt Vi€ {1,... 1}, (15)

where dR;; = wj-dR; denotes the returns on fund i. Of course, in equilibrium, the household’s
saving in each fund must equal that fund’s net worth, S;; = Ny;.

The only departure from a standard model of household portfolio choice is that the house-

10



hold faces frictions in reallocating its portfolio across funds, which could reflect, for example,
transaction costs or inattention (Garleanu and Pedersen 2013; Reis 2006). Specifically, the
household must pay a quadratic cost %X@'tFﬁe when choosing flows Fj; into fund 4, where
Xit = X—Z and x; is an exogenous parameter capturing the sluggishness of adjustment of sav-
ings in fund ’LE| On the other hand, the household can frictionlessly adjust its bond holdings,

which evolve according to

I

1
dBy = (reBy+6,-S; —Cy = (Fu+ SXitFi))dt +dTy, (16)
i=1
where 6; = (d1¢,...,07¢) is the vector of payout rates and dT; includes all transfers received

by the household. To maintain tractability of a typical endowment economy with resource
constraint , I assume that all portfolio adjustment costs faced by households and funds
are rebated back to the household lump-sum. Hence, transfers d7; include these adjustment
costs as well as the arbitrageur’s profits.

The household’s problem is

Inax Uy s.t. , 1 , (Bo,So) given. (17)

t7t

We postpone a full analysis of the household’s problem to the next section, but one important
result is immediate: since the household faces no cost to adjust its bond holdings, it is

marginal in the bond market. Then, the risk-free rate satisfies a standard Euler equation.

Lemma 2. The risk-free rate vy satisfies

dAy

7 [/Tt}' (18)

re = —

The household’s consumption therefore pins down the risk-free rate, whereas the price of risk
in financial markets 7, is pinned down by the financial market equilibrium conditions ,

as claimed.
2.4 Equilibrium

The equilibrium definition is standard.

Definition 1. An equilibrium of this economy consists of household decisions and state

variables {Cy, Fy, By, St}, fund net worth and portfolio decisions {Nit,wit}le, arbitrageur

4] assume that portfolio adjustment costs scale with the size of the economy for convenience: this assump-
tion guarantees the existence of a balanced growth path along which the price-dividend ratio of capital is
stationary.

11



portfolio decisions { X}, aggregate variables {ry,n,, dRy, Ay, 2F,dT;}, and individual asset
prices {{Q’ le, KY such that

e Household decisions solve ;
o Fund portfolio decisions solve @ and arbitrageur decisions solve (@;

e Markets clear, and the consistency conditions for aggregate variables (A, zF,dT;) are
satisfied;

o Asset prices satisfy .

3 Analytical results: Log-linear equilibrium

This section derives a first-order log-linear approximation to the model’s equilibrium con-

ditions. This approximation serves to highlight the model’s key mechanisms and to derive
sharp analytical characterizations of the economy’s response to various shocks. Of course, a
first-order approximation will fail to match asset price levels because risk premia are a second-
order phenomenon. However, the next section demonstrates that the first-order approxima-
tion provides sufficient statistics that fare reasonably well in matching impulse responses in
the full non-linear model. Hence, the model can be informative about the structural param-
eters that determine aggregate asset demand elasticities.
Point of expansion: I approximate the economy’s dynamics in the limit where volatilities
of the shocks (o¥,09) go to zero. In this limit, the equilibrium is a balanced growth path
(BGP) in which funds’ net worth N and the price of capital QX grow linearly with output
Y;, flows Fj; and the arbitrageur’s holdings X; are equal to zero, and the interest rate r; is
constant. Importantly, to ensure that the arbitrageur does not bear all of the risk in the
economy as shocks become small, I also take risk aversion « to infinity so that ao? remains
finite in the limit, as in Itskhoki and Mukhin (2023).

For small shocks, the share of net worth held by each fund,

N;

K>
t

Vit =

will be a stationary, endogenous state variable. The only exogenous state variable is the
expected growth rate g; of output. Hence, it will be possible to solve for all outcomes in
terms of the vector of states (g¢, v1t,...,vr). To make things simple, in this section I also
assume that the payout rate of each fund is equal to the aggregate dividend-price ratio,
8t = Y;/QI, but this assumption is not essential for the main results. I guess and verify that

in a log-linear equilibrium, the volatilities of all quantities are constant, e.g., 37 = 3",
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Notation: I denote BGP levels with stars, e.g., v/ is the share of wealth held by fund ¢ along

the BGP. All assets earn the same rate of return,
"= p+ (b +0-1)7,

so the price of capital satisfies

Since the arbitrageur does not hold any assets along the BGP, and all funds hold their target
portfolio weights on capital, a steady-state distribution of net worth v* = (vf,...,v]) must
satisfy

QT = ¢,

where QE’,J‘] =wj; and ¢ = (C1,--.,(y)-
For most quantities, I denote log-deviations from steady-state values with a hat. So, for

%
Vit Vi

example, Dy = —=+. The only exceptions are rates of return (r,7,), portfolio weights

w;, and flows f;;: for these variables, hats represent level deviations from the BGP, e.g.,
7+ = ry — r*. Expected rates of change are denoted with a dot, e.g., ﬁit = é E¢[dDy).

Approach: The model consists of three blocks that I solve in turn.

1. Financial block: The optimal portfolio choices made by funds and the arbitrageur can
be used to derive risk prices as a function of the distribution of intermediary wealth.
Portfolio decisions and rates of return can also be used to derive the dynamics of

intermediary wealth given household flows.

2. Household block: The household’s consumption-saving problem yields the risk-free rate
(via an Euler equation) and the flow-return relationship that dictates how fund flows

depend on anticipated future returns.

3. Asset pricing block: Given the risk prices derived from the financial block and the fund
flows derived from the household block, it is possible to derive the price-dividend ratio

of any asset in the model.

3.1 Financial market block

The assumption of no-arbitrage implies that expected excess returns on assets must be
determined by the price of risk 7,

~ ra
Tt—Tt:Z ’l’]t.
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To first order, excess returns equal risk-adjusted excess returns, since risk premia vanish to
first order.

Equilibrium in financial markets is shaped by funds’ inelastic demand curves, which can
be derived from their optimization problem @ To first order, fund ’s optimal portfolio
weights satisfy

Wit = Wit — wf = €i2r77t7 (19)

)—1
w;=0

Funds would like to invest in assets that earn excess returns, but they find it costly to deviate

where €; is a J x J matrix with entries

82%‘
€iljg] = (

8&)1‘]‘ awij/

from their mandates, so they do not stray too far from their target portfolio weights o;. The
matrix g; represents the elasticity of fund ¢’s asset demand to excess returns. It depends on
the convexity of the portfolio adjustment cost function ¢;: intuitively, the more costly it is
for fund 7 to deviate from its mandate, the less sensitive its demand will be to changes in
returns. For example, if a fund faces no cost of deviating from its mandate, the entries of
the elasticity matrix diverge to infinity: the fund will respond to excess returns on asset j
by investing as aggressively as possible in that asset. It could also be that fund 7 faces a
mandate but finds two assets (say, j and j’) to be perfect substitutes. In this case, the fund
will arbitrage away any return differential between assets 7 and j' but will not necessarily
respond to excess returns on other assets.

The arbitrageur’s portfolio decision ([12)) can be log-linearized to obtain its asset demand
" L.
YX'x = -n, (20)
@

where &; = X;/QF. Then, combining portfolio decisions with the market clearing condition

(14),

I 1
1
=Y by x viw; + <a1 +270 V;ksi)ZT> f, = 0. (21)
i=1 i=1
d: €agg

These conditions describe market clearing for aggregate risk in terms of linear demand curves.

The first term is the matrix of asset risk loadings times an aggregate demand shifter &t,
which depends on the distribution of net worth across funds. Intuitively, an increase in fund
1’s net worth mechanically increases demand for the assets that it is mandated to invest in

(i.e., those that appear in its target portfolio weights w). For example, suppose an equity
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fund that is mandated to invest only in stocks receives an inflow of net worth. The fund then
increases the aggregate demand for whichever risk factors are correlated with stock returns.

The second term is an aggregate demand elasticity €,44 times the vector of risk prices
7);. The aggregate elasticity matrix depends on a weighted sum of funds’ individual demand
elasticities, where the weight on each fund is related to its steady-state share of asset holdings.
There is also a term éI coming from arbitrageur demand, since the arbitrageur has some
capacity to bear risk as well.

It is worth noting that in this model, what matters is demand for aggregate risk rather
than demand for specific assets: any asset demand imbalances that are unrelated to risk will
simply be absorbed by the arbitrageur. Hence, even if funds demand assets with specific
characteristics (as in Koijen and Yogo, 2019), inelastic demand matters for asset prices only
to the extent that those characteristics are related to risk loadings (“covariances,” as in Kelly,
Pruitt, and Su, 2019).

It remains to specify the dynamics of the demand shifter (i.e., net worth shares). Log-

linearizing funds’ budget constraint ,
Di = (W) = O)TS" A, + fu, (22)

where fit = Fjt/N;; denotes flows into fund ¢ normalized by net worth. The dynamics of net
worth are simple: fund i’s net worth tends to increase as a share of total wealth if either
(1) the fund is receiving inflows from the household, or (2) the fund loads on aggregate risk
factors that pay an excess return to a greater extent than the capital price (which has risk
loadings ¢7'%7).

3.2 Household block

The household block will determine flows into the fund, which will in turn pin down the
dynamics of net worth and risk prices, as well as the risk-free rate. With both the risk-free
rate and risk prices, it will be possible to price assets.

The household’s Euler equation for bonds is standard. When log-linearized, it implies

that the risk-free rate is a function of the growth rate of output g; only:
7= (40 —1)G. (23)

The novel element of this model is the household’s portfolio adjustment frictions, which
imply a “slow-moving” response of capital flows to changes in expected returns (Duffie, 2010).

The household must pay a large marginal cost to drastically adjust its portfolio following a
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shock, which is not optimal. Instead, the household smoothly adjusts its savings in response

to the full path of expected excess returns on funds. Optimal flows satisfy
* [ 1 B Rl £
r fit = ;wiE M + fit- (24)
(2

The behavior of flows parallels the behavior of inflation in New Keynesian models with price
adjustment costs (Rotemberg, 1982). In New Keynesian models, inflation is equal to the
present value of future increases in marginal costs. In this model, likewise, flows into fund ¢
are equal to the present value of that fund’s risk-adjusted excess returns, w;X", divided by
the cost x; of transferring savings to that fund.

Importantly, the household’s portfolio decision implies a long-run neutrality result: short-
run changes in the supply of assets or the distribution of fund net worth, which can distort
risk prices, are undone by the household in the long run. If, for example, a decrease in
risk-bearing intermediaries’ net worth temporarily depresses asset prices, risk premia will be
high. The household will then choose to transfer savings to intermediaries that hold risky
assets and earn excess returns, gradually recapitalizing the financial sector. This long-run
neutrality parallels the short-run neutrality present in frictionless models: if the household
faces no adjustment costs, then it can immediately neutralize the effects of changes in the
distribution of wealth by transferring savings across funds, and changes in asset supply are
irrelevant (Wallace, 1981).

Together, the household block and the financial block pin down the dynamics of risk prices.
Specifically, , , and 1} are 2] 42 equations in the 2742 unknowns (7, &, }'t) These
equations fully determine the dynamics of those variables independently of the exogenous

state g;.

3.3 Asset pricing

Along a balanced growth path, asset prices may not be stationary — for example, the
price of capital Qf grows with output Y;. However, price-dividend ratios are stationary. Let
pd! = Q7 /=] denote the price-dividend ratio of asset j, and let g/ = + E [dz] /z]] denote the
expected growth rate of dividends. Then the asset pricing condition can be log-linearized
to obtain the Campbell-Shiller relationship

N _— 2
(r* =g’ )pdy = g — 7t — o’ -y + pdy. (25)

An asset’s price-dividend ratio is the discounted value of future dividend growth rates minus

discount rates. Discount rates, in turn, depend on the asset’s risk loadings and the price of
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risk in financial markets. If demand for the risk factors that asset j loads on is depressed,
then the discount rate on asset j will be high, implying a low price-dividend ratio.

The asset pricing equation will be central to understanding the economy’s response to
shocks. Shocks transmit to aggregate asset demand by changing initial asset prices and
redistributing wealth. Following a shock at t = 0, the return on an intermediary’s portfolio
is

AR} ~ W - (d2o + dpdy), (26)

where pd, = (pdy,...,pd;) denotes the vector of price-dividend ratios. The initial shock to
fund i’s wealth share is
ding = dR) — (0¥ dZY + dpdy) ), (27)

~ K
where pd, denotes the price-dividend ratio of the capital stock. This equation links changes
in asset prices to fund net worth via a two-way feedback loop: asset price shocks redistribute
net worth across funds, which in turn generates a persistent shift in the asset demand curve

that affects discount rates via changes in future risk prices.

3.4 The economy’s response to shocks

The main benefit of the log-linear approximation is that it generates sharp analytical
predictions about the economy’s response to shocks. The model itself has two exogenous
stochastic processes — output shocks and growth shocks. However, since certainty equivalence
holds under a first-order approximation, the model can actually lend itself to the analysis of
shocks outside the model that occur with probability zero, such as “net worth” shocks that
exogenously increase a fund’s net WOI‘thE

The mechanics of output and growth shocks in this model are simple: only growth shocks
affect the exogenous state variable g, whereas both types of shocks affect net worth shares
Uy, the key endogenous state variables. Changes in the growth rate g; affect asset prices via
both cash flows (since they affect the growth rate of aggregate dividends) and the risk-free
rate (an increase in g; increases 7; via Equation [23). Changes in wealth shares, by contrast,
affect asset prices via shifts in the asset demand curve that affect risk prices 7),.

Figure [1] illustrates the model’s dynamics in a benchmark calibration with a single repre-
sentative mixed fund and two assets: equity and long-term, risk-free bonds that pay coupons
decaying at a deterministic rate 7 (as in Hatchondo and Martinez, 2009, or Chatterjee and

Eyigungor, 2012). T denote the representative fund’s net worth share simply by ;. The cali-

®Such shocks are common in the macro-finance literature (e.g., Gertler and Karadi, 2011). Furthermore, in
this model a net worth shock is equivalent to the “flow shocks” analyzed by Gabaix and Koijen (2021), who
study the effects of an exogenous inflow of investor capital into a fund.
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bration is described in further detail in Section [5], where I analyze the model’s full non-linear
solution.

A positive output shock does not change future dividend growth rates or the risk-free
rate. However, it increases the price of capital, generating a capital gain for the fund that
increases its wealth share ;. The increase in the fund’s wealth share mechanically boosts
demand for equity and long-term bonds, pushing up the price of both types of assets. Since
the returns of both assets load positively on output shock risk, this shift in demand pushes
down the price of output risk 7). Bonds will load negatively on growth shock risk (since
growth shocks increase the interest rate). Hence, an increase in the fund’s net worth actually
decreases the demand for assets that load on the growth factor, which leads to an increase in
the risk price 77.

The increase in the fund’s net worth therefore pushes down the expected future returns
on the assets it holds in its portfolio. The household, anticipating low future returns, begins
to shift wealth out of the fund. A positive net worth shock hence initially increases the
fund’s net worth but induces persistent outflows going forward. In fact, outflows persist until
the fund’s net worth returns to its steady-state level, bringing asset valuations back to their
long-term averages.

A positive growth shock, on the other hand, has the opposite effect. An increase in
expected output growth raises the interest rate and lowers long-term bond prices. The rep-
resentative fund therefore takes a loss, causing a further reduction in bond demand that
amplifies the initial shock and spills over to equity markets. Expected asset returns increase

going forward, leading to an inflow from households until the fund’s net worth has recovered.

3.5 The quality of the approximation

The next section will illustrate several potential quantitative applications of the log-
linearized model. Of course, the relevance of these applications is highly dependent on the
quality of the log-linear approximation. Here I briefly demonstrate that in the calibrated
model, the log-linearized economy’s response to shocks is quantitatively very close to the
non-linear economy’s response to shocks.

Figure [2 illustrates this point. The non-linear dynamics of the state variables are ex-
tremely close to those in the linearized model, at least for quantitatively reasonable shock
volatilities — the model does display significant non-linearities far away from the steady state,
as discussed later. Due to the fact that (1) the state dynamics are well-approximated, and
(2) volatilities do not vary much in the vicinity of the steady state, the linear model also

closely matches the volatility of risk premia.
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Figure 1: The log-linearized economy’s response to an output shock. The top-left panel shows
the response of the representative fund’s wealth share 7, the top-right shows the response

. . . ~ K~
of risk prices 7),, the bottom-left shows the response of asset valuation ratios (pd, ,pd,), and
the bottom-right shows the response of flows f; into the representative fund.
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Figure 2: A comparison of dynamics in the log-linearized model and the full non-linear model.
The blue (red) lines represent log deviations from steady-state levels in the linear (non-linear)
model. The top-left panel shows the dynamics of the fund’s wealth share, the top-right shows
the dynamics of the growth rate of output, and the bottom panels show the dynamics of the
risk premia on capital and bonds, respectively.
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The linear model’s ability to match impulse responses of asset prices and returns does not
necessarily mean that it can match the level of asset prices. In particular, the household’s
required compensation for risk generates a risk premium that affects the level of asset prices
in the full nonlinear solution. However, this is a second-order phenomenon, so it is absent
from the linearized model. I postpone an analysis of the level of asset prices to Section

which studies the full non-linear model.

4 Applications

In this section, I develop some applications of the linearized model. In the first appli-
cation, I study how structural parameters determine the transmission of shocks, including a
discussion of how popular methods of identifying aggregate asset demand elasticities can be
interpreted through the lens of the model. The second application studies the properties of

the stochastic discount factor and cross-sectional asset pricing tests implied by the model.

4.1 The transmission of shocks and the macro elasticity of asset demand

In the Appendix, I extend the model to incorporate additional probability-zero shocks
(i.e., “MIT” shocks) to flows, funds’ target portfolio weights, and asset supply. The empirical
literature often studies such shocks: Gabaix and Koijen (2021) study the relationship between
exogenous flows into mutual funds and asset prices, a large body of empirical work estimates
asset demand elasticities using shocks to the set of assets that intermediaries are permitted
to invest in (e.g. Shleifer, 1986; Koijen and Yogo, 2019), and the literature on Quantitative
Easing estimates the effect of large-scale asset purchases (LSAPs) by exploiting shocks to
central bank portfolio holdings.

I show that in the extended model, it is possible to decompose the impulse response to

any shock into three intuitively interpretable components.

Proposition 1. The impulse response of any asset valuation pAdZ to a sequence of shocks can

be written as
~ g ~ _j,frictionless ~ _j,demand ~ j,redist.
Eo[pd;] = pd, +pd; + pd; ; (28)

where
oo

~ g, frictionless —(r*—g¥*)s/ ~] N
pdi = [ e 7o) (gt.l,_s — Pris)ds,
0

oo
~ j,demand —(r*—gI* iT — ~

pd; :_/e (r*—g"*)s 5J 2T€aglger€f+st,
0
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~d - ~ gredist. . .
where ef 1s the vector of asset demand shocks, and pdg " s the asset price change induced
by redistribution: it is the price that would have arisen in an equilibrium without shocks if

initial net worth shares are
-1 ~ _frictionless ~ demand
Do = (I— (O 1cT)P> (2 — 1¢") (20 + pdy +pdy, ),

where § is the J x I matriz of target portfolio weights and P is the matrix relating asset

prices to wealth shares in equilibrium, so that pAdt = Pv;.

This decomposition shows that there are three channels through which shocks affect asset

prices:

1. The effect in a frictionless model: a shock can affect asset valuations simply because
it exogenously changes expectations of dividend growth or future interest rates, such
as a growth shock. This channel does not require the frictions that generate inelastic

aggregate demand for assets.

2. The direct demand effect: an increase in an asset’s supply, or a decrease in a particular
fund’s target portfolio weight on that asset, increases the residual supply that the rest
of the market must absorb, causing a shift along the demand curve and increasing the
price of risk associated with that asset. This effect persists as long as the asset supply
shock.

3. The redistributive effect: Shocks change expectations of future cash flow growth, interest
rates, and risk prices. The resulting change in asset prices redistributes wealth across
intermediaries, changing the demand shifter d;. The redistributive effect of any shock

eventually dissipates as funds’ wealth shares converge back to their steady-state levels.

This decomposition is immediately useful in understanding the relationship between (1)
the model’s structural parameters and (2) common methods used to estimate aggregate
demand elasticities in the literature. For instance, Gabaix and Koijen (2021) distinguish
between a “micro” elasticity — the price sensitivity of an individual intermediary’s demand —
and a “macro” elasticity — the effect of an increase in an asset’s supply on its market price.
They estimate the macro elasticity using mutual fund flow shocks, arguing that such a shock
effectively functions as an exogenous shift in demand for the assets held by a mutual fund.
This decomposition clarifies that there is a subtle difference between flow shocks and direct
asset supply shocks: a flow shock is effectively a redistributive shock that eventually dissipates

as wealth shares converge back to steady state. On the other hand, an asset demand shock
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can be permanent, at least in principle. As a result, the two shocks do not necessarily induce
identical asset price responses.

The decomposition also highlights that there is some ambiguity in the definition of the
“macro elasticity.” Here, the price effects of an asset supply shock depend crucially on the
persistence of that shock: for example, a central bank asset purchase that is expected to
unwind soon after will affect risk prices only for a short period of time, limiting the response
of asset prices. On the other hand, a permanent asset purchase would have a much larger
effect. Given this ambiguity, one may want to focus on estimating the aggregate demand
elasticity matrix €444, but this is a difficult task as well: at the time of an asset purchase,
the direct demand effect (the price movement induced by a shift along the demand curve) is
amplified by the redistributive effect (the shift in the demand curve induced by the change
in asset prices). It is generally not possible to identify €,y with high-frequency event studies
of the sort used in the literature estimating the effects of QE.

Nevertheless, as shown earlier, the aggregate elasticity can be estimated by aggregating
individual intermediaries’ micro elasticities, as in Koijen and Yogo (2019). In particular, their
preferred instrument — an exogenous, permanent shock to the investment universe of another
intermediary — can be introduced into the model to derive the relationship between a fund’s

portfolio holdings and a shock to another fund’s demand.

4.2 Demand-based return accounting

The model can also be used to study the extent to which intermediaries’ inelastic asset
demand drives the seemingly “excess” volatility in valuations studied by a large empirical
literature in finance (e.g., Shiller, 1981). The model implies a tight relationship between
flows, intermediary capitalization and portfolio weights, and asset risk premia.

The classical approach to account for variation in asset returns is to run a vector autore-
gression (VAR) of the formﬁ

Rt+1 Rt Eﬁ

9dt+1 =A gdt + fg ) (29)
~ ~ d

pd; i pd, Ef

where Ry is a vector of asset returns, gdt is a vector of dividend growth rates, pd, is a vector
of price-dividend ratios, and A is a matrix. Usually, such regressions find that the majority

of variation in returns comes from variation in discount rates rather than expected cash flow

50f course, there are more complex variants of this approach, which use additional control variables to
account for variation in dividend growth rates and discount rates. This is simply a representative example.
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growth (Campbell and Shiller, 1988). However, the classical accounting method does not
take a stance on the fundamental source of discount rate variation.

This model of inelastic intermediary demand can be used to make some progress on
this question. In the model, discount rates vary with the supply and demand for assets.
The demand for assets, in turn, depends on (1) intermediary capitalization, which is driven
by inflows and asset returns, and (2) any exogenous variation in intermediaries’ investment
mandates (such as the investment mandate shocks studied in the previous section). Therefore,

the model suggests a method to account for the extent to which discount rate variation is

driven by
1. Return shocks that transmit to intermediary capitalization,
2. Fund flow shocks, and
3. Exogenous shocks to intermediary demand.

To account for the sources of return variation, it is necessary to expand the VAR to

include the key variables that drive discount rates in the model. Let s; denote any variation

in the supply of assets, and let
I
dy =) viw] x by — &
i=1

denote the net demand for assets. Then, run the VAR

R Ry el
N N t
d d
9741 g~ ef
pdiyq pd, efd
AN _ AN
dyyy =B d, | (30)
I I €
> VWit > VWit €
=1 =1 f
- - €
JFii1 fi ¢

which includes net demand, intermediary portfolio weights, and flows. As usual, theoretical
restrictions are needed to deduce the effects of structural shocks. The theory provides use-
ful guidance: intermediaries’ portfolio choices and flows are both forward-looking variables
that depend only on expected future returns. Hence, portfolio weights and flows can con-
temporaneously load on dividend growth rates and price-dividend ratios, but they should be

independent of all past variables that cannot be used to predict future returns. Moreover,
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intermediaries’ current capitalization is determined entirely by returns and flows in the pre-
vious period via a budget constraint. These restrictions are sufficient to identify the model’s
structural shocks.

Once the structural shocks have been identified, it is possible to answer two types of ques-
tions. First, how much can inelastic intermediary demand account for variation in discount
rates? That is, are shocks to intermediary capitalization, portfolio weights, asset supply, and
flows responsible for a large share of asset price volatility? Or does most of that volatility
remain unexplained by the model?

Second, what is the aggregate elasticity of asset demand? The VAR specifies how in-
termediaries’ portfolio choices react to changes in expected returns, so the VAR coefficients
can be used to back out the aggregate elasticity £444. Here, identification comes from the
theoretical restriction that intermediary asset demand is forward-looking rather than from
an instrumental variables strategy of the type used in the literature. This strategy permits
the estimation of asset demand elasticity from data aggregated at a high level, since it is
not necessary to find a shock that identifies each individual intermediary’s demand. With an
estimated elasticity, it is possible to answer classic questions, such as: how much do Treasury
prices respond to (announced or unannounced) central bank asset purchases? To what extent

do changes in Treasury prices spill over to the corporate bond and mortgage markets?

5 The full non-linear model

In this section, I solve the full non-linear model and study its properties. The exercise
should be thought of as a numerical example, as the parameters are chosen for convenience
rather than quantitative realism. The exercise is meant to illustrate the model’s potential to
capture an environment with a large number of assets, although the number of funds must
be limited to avoid the curse of dimensionality. I show that the non-linear model may be
able to address asset price excess volatility and return predictability puzzles in a variety of

markets.

5.1 Setting and parameter values

I study an economy with a single mixed fund, which I refer to as the “representative
fund.” This fund should be interpreted as an aggregate of financial market participants that
hold both risky and safe assets, such as mutual funds, pension funds, and banks. The key
endogenous state variable, 14, will denote the share of wealth held by the representative fund

(while the remaining share 1 — v is held by the bond fund).
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Parameter Description Value

Y Output per unit capital 1
a¥ Volatility of output 0.02
g Average growth rate 0.02
K Mean reversion rate of gy 0.2
o9 Volatility of g; 0.005
p Rate of time preference 0.05
y Risk aversion 1.0
Pt IES 1.0

Table 1: Standard values for the model’s preference and technology parameters.

There are two assets that the fund and the arbitrageur can hold: equity and safe, long-
term bonds that pay exponentially decaying coupons, as in Hatchondo and Martinez (2009).

Specifically, the bond’s coupon 2z evolves according to

dzl = —7120dt,

so that the bond’s duration is roughly 7—'. This is the simplest setting that can capture the
fact that assets may have different correlations with the underlying shocks: in a model without
portfolio frictions, the long-term bond’s price declines after a positive growth shock, whereas
the price of equity may increase or decline (depending on the value of the intertemporal
elasticity of substitution 1) ~1).

The parameters governing preferences and technologies take standard values. I assume
log utility (y = ¢ = 1) and a discount rate of p = 0.05. For the technological parameters,
I choose the normalization y = 1 and take standard parameter values ¥ = 0.02, § = 0.02.
The mean-reversion rate of growth and its volatility are set to k = 0.2 and ¢9 = 0.005,
respectively. Table [1] lists the preference and technology parameters.

The model’s key parameters govern the elasticity of intermediary asset demand and the
household’s portfolio adjustment costs. I assume that the representative fund’s investment

mandate takes a quadratic form,

o =) = 3 (el = WD + nlen — ).

2
where we, wp represent the portfolio weights on equity and long-term bonds, respectively. 1
set e = p = 0.02, so that a 1% increase in an asset’s excess returns causes the fund to
increase its portfolio weight on that asset by 50%. I set the fraction of bonds issued by the

representative firm to ¢ = 0.5, so that the firm finances half its assets with long-term bonds
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Parameter Description Value

¢ Long-term bond supply/Total asset supply 0.5
w Target portfolio weight on equity 1.0
wy Target portfolio weight on bonds 1.0
o1 Fund elasticity of equity demand 50
¢gl Fund elasticity of bond demand 50

X Household portfolio adjustment cost 1000

« Arbitrageur risk aversion 1.0

Table 2: The parameter values used in the numerical solution of the model.

and the remaining half with equity. Correspondingly, I set the fund’s target portfolio weights
to w; = w; = 1, so that at a steady state, the fund will be levered up two-to-one and will
hold equal quantities of bonds and equity.

For the household’s portfolio adjustment cost parameter, I set xy = 1000. I also set the
arbitrageur’s risk aversion parameter to a = 1. These parameters control the predictability
of returns and the maximum Sharpe ratio in financial markets, respectively. The parameter

values are reported in Table

5.2 The model’s solution

I look for a recursive equilibrium in two state variables: the growth rate g; and the
representative fund’s net worth share 14. All equilibrium quantities are thus represented as
functions of (g,v). I solve the model using Chebyshev polynomials.

The key state variable that determines risk prices in the model is the fund’s net worth
share v. When the fund’s net worth share is high, it bids up the prices of the assets it holds.
Equity prices load positively on output shocks, since equity holders absorb all dividend risk.
Long-term bond prices, by contrast, load negatively on growth shocks: an increase in the
growth rate pushes up interest rates, reducing long-term bond prices. As a result, when the
fund bids up asset prices, the price of output risk, 1y, decreases and the price of growth risk,
14, increases. The left panel of Figure |3 plots risk prices as a function of ¥ when the growth
rate is at its mean ggqg-

The dynamics of the fund’s wealth share v depend on asset returns and flows. When the
fund’s wealth share is high, the returns on the assets it holds are depressed, causing v to drift
back down to its steady-state level. This effect is reinforced by flows from the household:
the low returns on the fund incentivize the household to shift its wealth out of the fund and
into short-term, risk-free bonds. Conversely, when the fund’s wealth share is low, asset prices

are depressed and it earns high returns going forward, which are reinforced by flows into the
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Figure 3: The left panel illustrates how risk prices n¥ and n? vary as a function of v, the
fund’s wealth share, when the growth rate is held at its average level g,,4y. The right panel
shows the drift of v with g = ggug-

fund. The right panel of Figure [3| plots the drift of v when the growth rate is at its mean.

Investment mandates and households’ sluggish portfolio adjustment cause asset prices to
diverge from their frictionless values. Figure [4illustrates how asset prices vary with v and g.
The price of capital (left panel) is essentially invariant to the growth rate, as it would be in
a frictionless model with log preferences: changes in the growth rate of future cash flows are
exactly offset by changes in the risk-free rate, keeping the price-dividend ratio fixed. However,
changes in the fund’s wealth share result in changes in discount rates (i.e., risk prices) that
are unrelated to cash flows. When the fund’s wealth share is high (low), the price-dividend
ratio is above (below) its frictionless level 1/p.

By contrast, bond prices do not vary much with the fund’s wealth share. In this numerical
example, interest rates and bond prices are not sufficiently volatile for the risk premium on
bonds to be quantitatively large. Instead, bond prices mostly vary with the level of interest

rates as they would in a frictionless model.

5.3 Risk premia and return predictability

I conclude the analysis of the non-linear model with a remark about the level and vari-
ability of risk premia. In this model, the average level of risk premia is roughly equal to
that in the corresponding frictionless economy (i.e., an economy with the same underlying
endowment process but no frictions in household portfolio allocation). If risk premia are
above the price of risk demanded by the household, the fund will receive inflows until the
household is indifferent between investing in the fund and investing in bonds. Hence, with
log utility, the model will generally be unable to generate realistic risk premia. However, a

calibration with recursive preferences as in Bansal and Yaron (2004), which the model can
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Figure 4: The left panel plots the price-dividend ratio of capital as a function of v for several
values of g: a low value three standard deviations below the mean (blue line), the mean
value (red line), and a high value three standard deviations above the mean. The right panel
similarly plots the price-dividend ratio of long-term bonds.

easily accommodate, would be able to overcome this issue.

While the frictions in the model cannot explain the level of interest rates, they could
potentially resolve empirical puzzles related to return predictability and the seeming excess
variability of discount rates (Shiller 1981, Campbell and Shiller 1988). As discussed above,
changes in the fund’s wealth share move discount rates while leaving cash flows unchanged.
Shifts in discount rates caused by shocks to the fund’s wealth share are persistent: they last
until portfolio flows from the household undo the initial shock to net worth. Moreover, this
model will generally generate pro-cyclical valuation ratios, as in the data: positive cash flow
shocks will usually increase the fund’s net worth, decreasing discount rates and amplifying
the initial shock to asset prices.

Figure [f] illustrates this point. The price-dividend ratio of the capital stock varies in
response to shocks, unlike in a frictionless model: with log utility, the price-dividend ratio
would be equal to 1/p at all times. In particular, the price-dividend ratio closely tracks the
fund’s wealth share v, meaning that variation in valuation ratios, in this model, is almost
entirely attributable to changes in discount rates rather than changes in expectations of cash
flow growth.

The model suggests that the capitalization of financial intermediaries may be an important
predictor of returns and could potentially explain some of the return predictability puzzles
in the data. It is particularly well suited to address any return predictability attributable to

“slow-moving capital” in the cross section of asset classes, as suggested by Duffie (2010).
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Figure 5: The price-dividend ratio of capital is plotted alongside the fund’s wealth share over
time for a series of simulated shocks.

6 Conclusion

I integrate demand-based asset pricing in a general equilibrium framework. The model
is tractable and admits an arbitrary set of intermediaries and assets. The model delivers
several key insights. First, when intermediary demand is inelastic, the distribution of wealth
is central to the transmission of shocks to asset prices. Second, while intermediary demand
matters for asset prices in the short run, asset prices are determined by household prices
in the long run, so although demand-based asset pricing has the potential to explain excess
asset price volatility, it cannot explain the puzzling level of many risk premia. Third, in the
absence of arbitrage, what matters is not the elasticity of demand for assets with particular
characteristics, but rather the elasticity of demand for risk factors.

I develop both analytical and quantitative applications of the model. Analytically, I
demonstrate how existing estimates of asset demand elasticity can be used to derive counter-
factual responses of asset prices to shocks and propose new methods as well. I also demon-
strate how to solve the model quantitatively to assess the importance of inelastic intermediary
demand for aggregate asset prices. The model’s potential applications, however, are not lim-
ited to those studied here. The model could also be applied to study the term structure of

bond yields or exchange rates, for instance. I leave these tasks to future research.

29



References

ApriaN, T., E. ETuLA, axnp T. MUIR (2014): “Financial Intermediaries and the Cross-
Section of Asset Returns,” Journal of Finance, 69(6), 2557-2596.

ALVAREZ, F., A. ATKESON, AND P. KEHOE (2002): “Money, Interest Rates, and Exchange
Rates with Endogenously Segmented Markets,” Journal of Political Economy, 110(1), 73—
112.

AN, Y. (2024): “An Arbitrage Foundation for Demand Effects in Asset Pricing,” Available
at SSRN: https://ssrn.com/abstract=4098607.

AzAarMSA, E., anp C. Davis (2024): “Is Asset Demand Elasticity Set at the Household or
Intermediary Level?,” Available at SSRN: https://ssrn.com/abstract=4677517.

BANSAL, R., aAND A. YARON (2004): “Risks for the Long Run: A Potential Resolution of
Asset Pricing Puzzles,” Journal of Finance, 59(4), 1481-15009.

BERNANKE, B., M. GERTLER, AND S. GILCHRIST (1999): “The financial accelerator in a
quantitative business cycle framework,” in Handbook of Macroeconomics, pp. 1341-1393.

Elsevier.

BRAINARD, W., anD J. ToOBIN (1968): “Pitfalls in Financial Model Building,” American
Economic Review, 58(2), 99-122.

BRETSCHER, L., L. ScHMID, I. SEN, anD V. SHARMA (2022): “Institutional Corporate
Bond Pricing,” Swiss Finance Institute Research Paper No. 21-07.

BRUNNERMEIER, M., AND Y. SANNIKOV (2014): “A Macroeconomic Model with a Financial
Sector,” American Economic Review, 104(2), 379-421.

CAMPBELL, J., aND R. SHILLER (1988): “The Dividend-Price Ratio and Expectations of
Future Dividends and Discount Factors,” Review of Financial Studies, 1(3), 195-228.

CHATTERJEE, S., AND B. EYIGUNGOR (2012): “Maturity, Indebtedness, and Default Risk,”
American Economic Review, 102(6), 2674-2699.

CHEVALIER, J., AND G. ELLISON (1997): “Risk Taking by Mutual Funds as a Response to
Incentives,” Journal of Political Economy, 105(6), 1167—1200.

CovaAL, J., aND E. STAFFORD (2007): “Asset fire sales (and purchases) in equity markets,”
Journal of Financial Economics, 86(2), 479-512.

30



DaNIEL, K., aAND S. TITMAN (1997): “Evidence on the Characteristics of Cross Sectional
Variation in Stock Returns,” Journal of Finance, 52(1), 1-33.

DarMoOUNI, O., K. Siani, anp K. Xi1ao (2022): “Nonbank Fragility in Credit Mar-
kets: Evidence from a Two-Layer Asset Demand System,” Available at SSRN:
https://ssrn.com/abstract=4288695.

DuFrFIE, D. (2010): “Presidential Address: Asset Price Dynamics with Slow-Moving Capi-
tal,” Journal of Finance, 65(4), 1237-1267.

Du¥rFIE, D., anp L. EPSTEIN (1992): “Stochastic Differential Utility,” Econometrica, 60(2),
353-394.

EDELEN, R., anD J. WARNER (2001): “Aggregate price effects of institutional trading: a
study of mutual fund flow and market returns,” Journal of Financial Economics, 59(2),
195-220.

EPSTEIN, L., AND S. ZIN (1989): “Substitution, Risk Aversion, and the Temporal Behavior
of Consumption and Asset Returns: A Theoretical Framework,” Econometrica, 57(4),
937-969.

Fanag, C. (2022): “Monetary Policy Amplification through Bond Fund Flows,” Jacobs Levy

Equity Management Center for Quantitative Financial Research Working Paper.

FrazzINI, A., AND O. LAMONT (2008): “Dumb money: Mutual fund flows and the cross-

section of stock returns,” Journal of Financial Economics, 88(2), 299-322.

FRIEDMAN, B. (1977): “Financial Flow Variables and the Short-Run Determination of Long-
Term Interest Rates,” Journal of Political Economy, 85(4), 661-685.

Fucas, W., S. FUKUDA, AND D. NEUHANN (2023): “Demand-System Asset Pricing: The-
oretical Foundations,” Available at SSRN: https://ssrn.com/abstract=4672473.

GABAIX, J., anD R. KOLJEN (2021): “In Search of the Origins of Financial Fluctuations:
The Inelastic Markets Hypothesis,” NBER Working Paper 28967.

GaBAIX, X., R. KouEN, F. MAINARDI, S. OH, aAND M. YOGO (2022): “Asset Demand of
U.S. Households,” Available at SSRN: https://ssrn.com/abstract=4251972.

GABAIX, X., AND M. MAGGIORI (2015): “International Liquidity and Exchange Rate Dy-
namics,” Quarterly Journal of Economics, 130(3), 1369-1420.

31



GARLEANU, N., anp L. H. PEDERSEN (2013): “Dynamic Trading with Predictable Returns
and Transaction Costs,” Journal of Finance, 68(6), 2309-2340.

GERTLER, M., anp P. KARADI (2011): “A Model of Unconventional Monetary Policy,”
Journal of Monetary Economics, 58, 17-34.

GERTLER, M., anp N. KivoTAKI (2015): “Banking, Liquidity, and Bank Runs in an Infinite
Horizon Economy,” American Economic Review, 105(7), 2011-2043.

GREENWOOD, R., aND S. HANSON (2013): “Issuer Quality and Corporate Bond Returns,”
Review of Financial Studies, 26(6), 1483-1525.

GREENWOOD, R., S. HANSON, J. STEIN, AND A. SUNDERAM (2023): “A Quantity-Driven
Theory of Term Premia and Exchange Rates,” Quarterly Journal of Economics, 138(4),
2327-2389.

GREENWOOD, R., anp D. VAvANOS (2014): “Bond Supply and Excess Bond Returns,”
Review of Financial Studies, 27(3), 663-713.

HADDAD, V., A. MOREIRA, AND T. MUIR (2021): “When Selling Becomes Viral: Dis-
ruptions in Debt Markets in the COVID-19 Crisis and the Fed’s Response,” Review of
Financial Studies, 34(11), 5309-5351.

HADDAD, V., anD T. MUIR (2021): “Do Intermediaries Matter for Aggregate Asset Prices?,”
Journal of Finance, 76(6), 2719-2761.

HARRIS, L., aNpD E. GUREL (1986): “Price and Volume Effects Associated with Changes in
the S&P 500 List: New Evidence for the Existence of Price Pressures,” Journal of Finance,
41(4), 815-829.

HATCHONDO, J.-C., aAND L. MARTINEZ (2009): “Long-duration bonds and sovereign de-
faults,” Journal of International Economics, 79(1), 117-125.

HE, Z., AND A. KRISHNAMURTHY (2013): “Intermediary Asset Pricing,” American Economic
Review, 103(2), 732-770.

ITskHOKI, O., AND D. MUKHIN (2023): “Optimal Exchange Rate Policy,” NBER Working
Paper 31933.

KELLY, B., S. PRUITT, AND Y. SU (2019): “Characteristics are covariances: A unified model

of risk and return,” Journal of Financial Economics, 134, 501-524.

32



KryoTaki, N., anp J. MOORE (1997): “Credit Cycles,” Journal of Political Economy,
105(2), 211-248.

KouEN, R., F. KOULISCHER, B. NGUYEN, axD M. Y0ocGo (2021): “Inspecting the mecha-

nism of quantitative easing in the euroarea,” Journal of Financial Economics, 140, 1-20.

KouEN, R., anpD M. YOGO (2019): “A Demand System Approach to Asset Pricing,” Journal
of Political Economy, 127(4).

KRISHNAMURTHY, A., AND A. VISSING-JORGENSEN (2012): “The Aggregate Demand for
Treasury Debt,” Journal of Political Economy, 120(2), 233-267.

LENEL, M. (2020): “Safe Assets, Collateralized Lending and Monetary Policy,” Princeton
University Working Paper 2020-66.

MAGGIORI, M. (2017): “Financial Intermediation, International Risk Sharing, and Reserve
Currencies,” American Economic Review, 107(10), 3038-3071.

MiTCHELL, M., L. H. PEDERSEN, anD T. PuLvINO (2007): “Slow Moving Capital,” Amer-
ican Economic Review: Papers and Proceedings, 97(2), 215-220.

PENG, C., anp C. WANG (2021): “Factor Demand and Factor Returns,” Paul Woolley
Working Centre Paper No. 75.

PETAJISTO, A. (2009): “Why Do Demand Curves for Stocks Slope Down?,” Journal of
Financial and Quantitative Analysis, 44(5), 1013-1044.

Ray, W. (2019): “Monetary Policy and the Limits to Arbitrage: Insights from a New
Keynesian Preferred Habitat Model,” Working paper.

REI1s, R. (2006): “Inattentive Consumers,” Journal of Monetary Economics, 53(8), 1761—
1800.

ROTEMBERG, J. (1982): “Sticky Prices in the United States,” Journal of Political Economy,
90(6), 1187-1211.

SHILLER, R. (1981): “Do Stock Prices Move Too Much to be Justified by Subsequent Changes
in Dividends?,” American Economic Review, 71(3), 421-436.

SHLEIFER, A. (1986): “Do Demand Curves for Stocks Slope Down?,” Journal of Finance,
41(3), 579-590.

33



VAYANoOs, D., anp J.-L. ViLa (2021): “A Preferred-Habitat Model of the Term Structure
of Interest Rates,” Econometrica, 89(1), 77-112.

WALLACE, N. (1981): “A Modigliani-Miller Theorem for Open-Market Operations,” Amer-
ican Economic Review, 71(3), 267-274.

WARTHER, V. (1995): “Aggregate mutual fund flows and security returns,” Journal of Fi-
nancial Economics, 39(2-3), 209-235.

WURGLER, J., AND E. ZHURAVSKAYA (2002): “Does Arbitrage Flatten Demand Curves for
Stocks?,” Journal of Business, 75(4), 583-608.

34



A Optimization problems and equilibrium

In this section, I derive the full non-linear solution to all agents’ optimization problems.

A.1 The fund’s problem

Fund 4’s problem (9) can be written as a Hamilton-Jacobi-Bellman (HJB) equation. The
fund’s value function depends on net worth N, the only individual state variable, as well as
(possibly) the entire history of aggregate shocks h! = {dZ st._o- For simplicity, we denote the
value function by Vj;(N), with the understanding that the subscript ¢ captures all dependence
on the prior history.

The HJB equation can be written as

0 = max d;Ndt + E; [w] s.t. ‘E) (31)
w;

Ay

The first step in solving the fund’s problem is to prove that the value function is affine in net
worth V.

Proposition 2. The fund’s value function Viy(N) has the form
Vie(N) = &t N + Gt (32)

for some exogenous processes {&t, Cit}-

Proof. Consider the problem of a fund that receives no future inflows. The fund’s budget
constraint and objective function are linear in net worth N, so the value function clearly
must be linear in N as well, Vit(N) =&y N for some ;.

Now consider the full problem with flows. Flows are exogenous, so the fund’s decisions
do not affect future flows. Hence, decisions are independent of future flows, and the value
obtained by the fund is equal to &; N plus the present value of flows. The full value function
is then Vi (N) = &N + (;; for some process (. O

With this proposition, it is possible to solve the fund’s problem. Suppose that &;; and (4
follow Ito processes,
e = pb,dt + o%,d 2y,

Gy = pS,dt + 05,dZ,;.
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Then the HIJB equation is
0= H‘le <5z‘t + M{X&‘t + Mft + fz‘t(Tt +(ry — 1) - wi — 03 — @i(w; — w:‘))
+wl (o} + o) + o - aft) N+ Gt + &Fi + iy + 0 - 0.
The optimal portfolio weights are independent of net worth N;;. They satisfy

3
o>

Voilwi —w?) =7 + 37 (2 + a’é\) — (33)
it

Then, the processes &, (;+ are defined by

1 d(AN&;
0 = it + it (re + wir - Vopi(wiy — wi) — pi(wi — wj) — 6it) + &Et [ ( Atft)], (34)
ey L d(AiGir)
0 =&l + 7 E | A, ] (35)

It is possible to solve for &;; and (; in terms of the household’s SDF, asset returns, and
the fund’s portfolio decision. Let H;; denote the quantity of savings left in the fund per unit

invested at t = 0, so

dH
H;

= (’I"t — (51'75 — gpi(wit — w;*))dt —+ Wit - (th — Ttdt).

Then

Lemma 3. The exogenous processes &, Gy in the fund’s value function Viy(N) = &N + (it

satisfy
[ A oHopys ]
=, | | SEsTbEs s ds| 36
§it t [ / A, Hy, tas ( )
0
ooA .
Git = E¢ [ Xtrfi,t+sf7i7t+sd5]- (37)
0
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A.2 The arbitrageur’s problem
The risk-adjusted mean and variance of the arbitrageur’s payoffs are

d(Ath)

By [X, =

|=X¢-(re—re+ SroM)dt

=X, X(n, + o)t

Vary(X; - dR;) = XTZrsr T X dt.

Then the arbitrageur’s problem can be written as
1
max X - 3 (n, + o) — §atX$2;2§TXt.
t

The first-order condition is

1
T X, = —(n, +ob), (38)

Qi
as claimed.

A.3 The household’s problem

This section solves the household’s problem. Before doing so, I derive some useful prop-

erties of Duffie-Epstein utility.

Lemma 4. Let fcy, fur denote the derivatives of the aggregator f(-,-) with respect to its
first and second arguments, respectively. Then the household’s stochastic discount factor A;

satisfies

t
Ay = exp (/stdS)fCt- (39)
0

Proof. Consider a perturbation of the path of consumption, {Ciys} — {Cys+dCyis}. Then,
taking the total derivative of (3],

au; = / (fe+5dC1ts + fuarsdUpss)ds
0

s

= /GXP(/fU,t+udU)fC,t+stt+sd8
0

0
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Hence, the marginal increase in utility Uy given a one-unit increase in consumption C is

t
Ay = exp ( stdS)fCt-
/

O]

The household’s value function U(B,S,Y,g) depends on the aggregate state variables
(Y;,9¢), bond holdings By, and savings S; in funds. Write aggregate transfers d7; to the

household as
dT, = pl dt + o} - dZ;.

Then, the loadings of the relevant state variables (B, Si,Ss,...,57,Y,¢g) on the exogenous

shocks can be written as

T
oy

Sitoit

(U’Y';O)
(0,09)

where o;; denotes the return volatility for fund i. Denote the columns of this matrix by

Z{,It, Eg. The HJB equation can then be written as

I
1
0= max f(C.U) + (nB+6,-8—C— Z;(F + §XitFiz) +uf)Up

I
+ Z ((Tz‘t — bit — pi(wir — w]))Si + Fi) Ui + gtUy + k(g — gt)Uy
=1
Lot (9T AUSE(S) + L5 (s AUSHE(S
t3 ve(S) ve( )+§ gt(S) at(S);

where the t subscript denotes dependence on aggregate states and AU denotes the Hessian
of the value function.

The first-order conditions are

pCr”
((1 . ,Y)Ut)('yfw‘l)/(lﬂ)’
(F3) : Uy = (1 + xatFit)Upy-

(C) : Ut = for =
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The envelope conditions for the individual state variables are
1
dt
(Si): 0= fuUs + 65Ut + (rie — 0it — pi(wir — wy))U;

i k k T ik ik
D I R RS Dt
ke{Y,g} i'#£i

(B) . 0 = fUtUBt + TtUBt + Et[dUBt]

A - 1
+ U;’YUYUth + 090 Uigr + dat Et[dUs]-

The envelope condition for B combined with the first-order condition for C' yields

redt = — frpdt — By [Cj{gf] =-F [dAA:], (40)

where the second equality comes from .

The envelope condition for S; can be solved forward to obtain

o0 S

Hz' s
Uit = Ey {/GXP(/fUudU) Ht:r fC,t+s5itd8]
0

0

0
=E,; [ AXI—S Hg“
¢ i

5itd3:| = &ifor
where H;; is the cumulative return on fund 4 and &;; is the marginal value of wealth for
fund 4, as defined in the previous section. Hence, combining this envelope condition with the
first-order condition for flows into fund ¢,

Sit — 1

Fy = . 41
it Yit ( )

A.4 Equilibrium dynamics

I now derive the dynamics of the key endogenous state variables: the fraction of aggregate
Nit
QF

net worth v = held by each intermediary. By Ito’s lemma, v;; evolves according to

Vit N; QK QF Nit QF

d N Kk Y Ko ANy
= YNt gRK ¢ g 4 (dRE)? —
No AR+ o + (R ~

dvig  dNy dQE  (dQF)? _ dNy dQK

dRE
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Then, replacing terms,

dvit Y Q /.0 T Fi
==t —5; i —C) B — gi(wir — W) (09 = 2w, dt
” <Qf< it +(wit — Q) - Bin — pi(wi —w)) + o7 - (0] Pwir) + N,
T
+ (WS - o )dzZ, (42)

Combining and , flows satisfy

[oe)
1 [ ApysHiiqs

d<At+sHi t—l—s)
= —IE 0 t4-sd Eiyg | ———————7=
it " t A H,, ( ts@S 4 gy [

At—i—sHi,t-‘,-s

(o]
1 Aty s Hijpt
= | [ R (G B, o) — s - ) )
tLLat

Xi

where fi; = FT? denotes flows normalized by aggregate output. Taking derivatives of both

sides,
rIT;

"t dt + By[df), (43)

7

where o}’ denotes the volatility of f;;, and
reg = whEi(n, + of) — pi(wis — w))

denotes the risk-adjusted expected excess return on fund .

B Log-linear equilibrium

This section derives the balanced growth path and the log-linear equilibrium conditions.
Throughout, I conjecture that volatilities of variables remain constant over time and drop
all terms of order O(c?) or higher, where both ¢¥ and 09 are assumed to be of order O(o).

Importantly, risk prices 7, will be O(1), so that terms of the form X", are O(o).

B.1 The balanced growth path

I conjecture a balanced growth path along which

e All assets deliver the same return r, = r* = p + (¢ + 6 — 1)g, and risk prices n, are

equal to zero;

e The price of capital grows at rate g, QF = ethé( , and the price-dividend ratio of

capital is constant at some level pd = pd’*
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e Funds’ net worth grows at rate g, N;; = e9'Njg, and net worth shares remain constant

* — Nig .
at v = =i,
it

e The marginal value of wealth in funds is equal to one, &; = 1, and funds’ portfolio

weights are at their target values, w;; = wj;

e Household flows into funds are equal to zero, F;; = 0, and the arbitrageur holds no
assets, X; = 0.

Since no-arbitrage holds, and returns are riskless along the balanced growth path, all assets
must yield the same return 7*. The steady-state interest rate is equal to p+ (v» + 6 — 1)g by
the household’s Euler equation (18)).

The price-dividend ratio of capital obeys the Gordon growth formula

1

de*: —.
=3

This implies that the price of capital grows at g, the rate of output growth.

S
= gkv =
r* —g. Hence, under the conjecture that funds do not receive inflows from the household,

Funds earn a constant return 7 on their assets and pay out dividends at rate d;

their net worth grows at rate g, just like the price of capital, so net worth shares v} are

constant. From the previous section, funds’ value function satisfies
o
o= | [exn(-(7 ~@opias] =1
0

Since & =1, immediately implies that flows are zero, F;; = 0. Moreover, since no asset
earns excess returns, implies that all funds hold their target portfolios, w;; = w;.
Finally, it is necessary to find the market-clearing net worth shares given that the arbi-

trageur holds no assets. The market-clearing equation becomes

Hence,
-1
v =07 ¢,

where €2}; ;) = w;; represents the matrix of target portfolio weights.
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B.2 The fund’s problem

The first step is to linearize the fund’s first-order condition . Taking a first-order

Taylor expansion and dropping all terms of order O(o?),

where Ag; is the Hessian matrix of ;. Inverting the Hessian matrix and using the no-
arbitrage relationship 7y — 7y = X", I obtain .

Next, consider the fund’s marginal value of wealth &;;. Note that along a balanced growth
path, §; =1, so éit =& — 1 is O(o). Linearize the fund’s HJB equation |j

0= (5: + Sit + (1 + ézt) (7’* + 7A’t + (wf + (;Jit) . (VQOZ(O) + Atpi(O)(ﬁit)
dAy

— (i(0) + Vi (0) - @i) — & — die) + Et[/Tt] + ¢ [dit]

= (1" — 67)i + Wi Api(0)@y + it
Rearranging, .
(0F — 1) = w} - T, + & (45)

The equation uses the fund’s optimality condition .

B.3 The arbitrageur’s problem and financial market clearing

Log-linearization of the arbitrageur’s problem is simple. I take a = g so that the ar-

X:  denote the

bitrageur’s risk aversion goes to infinity as o goes to zero. I let &; = 5]

arbitrageur’s normalized net position. The optimality condition (12]) can be linearized as
. 1.
>l = —q,.
a

The left-hand side is O(c), since X is O(o) and # is O(1).
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The market-clearing equation can then be linearized as

I
0=3"Ta, + 573" v (w) + @)1+ 0y) — o
i=1
I
=Tz, +x7 Z v; (W Ui + wit)
i=1
I 1 I
=T Z viw; Uy + <aI + 3T Z Vf€i2r> un
i=1 i=1
_ Zrt& ErT T
= t + €agg2s T

The second line uses the fact that the market-clearing condition holds along the balanced
growth path. The third line uses the expressions for the arbitrageur’s and the fund’s optimal

portfolios.

B.4 The household’s problem and the dynamics of net worth

The Euler equation simplifies considerably under the first-order approximation, since all

second-order (Ito) terms drop out. The interest rate satisfies
7= (Y40 —1)G.

Define normalized flows into fund 7 as

P
T Ny yrpdEryy
Per ,
§it _ it
v Xi X vipdRYy  vipdRex

fir =
Using ([45)),

* T\ 2 .
* *\ £ w; X UL £
(0] =) fur = Tf‘lde*Xii + fit. (46)
Then, with this equation for flows, it is possible to derive the dynamics of wealth shares.

Linearizing (42), dropping second-order terms, and taking expectations,
b Jit s s o — (TYSrh, 4
Vit = QK it + ((wz + wzt) C ) n: + fzt
t

= (w; =)', + fit-
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B.5 Asset pricing
_Q
= =,

t

Consider an asset that pays cash flows zf , and define its price-dividend ratio as pd{

Note that ) , ) , o
dpd] Q] _def (4= delac)]

A B B T

Linearizing and dropping second-order terms, the asset pricing equation ([13)) can be written

as
. ' . 1 . g dQ!
(r* + e+ 07 - 7, )pd’ (1 + pd) = 1+ %pd]*(l +pd§)Et[§‘;]
t
1 o dpd] | d2]
~ 14 —pd*(1+pd,) E v
+dtp ( +p t) t[pdg + Zi]

. Aj R . R X
(r* — ¢’ )pdy = gl — 7 — o7 -7y + pdj.

B.6 The economy’s response to shocks

I now derive the economy’s response to an arbitrary shock. I extend the model to ac-
commodate three additional types of shocks: flow shocks in which flows deviate from those
dictated by the household’s optimization problem, demand shocks in which intermediary as-
set demand departs from , and supply shocks in which the supply of each asset changes.
There may also be arbitrary shocks g; to asset cash flow growth rates.

Let € denote the deviation of fund 7’s portfolio weight from the optimal choice,
Qi = O €4 = &3, + €.

Let €] denote the log deviation of asset supply (in units of goods) from the firm’s benchmark

issuance decision. Then the market clearing condition can be linearized as

1

ST v (0w + €F) — €) + €aggit; = 0. (47)
i=1

The equation for flows becomes

TS\ .
. wty X
r* fir = Li = ey el + fir- (48)

7

Per the linearized asset pricing equation , asset prices in this model depend on three
factors: the shock to cash flow growth rates g;, the shock to interest rates 7, and the shock

to risk prices 7),. In a frictionless version of the model (either x; = 0 for all ¢ or sgglg =0),
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risk prices are equal to zero, so all variation in price-dividend ratios is due to variation in
dividend growth rates or risk-free interest rates (caused by shocks to the aggregate growth
rate g¢). Shocks to dividend growth rates or interest rates can transmit to risk prices by
changing asset prices and wealth shares, but shocks to asset supply or flows cannot transmit
back to dividend growth rates or interest rates.

In what follows, it will be useful to write
di = QT0,,

where €, ; ;1 = v/w;;, and to define

~d N
ftzﬂgft'

Correspondingly, let
d _ T d _
/= qlel e § j

The equilibrium system determining asset prices can be written in matrix form:

I;dt pAdt g/
A S wd
loal? | +B|% |, (49)
dt dt Ef
X ~d d
td I 6{
where
r*I — diag(g™) Y +60—1 —X"e ggngTT 0
0 —K 0 0
A= ; Tswr—1 5T ’
0 0 —Q,(2 — diag(€))" Xe 2 I
: 10T -1 T *
0 0 Qdiag(x)” Q" X'e, 3" r*I
1 T —1 T
-1 —Xe 002" DI Y 0
0 0 0 0

; Tswr —1 T ; Tyre—1 3T ’
0o —Q,(0- dzag(C)T) 3"e aggZ; Q,(Q —dzag(C))TZ €agyg > . 0
; 1 r.—1wywr ; 1 r.—1wywr
0 Q,diag(x)” Q" X'e, B —Q,diag(x)” Q' X'e, B —I
and diag(v) denotes the diagonal matrix formed from the entries of a vector v.

This is a system of the form
Uy = A’Ut + Bét, (50)
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which has a unique solution for a given initial value vg. As usual for first-order linear ODEs

of this form, the solution can be composed as

I H
vy = v + U,

where v/ is an inhomogeneous solution with v} = 0 that depends only on the shocks ¢; and

v{){ is a homogeneous solution that depends only on the initial state.

Proof. Solving forward, the vector of price-dividend ratios can be written as

o
PAdt = /eXp ((7"* - gz*)s) (Qf+s — Ttys — 2Tﬁt+s> ds

0
o

= /exp ((r* —g™)s) <g§+s — Pps — ZTeagger(Eit+5 + ethrS))ds
0
o [o.¢]

= /exp ((r* — g7)s) (97 — Pris)ds — /exp ((r* —g)s) Y ey E €l ds
0 0
o

* 2% r rT 5

— /exp ((r —-g )S)E €aggX'  diysds

0
~ frictionl ~d d
The first two terms are pd{ rictioness and pd, cman , defined in Proposition It remains to

show that the third term has the desired form. Clearly, the last term is the homogeneous
solution to , since it depends only on the endogenous state variable £, and not the
exogenous shocks. Therefore, it suffices to show that 2y has the desired form.

The vector of unanticipated asset returns at ¢t = 0 is

dRy = %o + pd,

~ frictionless ~ demand ~ redist.

= 20 + pdy + pd, + pdy

~ _frictionless ~ demand

=20+ pd, + pdy + Pbg
and the change in net worth shares at t = 0 satisfies

vy = (22— 1¢")dRy. (51)
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Combining these two relationships, we obtain

~ _frictionless ~ demand

Do = (I—(2—1¢T)P) (22— 1¢7) (20 + pd, + pd ),

as desired.
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